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ABSTRACT. We prove that if a Banach space with a bimonotone shrinking

basis does not contain ¢ spreading models but every block sequence of the

basis contains a further block sequence which is a ¢ — £7" spreading model for

every n € N, then every subspace has a further subspace which is arbitrarily
distortable. We also prove that a mixed Tsirelson space T'[(Sn,0n)n], such
that 6, \, 0, does not contain Z‘f2 spreading models.

INTRODUCTION

A Banach space X with a basis (e;) is an asymptotic ¢; space if there exists
¢ > 0 such that for all n and all e, < 21 < ... < Xy,

n n
I il = e llail -
i=1 i=1

The first non-trivial example of an asymptotic £; space was discovered by Tsirelson
[17). Recent results [6], [7], [I5], have shown the necessity of studying the higher
ordinal structure of an asymptotic £; Banach space in order to obtain results on
the global structure of its infinite dimensional subspaces. A normalized sequence
(2n)n in a Banach space X is said to be a ¢ — €§ spreading model if

1Y ananl > lan| VF € S, (an)ner C R,

ner neF

where S¢, £ < wn, are the generalized Schreier families defined in [1].

It is well known that if a separable Banach space X does not contain ¢, then
there exists & < wj, such that X does not contain an £§ spreading model. A
complete classification of normalized weakly null sequences, in connection with
spreading models, has been provided in [7].

Spreading models is a basic tool for the study of the asymptotic structure of
a Banach space. The structure of the spreading models may even determine the
geometry of the space [14]. Spreading models have been employed in [10] to prove
the existence of strictly singular non-compact operators in certain Hereditarily In-
decomposable mixed Tsirelson spaces.
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2516 A. MANOUSSAKIS

The idea of investigating the geometry of a Banach space by studying its
asymptotic finite-dimensional subspaces emerged naturally in recent studies related
to problems of distortion, i.e. the stabilization of equivalent norms on infinite-
dimensional subspaces [2], [3], [5], [9], [15].

A Banach space (X, || - ||) is said to be A-distortable if there exists an equivalent
norm |- | on X so that
infsup{m iy e SN A,
Y [yl

where the infimum is taken over all infinite-dimensional subspaces Y of X. X is
arbitrarily distortable if it is A-distortable for all A > 1. In section [2] we prove the
following:

Theorem. Let X be a Banach space with a bimonotone shrinking basis (e;) such
that

(1) X does not contain an £y spreading model.
(2) For every n € N, every block sequence of (e;) contains a further block

sequence which is a ¢ — {7 spreading model.

Then every subspace of X contains a further subspace which is arbitrarily dis-
tortable.

The relation of the distortion problem with spreading models has been studied in
[15], [9]. In [9] a criterion has been provided related to ¢7 spreading models, which
implies the distortion of certain asymptotic £; Banach spaces. The motivation for
this theorem was the space constructed in [5], where an example of a mixed Tsirelson
space X was given which has ¢ — ¢ spreading models in every block subspace but
has no ¢¢ spreading model. The norm of X satisfies, for an appropriate sequence
(k;,6;), the implicit equation

n
|z|| = max{|x||oo,sup{z 12400y lljx s EN, j1 <jo2 < ... < jn}},

k=1

where [|z[|; = sup{0; >_;cp [|Eix|| : (Eix)icr Sk;-admissible}.

To prove the theorem we use some results proved by E.Odell, N.Tomczak-
Jaegermann and R.Wagner [15]. In this paper, for a Banach space X with basis
(e;), certain indices (0o (;))a<w,, for a block sequence (z;), have been introduced
and studied. Roughly speaking, the indices (do(;))a<w, measure the strong pres-
ence of ¢1 in the subspace ((z;)) in connection with the families (Sg)a<w,. The
notion of A-spectrum, A(X), is also introduced. Roughly, A(X) is the set of all
¥ = (Ya)a<w,, Where 7, is the stabilization of d(y;) for some block basis (y;) of
(e;). Using the stabilization result from [15], we prove that every block subspace
has a further subspace Y such that: For every n € N there exist two asymptotic
sets A, and B, in Y and a subset A} of X* such that the equivalent norm

2]l = vnllz]| +sup{z*(z) : 2" € AL}

isa~ % distortion for Y. Since 7y, = 0, from the continuity of the indices (Ya)a<w,
[15], we have that Y is arbitrarily distortable.

In sectionB we prove that in the mixed Tsirelson spaces T[(S,, 0, )»] the following
holds.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPREADING MODELS AND MIXED TSIRELSON SPACES 2517

Theorem. Let X = T[(Sp,0n)n] such that Opim > 040, lim, 0, = 0. Then the
space X does not contain (5% spreading models.

In [5] it has been proved that, assuming lim,, 9}/” = 1, the space T[(Sn, 0n)n]
contains an ¢4 spreading model. The existence of ¢ spreading models in these
spaces is based on the disjoint representability of ¢y in these spaces [4]. Another
approach to the existence of £ in certain mixed Tsirelson spaces has been provided
in [I0]. The key point for the proof of this theorem is to produce for every nor-
malized block sequence (z,,) of the basis, a vector in the linear span of (z,,), whose
norm is arbitrarily small yet its support with respect to (z,) belongs to S,2. The
dual of the original Tsirelson’s space [17] contains no ¢ spreading model. This
is due to the fact that every block sequence is equivalent to a subsequence of the
basis.

1. PRELIMINARIES

Notation. Let (e;)$2; be a basic sequence. For z = 2| a,e; the support of z w.r.t.
(e;) is the set suppz = {i € N : a; # 0}. The range of z, written range(z), is the
smallest interval of N containing the support of . For finite subsets F, F' of N,
E < F means max F < min F' or either F or F'is empty. Forn e NN FEC N, n< FE
(resp. E < mn) means n < min E (resp. max F < n). For z,y in ¢y, © < y means
suppz < suppy. For n € N, z € ¢gp, we write n < = (resp. & < n) if n < suppx

(resp. suppz < n). We say that the sets E; C N, i = 1,...,n, are successive
if B1 < Fy < ... < E,. Similarly, the vectors x;, i = 1,...n, are successive if
r1 < Ty < ... < zp. If (z;) is a block sequence of (e;) we write (z;) < (e;). For

z =Y .2, aie; and E a subset of N, we denote by Ex the vector Fx = Y ek Qi
For an infinite subset M of N we denote by [M] the class of infinite subsets of M
and by [M]<“ the class of finite subsets of M.

The generalized Schreier families {Se¢}e<w,, introduced in [I], are defined by
transfinite induction as follows:

So = {{n}:n e N} U{0}.

Suppose that the families S, have been defined for all a < &.

If&E=¢+1, weset

Se={Fe[N**:F=|JF,neN, Vi<nF €8 and n<F <...<F,}u{0}.
i=1

If £ is a limit ordinal, let (&, + 1), be a sequence of successor ordinals which strictly

increases to £&. We set

S¢={FeN<“:for some neN, n<minF and F € S, 11}
If N = (n;); is an infinite subset of N, then we define

Sg[N] = {F F C N,F c SE} and SE(N) = {(ni)iep Fe SE} .
Proposition 1.1. (a) [2] Let N € [N]. Then there exists L = (¢;) € [N] so that
for all a < wn,

(li)ier € Sa = (Li)iep\(min F) € Sa(N) .
(b) [L5] Let B < a < wy. There exists ng € N such that
n<FeSg=Fes,.

(c) [15] Let B < oo < wy. There exists M € [N] such that So[Sg|(M) C Sgta-
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2518 A. MANOUSSAKIS

We next pass to the definition of the repeated averages hierarchy introduced in
[7]. We let (e,,) denote the standard basis of cgg. For every countable ordinal £ and
every M € [N],we define a convex block sequence (£M)%° | of (e,) by transfinite

induction on £ in the following manner:
If ¢ =0and M = (m,)%,, then ¢M =e,,, , for alln € N.
Assume that (¢M)2 | has been defined for all ¢ < ¢ and M € [N]. Let & = ¢ +1.

We set
1 &
M= N "M
1 ml; 7

where m; = min M. Suppose that &M < ... < &M have been defined. Let
M, ={m e M :m > maxsupp&)} and k, = minM,.

Set
1 kn
M My _ ¢Mn
nt+l — EZQ =& "
i=1

If ¢ is a limit ordinal, let (&, +1),, be the sequence of ordinals associated to &, and
also let M € [N]. Define

d\/f = [§m1 + 1H\/I
where m; = min M. Suppose that &M < ... < &M have been defined. Let

M, ={m € M : m > maxsupp &)} and k,, = min M,,.

Set
5%-1 = &, + 13" .

The inductive definition of (¢M)% M € [N], is now complete. We note that
suppéM € &, for all M € [N], £ <w;y and n € N.

Definition 1.2. (a) Let k € N. A finite sequence (E;), of successive subsets of
N is said to be Si-admissible if {min E;}; € Si. A finite block sequence (z;)™,
in ¢gp is said to be Sk-admissible if (supp x;); is Sg-admissible. If (y;) is a block
sequence of the basis of cgo, (x;); is a block sequence of (y;), and E; is the range of
x; with respect to (w.r.t.) the basic sequence (y;), then the block sequence (z;) is
S,-admissible w.r.t. (y;) if {min E;}; € S,.

(b) Let {k,}n be an increasing sequence of integers and {6,,} C (0,1) such that
0r . 0. The mixed Tsirelson space X = T[(Sk, ,0n)5> ;] is the completion of ¢go
under the norm which satisfies the implicit equation

2] = max{[|z[|oc, sup O {sup Y _ || Ei(x)|}} .
n i=1

where the inside supremum is taken over all Sy, -admissible families {E;}7*,, m € N.
The space X is a reflexive Banach space, and the sequence (e;) is a basis on X.

An essential role in our proofs is played by the following special vectors.

Definition 1.3. Let (x,) be a normalized block sequence of (e,), € > 0 and
¢ <& <wi. Set my,, = minsuppz, and M = (my,),.
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SPREADING MODELS AND MIXED TSIRELSON SPACES 2519

An (g,¢,() basic special convex combination (basic s.c.c.) for M is any vector
of the form ¢F = Y &F(my)em,, L € [M] and [|€F]|¢ < e, where || Y azeqc =

sup{) jep il + F € Sc}

An (g,&, ) special convex combination, (s.c.c.), of (z,) is any vector of the form
>, &F(mp)zn, such that > &X(my,)enm, is an (e, &, {)-basic s.c.c.
Proposition 1.4 ([6]). For every M € [N], € > 0 and all ordinals ( < £ < wy,
there exists N € [M] such that ||(F||c < e for all L € [N].

It is not hard to see that the average n¥ is a (

every L € [M].

Definition 1.5. Let £ < w; and ¢ > 0. A normalized sequence (x,) in a Banach
space is an ¢ — €§ spreading model if

1Y il =6 ol

el i€EF

3 .
——,n,n — 1)-basic s.c.c. for

for every F' € S¢ and all choices of scalars (a;)icr.

(xy,) is called an €§ spreading model if it is an ¢ — £§ spreading model for some
0> 0.

2.

Theorem 2.1. Let X be a Banach space with a bimonotone shrinking basis (e;)
such that

(1) X does not contain an £ spreading model.

(2) There exists ¢ > 0 such that for every n € N, every block sequence of (e;)

contains a further block sequence which is a ¢ — €} spreading model.

Then every subspace of X contains a further subspace which is arbitrarily dis-
tortable.

Our proof is based on the following results of E.Odell, N. Tomczak-Jaegermann
and R.Wagner [15].

Definition 2.2 ([I5]). Let F be a regular set of finite subsets of N. For a basic
sequence (x;); in X we define
k k
0 =sup{d > 0 | Y uill =6 |lysll whenever (y;)} < (x:)
i=1 i=1
is F-admissible w.r.t. (x;)}.

For a < wy we set 04 (x;) = ds, (x;) and §,(X) = ds, (X).

Definition 2.3 ([15]). Let X be a Banach space with basis (e;), and let v =
(Ya)a<w; € R. We say that a basic sequence (x;) in X A-stabilizes v, if there
exists €, \, 0 so that for every @ < w; there exists m € N such that for every
n > mif (y;) < (2:)2°, then |00(¥i) — Yol < €n-

The A-spectrum of X, A(X), is defined to be the set of all 4’s so that there
exists (z;) < (e;) such that (z;) A-stabilizes .

Proposition 2.4 ([I5, Proposition 4.11]). (1) Let X be a Banach space with a
basis (e;). Then there exists ¥ = (Ya)a<w, and (x;) block sequence of (e;) so that
(x;) A-stabilizes 7.

(2) (Ya)a<w, @8 a continuous function of a.
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2520 A. MANOUSSAKIS

In the above definitions, the admissibility refers with respect to the block ba-
sis (x;) itself. It has been proved in [2] that, if we consider reference level for
admissibility fixed the basis, then these two concepts of spectrum actually coincide.

Proof of Theorem [2.1l Let W be a block subspace of X. Then there exists a block
sequence (y;); in W and (Va4 )a<w, such that (y;) A-stabilizes (Va)a<w, - Let €, N\, 0
be the sequence in the stabilization of (Y4)a<w, by (¥:), i.e. for every o < wy there
exists m € N such that for every n > m if (x;) < (y;:)5°, then [0q(x:) — 7ol < €n.
Inductively choose a strictly increasing sequence (m(n)), of integers such that

Em(n) < 7(51(3;))n and

100 (25) = Yn| < €my for all (2;) < (Yme))n -
Let No = (minsuppym;))i = (n:);. Passing to a subset N = (ng,);, we may
assume that for every o < wy, if (g, )ier € Sa, then (ng,)ic F\min(r) € Sa(N). In
particular (k;)ic p\min(r) € Sa- We shall prove that the subspace Y = span{y,,,)}
is arbitrarily distortable. Let y;"n(ki) € B% such that y;kn(ki)(ym(ki)) = |Ym(k,) |l and
range(y:n(ki)) = range(Ym(x,)) for every i € N. From the hypothesis we have that
X does not contain an ¢ spreading model. It follows that v, = 0, for otherwise

there exists (z;) < (Ym,;)) such that d,(x;) > 0, and therefore (z;) would be an

dw(x;) — £4 spreading model. Since (74 )q is @ continuous function of « it follows
that v, \, 0. We set

Af ={a" 2" = %me, z; € By,
i€EF
Ymkn) < (27)ier is Sp-admissible w.r.t. (Y, 4,))i }

1
A, ={yeSY) :yis g—normed by Ay} .
We observe that A}, C By~. Indeed, first we observe that if (z;) < (Y ,))n» then

1
5571(%‘) < 0n(Ti) = Emkn) < < 0n(@i) + Em(k,) < 20n(2i) |

since 6, (i) > (01(y:))™ > 2€m(k,)-
Let * = Lt >" o7 € Ay, and for i € F we set E; = range(x}). For every
y € Sy we have that

|{E (y)| < 7 Z |xz (y)| < 7 Z ”yl range(z})
i€F i€l

< Su(Wmn)n) D I Eayll < llyll
i€EF

since (E;(y))ier is Sp-admissible w.r.t. (Y x,))n’, and the basis is bimonotone.
Also A, is an asymptotic set. Indeed, for any block sequence (z;) < (Ym(k,))o
from the stabilization of v, we have that |6,(z;) — Yn| < €m(k,), from which it
follows that 6, (x;) < Yn + €m(k,)- It follows from the definition of &, (z;) that
there exists a block sequence (w;);er of (x;) which is S,-admissible w.r.t. (z;) and
therefore w.r.t. (y,,(;)) as well, such that

i) S will < 1S will < G+ Epmien) 3 il

i€l i€l i€l
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SPREADING MODELS AND MIXED TSIRELSON SPACES 2521

Let zf € By« be such that zf(w;) = ||w;|| and range(z}) C range(w;). We set
vt =2 pr; €AY, and y = ”sz,eipwq . Then we have that

2 ier will

(21) x*( ) _ ﬁ E’LEF ||U) || Z Tn Z —_
2 | Xierpwill — 20y + Emp,)) 6

since v > 6n(24) — Em(k,) > W > Em(kn)-

From the hypothesis we have that every normalized block sequence has a further
block subsequence which is an c—¢¥ spreading model, k € N. It follows that for every
€ > 0 every block sequence (2;) < (Ym(r,)) contains §-normalized (¢,n +1,n)-s.c.c.
Indeed let 0 < e < % and (z;) be an C—Z?“ spreading model, and min suppz; = ny;,.
Let [n + 1] = Y ,cpaien, be an (n 4 1)-average of a subset L of (ng,) with
Iminr > 3/e. Then by the remark following Proposition [[.4] ZiEF e, is an
(e,n + 1,n)-basic s.c.c., (ny;)icr € Snt1, and by the properties of the set N, we
have that (I;)ic p\min(F) € Snt1. Let G = {l; : i € F'} and set x = 3, 5 a;2;.
Then z is an (g,n + 1,n) s.c.c., and

lo e D ayze(l-e),
JEG\min(G)

since (2;) is a ¢ — £77! spreading model. We set

B, ={b:bisan g—normalized (Em(kn),n+1,n)-s.c.c.
of a normalized block sequence of the basis of Y'}.

From the above it follows that B,, is an asymptotic set in Y. For every b € B,, we
have

(2.2) |z*(b)| < 3y, for every z* € A} .
Indeed, let (z;) be a normalized block sequence of the basis of Y, b=}, - biz; €
By, and ¥ = 7,/2) . cpaf € Ay, Set I = {i € G : suppz; Nsuppxy, # () for at

most one k}, and J = G\I. Also for every ¢ € J, let K; = {k : suppz;Nsuppzj, # 0}.
Then (z;);ec is the union of at most two S,, admissible sets, hence

S (Y bz < 2 (Z AEES DY |x;;<zi>|>
k i

iel i€  keK,
n 4e
T <1 + Mmaw<||zi||> <3y .
2 Tn 4
Combining &I and (Z3), it follows that the equivalent norm |||y||| = Y|yl +
sup{z*(y) : z* € A%} gives a m distortion on Y. Since inf{v, :n € N} =0
we have that Y is arbitrarily distortable. ([

N

IN

Remark. The arguments of Theorem [ZT] may give us another approach to the
distortion of the space X, constructed by E.Odell and Th.Schlumprecht [I3], which
does not have any ¢,, 1 < p < oo, as a spreading model. Following [15], we have
to consider the indices d4, ((x;);) for the families A,, = {F' C N: #F < n} and to
prove a stabilization result for the sequence (64, ((x;);)n for every block subspace.
Since /¢; is finitely block representable in X, and X does not contain ¢; spreading
models, we may deduce that every subspace has an arbitrarily distortable subspace.
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2522 A. MANOUSSAKIS

Theorem [2.1] should be compared with the following result from [I5]: Let ¥ =
((y:)) be a subspace of X, and (74)s be stabilized by (y;). For a < w; let
Yo (V) = limp, (Yan (Y)) . If limy, Ya.n9a(Y) ™™ = 0, then Y contains an arbitrarily
distortable subspace.

3.

Theorem 3.1. Let X = T[(Sp,0n)n] be such that 0,4 > 60,0y, lim, 6, = 0.
Then the space X does not contain an (42 spreading model.

Proof. On the contrary assume that there exists a normalized block sequence (z;);
which is an 2¢ — #42 spreading model for some constant 2¢ > 0. We shall prove that
for every ng € N we have that ¢ < 106,,,, which yields that ¢ = 0.

By Proposition [LT(b) choose k(0) € N such that if £(0) < F € S,,, then F € S,»
and k(n) such that if k(n) < F € Syyn, then F € S 2. Without loss of generality
we may assume that if n < F € S,,, then FF € S,,.

Let ng € N and set Ny = {minsuppz;};en = (n;);- Define a sequence (m;)
by the rule my = ny and m;11 = Ny, and consider the subset N = (N, )ien
of Ny. Passing to a further subset of IV and relabelling we may assume that
Mminn > max{k(0),k(no)}, Sny[Sw](N) C Sutn, (by Proposition [l(c)), and
moreover that the following holds:

Voa<wy, if (Mm,)ier € Sa, then (nm;)ie p\min(r) € Sa(No),

hence (m;)ic p\min(F) € Sa (by Proposition[LI(a)).

Let Lo = (nm, )M, € N be such that muyin 1, > min{nog, 9%} Let n1 > ng + 10.
Passing to further subset L1 = (nm,)nm, of Ly we may assoume that mming, >
min{ny, %}

Let [n1]5* = >_jer, Qm,€n,,, be the first ni-average of Ly, where (e;) denotes

the unit vector basis of the space X. We have that [ni]5* is an (02 ,n1,n1 — 1)-
basic s.c.c. The set (nm,)jer, € Sp, and therefore by the property of the set N we
have that G; = {m; : i € Fy \ min(F1)} € Sp,. Weset J1 = {m; : i € Fi}, ie.
Jl = G1 U {mminpl}. Then [nl]fl = EjEJl ajenj.
Set y1 =) ;cy, @jzj. Then y; is a (02,,n1,n1 — 1)-s.c.c. of (x;) with ¢ < [y
Indeed, since {minsuppz; : j € Ji} = {n,, : j € F1} and [n1]5* is an
(Hil,nl,nl — 1) basic s.c.c., we have that y; is an (931,n1,n1 — 1) s.c.e. Also
since G; > ny and Gy € S,,, we have that G; € S,,. Also from the choice of Ly,
G1 > k(0). Therefore Gy € S,2, and

> 1 gl 220 Y o220 Y o, e,
Jj€G1 Jj€G1 JEF; \min(F1)

since (z;); is a 2¢ — ¢4 spreading model.
Assume that we have chosen y; < y2 < ... < yg and n; < ny < ... < nyg such

that
(1) Each y, = > .., ajz; is a c-normalized (02 ,ny,n, — 1) s.c.c. of (z;), for
r=1,...,4
(2) n. < \min(J,) =G, €S, forr=1,...,¢
3) Nyrlle, < QQL forr =1,...,£ — 1 where || - ||, denotes the norm of the
(]
space /1.
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SPREADING MODELS AND MIXED TSIRELSON SPACES 2523

0
Then we choose ngq1 such that [|yelle, < 77~ and 2 < 6,,/0 We also
Nyl

Mne41-
choose a subset L;11 = (nm,;); of L\ Ule supp[n, =
min{ngi1, ezi}

netq

such that mminr,,, >

Let [W+1]f”1 — ZjEFzH—l U €, be the first nyyi-average of the set Lyiq.

Then [ngﬂ]f“l is (9,2M+1,n4+1, ngy1 — 1) basic s.c.c. Also (nm;)jer,., € Sn,,, and
therefore by the property of the set N we have that the set Gey1 = {m; : j €
Fopr \min(Fypy1)} € Spyyy. We set Jop1 = {m; : j € Fyy1}. By the choice of
Ly41, we have that ny11 < Gyy1, and therefore Gy € S,,. Also we have that
k(0) < Gyy1, so we deduce that Gyy1 € S,0.

We set ypr1 = EjeJHl ajzj. With the same arguments as for y; we have that
Yet1 1S a (9%e+1,n4+1,n4+1 — 1)-s.c.c. of (z;) with [|yet1] > c.

We continue in the same manner to produce a sequence (y,),cn satisfying prop-
erties (1)—(3) for all r.

Now let M C {minsuppy; : i € N} C L and let [ng]}M = ZjEGo Ym;€n.,,, be the
first ng average of the set M, such that [ng]? is (#2 ,ng,no—1)-basic s.c.c. Then we
have that [ng]M = > jeG, Vi€n;, where G = {m; : j € Go}, and G \ min(G) € Sy,
Also we have that g\ min(g) Gi € SnolSw] and therefore

J
no?

{ni:ie U G} € Sno[Sul(N) C Swtno
G\min(G)

by the choice of the set N. From the definition of m;y; = n,,, it follows that

(3.1) H= |J (Gj\minG,)€ Suin,,
G\min(G)
since the families (Sy)q are spreading. Indeed, let G; = {mr(j) < m g <
1 2
. < m }. Then for every k > 2, m 4 = nm, . > n,, ... and since
r; Ty 7,;cJ) 1 ,,.,(CJJ )

(ni)iGUc\mm(c) a; € Suin, we have (BI). Also k(no) < H and therefore H be-
longs to S,0.

Set z =3 icq V¥ = 2jec Vi Zier a;x;. Since we have assumed that (x;) is
a 2c¢ — (4? spreading model, setting z; = yja;x;, for every i € G, and every j € G,
we have that

2]l = || > =2 > D B

€U e\ min(e) Gi JEG\min(G) i€G;\min(G;)
>2 Y y(1-205) >2c(1-67)(1-260%) >c.
JEG\min(G)

The vector z is also an (62, ,n9)-R.Is.c.c. That is, z is of the form z = Z?zl Y5Yj
such that

(1) y; is a c-normalized (Q%j,nj, n; — 1)-s.c.c.
(2) no+2<mn; <...<ng, and {minsuppy;}; € Sp, -

O, .
() llyslle, < 5 and 2 <6, /0

Tjt1e
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For such vectors we have that there exists a constant M < 10 such that
(3:2) 2]l < M0,

We refer to [3] (Corollary 2.15), [4] (Proposition 1.15), and [9] for a proof of this
estimation. Therefore we have that ¢ < 100,,,. Since ng was arbitrarily chosen we
have the result. [l

Remark. Let X = T[(Se, ,0n)n] be such that lim¢&, = £ is a limit ordinal. If the
sequence (&, 0,)n is “appropriate” chosen, quoting the above arguments, for ap-
propriate (62, &, ()-s.c.c., we have that the space X does not contain £§2 spreading
models. We do not have a proof of inequality [B2) for every sequence (&,)  &.
We refer to [§] for a proof of inequality (2]) for the appropriate chosen sequence

yO0n)n-
(gnThZ)TsLame arguments apply in the case of p-spaces, and yield that those spaces
contain no 2 spreading model. A space X is said to be p-space if X =T[(A,, ﬁ)],
Wherep%—i—ézlandpn\pe [1,00) and A, = {F C N: #F < n} where
the norm is defined similarly to the one in Definition [L2(b). We can also apply

the above argument for Ag[S1] sequences to produce R.Ls.c.c. of length k and in

this case we know that the norm is less than or equal to M ni/ Pk 12]. Let us recall

that the existence of ¢; spreading models in Schlumprecht’s space [16] has been
established in [T1].
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