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ABSTRACT. We show Schwarz type inequalities and consider their converses.
A continuous function f : [0, 00) — [0, 00) is said to be semi-operator monotone

on (a,b) if {f(t%)}2 is operator monotone on (a?,b?). Let T be a bounded
linear operator on a complex Hilbert space H and T = U|T| be the polar
decomposition of T. Let 0 < A, B € B(H) and ||Tz| < ||Az|, || T*y|| < ||Byl|
for z,y € H. (1) If a non-zero function f is semi-operator monotone on
(0,00), then [(Tz, 5)| < | F(A)zllllg(B)yll for z,y € M, where g(t) = /£(z).
(2) If f, g are semi-operator monotone on (0, c0), then (U f(|T])g(|T|)x,y)| <
[1f(A)z||lg(B)y]|| for z,y € H. Also, we show converses of these inequalities,
which imply that semi-operator monotonicity is necessary.

1. INTRODUCTION

Let H be a complex Hilbert space and B(H) be the algebra of all bounded linear
operators on H. Furuta [3] extended the Heinz-Kato [5], [6] inequality, which is an
extension of the Schwarz inequality.

Proposition 1 (Heinz-Kato-Furuta). Let T = U|T| be the polar decomposition of
T € B(H),0 < A,B € B(H) and ||Tx| < ||Az||, |T*y|| < |By|| for z,y € H. Then

(T|T|* 0 , y)| < [|A% ||| B%y||
forz,y € H,a, € [0,1] with 1 < a+ .

The Heinz-Kato inequality is the case o + 3 = 1. Recently, M. Uchiyama [7]
extended this result as follows.

Proposition 2 (M. Uchiyama). Let f,g : [0,00) — [0,00) be continuous operator
monotone functions. Let T = U|T| be the polar decomposition of T € B(H),0 <
A,B € B(H) and ||Tx|| < [|Az[, [|[T*y| < | Byl| for x,y € H. Then

(UFITDg(ITN, y)l < [[f(A)zlllg(B)yll for z,y € H.

In this paper, we introduce semi-operator monotonicity which assures the con-
clusion of Proposition 2.

Definition 3. A continuous function f : [0, 00) — [0, 00) is said to be semi-operator
monotone on (a,b) if {f(¢2)}? is operator monotone on (a2, b?).
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Proposition 4. Let f : [0,00) — [0,00) be a continuous function. Then f is
semi-operator monotone on (a,b) if and only if f has an analytic continuation for
II, = {z eC |0 <arg z < g} with f(IIy) C II;.

Proof. Let f be semi-operator monotone on (a, b). Then g(t) = {f(¢2)}? is operator
monotone on (a2,b?). Hence g(t) has analytic continuation g(z) = {f(22)}? for
I, = {z € C|0 < arg z < 7} with g(I;) C II,. Hence f(z2) is analytic for
z €I, and f(z2) € II;. This implies that f has an analytic continuation for IT;
with f(IIy) C II;. The converse is clear. O

Every operator monotone function is semi-operator monotone. But the converse
does not hold. For example, let f(t) = {log(1 + t2)}2 : [0,00) — [0,00). Then
{f(t2)}? = log(1+1) is operator monotone on (0, c0). But its analytic continuation
f(2) = {log(1 + 22)}z is singular at z = i. Hence f(t) is not operator monotone
on (0,00). Thus the class of all semi-operator monotone functions strictly includes
the class of all operator monotone functions. Also, this example shows that g(t) =
log(1 + t) is operator monotone, but {g(t2)}z is not operator monotone. Non-
constant semi-operator monotone functions are strictly increasing.

J.S. Aujla [1] and J. I. Fujii, M. Fujii [2] studied semi-operator monotone function
on (0,00) and gave several characterizations. Moreover J. I. Fujii and M. Fujii [2]
studied n-operator monotone function on (0,00), which generalize semi-operator
monotonicity.

Since every operator monotone function f : [0,00) — [0,00) is semi-operator
monotone on (0, 00), we can give a simple proof of Uchiyama’s result as the following
Schwarz type inequality.

Theorem 5. Let f,g: [0,00) — [0,00) be continuous functions. Let T = U|T| be
the polar decomposition of T € B(H),0 < A, B € B(H) and | Tz|| < || Az, |[T*y| <
|Byl|| for xz,y € H. Then, if f,g are semi-operator monotone on (0,00), we have
(1) (U LATNg(T Nz, y)| < [ (A)=llllg(B)yll  for x,y € H.

Conversely, if f,g satisfy the conclusion (1) and f(t)g(t) # 0, then f,g are
semi-operator monotone on (0,00).

Proof. Let f, g be semi-operator monotone on (0, ). Since |T|> < A% and |T*|? <
B2, we have {f(T])}? < {£(A)}? and {g(|T*)}* < {g(B)}. Hence

KU FATDg(IT)z, y)| = [{g(IT"NUF(T )z, )|
= UF(T Dz, g(IT")y)]
< 74TD g1 Tyl
< [lF(A)=[lllg(B)yll  for z,y € H.

Conversely, take a point a € (0,00) such that f(a)g(a) > 0. Let (c,d) be the
maximal open interval including a such that 0 < f(t),¢(t) for ¢t € (¢, d). First we
show that f, g are semi-operator monotone on (¢, d). Let f(t) = {f(t2)}2,§(t) =
{g(t2)}? for t € (¢%,d?). Let C < D,o(C),0(D) C (¢2,d?). Then C, D, g(C?) are
invertible. Let T'= C2,A = D2, B = C%. Then condition (1) implies

1£(D)alllg(C )yl = [(F(CF)g(CF)a )]
= [{F(C3)a,g(CHy)| for .y € H.
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Hence || £(C%)x| < || f(D*)a]| for = € H and (C) = {f(C*)}* < {f(D*)}* =
f(D). Thus f(t) is semi-operator monotone on (¢,d). Similarly we can show that
g(t) is semi-operator monotone on (¢, d).

We show ¢ = 0 and d = o0. If d < oo, then f(d) =0 or g(d) = 0. But f,g are
positive and semi-operator monotone on (c,d). Hence 0 < f(d) and 0 < g(d). This
is a contradiction. Hence d = co. Assume 0 < ¢. Then f(c¢) = 0 or g(¢) = 0. In this
case f(0)g(0) = 0. Because if f(0)g(0) > 0, then f(t) > 0,g(t) > 0 for ¢t € (0,00)
by the preceding argument. Let

A—B— \/ic 0 %
0 \/g !
Then 0 < A,B,T and T? < A2 = B2. Let z =y = (9). Then

wiThahe) = 57 (25 ) o (25) #0

iseetom = ()] ()

This is a contradiction. Thus ¢ = 0 and f, g are semi-operator monotone on (0, c0).
O

N[—= N|—=

and

Next we show a direct extension of the Heinz-Kato inequality.

Theorem 6. Let T € B(H),0 < A,B € B(H) and |[Tz| < ||Az|, ||T*y| < ||Byl||
for x,y € H. Then, if a non-zero function f is semi-operator monotone on (0,00),
then we have

(2) Tz, y)| < [f(A)z|lllg(B)yl

for x,y € H, where g(t) =t/ f(t).
Conversely, if continuous functions f,g : [0,00) — [0,00) satisfy conclusion (2)
and f(t)g(t) =t for t € (0,00), then f,g are semi-operator monotone on (0,00).

2
Proof. Let f be semi-operator monotone on (0,00). Then { f (t%)} is operator

2 L2
monotone on (0,00) and 0 < f(t2) for ¢ € (0,00). Hence {g(t%)} =t/ {f(ti)}
is operator monotone on (0,00) by [4, Corollary 2.6]. Thus g is semi-operator
monotone on (0, 00). Hence

[Tz, y)| = (U[T|x, y)|
= (U LITNg(IT])z, )|
< lf(A)=llllg(B)yll  for z,y € H

by Theorem 5. The converse is easy from Theorem 5. O

Remark 7. For example, f(t) = v/1+t2 is semi-operator monotone on (0,0).
Hence, if | Tx| < ||Az||, |T*y|| < ||By|| for z,y € H, then

Tz, y)| < H\/1+A2x

B
H \/T—BQZJ for x,yéH
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