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ABSTRACT. We establish existence and multiplicity of positive solutions to the
quasilinear boundary value problem

div(|VulP~2Vu) = —Af(u) in Q,
u = 0 ondQ,

where 2 is a bounded domain in R™ with smooth boundary 8, f : [0,00) — R
is continuous and p-sublinear at co, and A is a large parameter.

1. INTRODUCTION

Consider the quasilinear elliptic boundary value problem
) Apu = —Af(u) in Q,
u=0on 01,

where Apu = div(|Vu|P~2Vu), p > 1, Q is a bounded domain in R" with smooth
boundary 99, f : [0,00) — R, and A is a positive parameter.

Problem (I) has been studied extensively during recent years (see [2]-[11] and the
references therein). In [5], Guo and Webb proved existence results for (I) for A large
when f is a smooth, nondecreasing positive function on (0, 00), lims_,co s7# f(s) =

B > 0 for some p € (0,p — 1), and liminf, g+ SJ;(_S)l > 0, using Serrin’s sweep-
ing principle. They also considered uniqueness of positive solutions when g{ p(f)l is

decreasing on (0, 00). Multiplicity results were established in [4] when the above
condition of f at 0 is replaced by lim,_,q £(s) — 0. Related results for the radial

sp—1 T
case in a ball using ordinary differential eciuations techniques can be found in [6].
In this paper, we shall establish existence results to (I) for A large when f is merely
continuous and p-sublinear at co. In particular, we do not assume any conditions
of f near 0, nor monotonicity and smoothness on f as in [4[5]. We also establish
a multiplicity result for (I) under additional assumptions. Our approach depends
on O1P regularity results in [7, @] to create ordered sub- and supersolutions that
provide a solution in between via the Schauder fixed point theorem. Note that our
sub- and supersolutions are defined in the operator context and are not weak sub-

and supersolutions in general.
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2. EXISTENCE RESULTS

We shall make the following assumptions:

(A.1) f:[0,00) — R is continuous and there exist positive numbers K, Ly such
that f(z) > 2Ly for x > K.

(A.2) lim, .. 22 = 0.

Our main result is

Theorem 1. Let (A.1)-(A.2) hold. Then there exists Ao > 0 such that (I) has a
positive solution for X > Ao. If, in addition, f > 0 on (0,00) and

f(x)

zp—1

:O’

limx*,()-k
then (I) has at least two positive solutions for A > Ag.

We first need some preliminary results. We shall denote by ||.||, and [.[, the
norms in LP(2) and CP(2) respectively.
The following lemma gives positivity of the p-Laplacian operator.

Lemma 1 ([I0]). Let x = (1, ..., ®n),y = (Y1, ..., Yn) be two points in R™, and let
|.| and (.,.) denote the Euclidean norm and the corresponding inner product in R™
respectively.

Then

(i) Ifp = 2,
(a2 — g2y, — ) > (5)7 "~ yl”.
(i) If1<p<2,
(2l + [y)* 7P (2" "2 — [y[P 2y, z — y) > (p — Dz — y|*.
Next, let ¢ € C1(Q2) be the solution of

App=—1 in Q,
¢ =0 on 9.

Then we have
Lemma 2. Let g € L>®(Q) and let u € WP (Q) satisfy

Apu = —g in ,
u =10 on ON.

Then u € L>®(Q) and
[ulloo < M]|lo,

1
where M = ||g||&".

Proof. Since Ap(M¢) = —MP~! = —||g||loc and Apu = —g, it follows from the
weak maximum principle [8] that —M¢ < u < M¢, from which the lemma follows.

Lemma 3. Let C, Lo, L1, and L be positive numbers with Lo < L < Ly. Suppose
that there exist h,hxr € L>®(Q) such that

(2.1) [1harlleo < C
for every A>0,Lyg <L <Ly, and

lim |‘h)\7L - h”g =0
A—00
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uniformly for L € [Lg, L1]. Let ux,r, and u be solutions of
Apuxp = —hxr in Q, ux =0 on 00

and
Apu=—h inQ, u=0 on 0N
respectively. Then

(2.2) lim |’LL,\7L — ’LL|1 =0
A—o00
uniformly for L € [Lo, L1].

Proof. By (2.1) and Lemma 2, it follows that uy j are bounded in L*°(£2) indepen-
dent of A, L. It then follows from regularity results in [7, [] that there exist numbers
B € (0,1) and C; > 0 such that uy z, u € CHP(Q) and

(2.3) |U)\,L|1 < (4

for all A > 0, L € [Lo, L4].
Multiplying the equation

APU)\’L — Apu = _(h)\,L - h)

by wx,r —u and integrating gives

(2.4) /(|Vu,\7L|p_2VuA7L — |VulP~2Vu, Vuy, 1, — Vu)dz
Q

= /(h/\,L — h)(u,\J; — u)dx
Q
<|lhar = hll2 [Jux,z — ulf2.

On the other hand, Lemma 1 and (2.3) imply
(25) /(|VU)\,L|;D_2V’U,)\’L - |Vu|p_2Vu, VU)\,L - Vu)dx > CQ”V(’U/)\’L - u)||g,
Q

where ¢ = max(p,2), and C5 is a positive constant depending only on p, Cy.
Combining (2.4), (2.5), and Poincare’s inequality, we obtain

(26) )\151;0 ||’U,)\7L — u||2 =0

uniformly for L € [Lo, L1].
Suppose to the contrary that (2.2) does not hold. Then there exist a positive
number ¢ and sequences (L) C [Lo, L1], (A,) — oo such that

lux,.L, —ul1 >¢€

for all n. Since (uy, r,) is bounded in C1#(Q), there exist v € C*(Q) and a
subsequence of (uy, 1, ), which we still denote by (ux, r,), such that

ny

lim |U)\ L, — ’U|1 =0.

s
n—oo

From this and (2.6), we deduce that u = v, a contradiction. This completes the
proof of Lemma 3. ~
For each A\ > 0, define the operator Ay on C(€2) by Ayv = u if

Apu=—Af(v) in Q, v =10 on 01,

where we define f(z) = f(0) if z < 0. Then Ay : C(Q) — C(Q) is completely
continuous, and fixed points of Ay are solutions of (I).
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The next lemma produces subsolutions to (I).

Lemma 4. Let 0 < Ly < L < Ly, where Ly is given by (A.1), and let ¢ =
()\L)P%lcﬁ. Then there exists a positive number \g independent of L such that for

A 2 AO)
v > oA = A\v > oL
Proof. Let v € C(Q) with v > ¢y 1, and let uy = Ayv, iy = # Then
2AL)P-T
1 . K
v(z) = (ALo)»=" d(2) > K if p(2) > ———,
(ALg)?—T
where K is given by (A.1). Define
1if ¢(z) > —E—,
hac(z) =4 M, Ao
AL — 0. K
— if ¢(z) < ——+,
2 it o) < —K
where My is a number such that f(z) > My for all x.
By (A.1),
Ap(ﬁ)\,L) = f(’l)) < —h)\’L in Q,

2L
and the maximum principle implies that %y, > @y, 1, where @y 1 is the solution of

Ap(’l_l,)\’L) = —h)\’L in Q, UL = 0 on 99).

Note that
M,
e =1l < 52+ 1 ] dr)t 0
2L {xeﬂz(b(z)g K$ }
(ALg)P~1
as A — oo uniformly for L € [Lo, L1]. Since Ap¢ = —1 in Q, it follows from Lemma
3 that

/\13130 |t — @1 =
uniformly for L € [Lg, L1]. Let v > 0. Then by the mean value theorem
x,2(x) = ¢(2)] < |t L — Plad(z, 0Q) < veh(x), © €9,
for A large, where ¢ > 0 is such that d(z,9Q) < c¢(x) for all x € Q. Hence for such
A
i L(7) = (1 —ye)p(z), © €,
from which it follows that

1 1
ux(z) = 2AL) =1y 1 (x) = (AL) =1 ¢(x) = dan(x), v €€,
if ~y is sufficiently small. This completes the proof of Lemma 4.
We are now in a position to give the

Proof of Theorem 1. Let A > Ao, where g is given by Lemma 4.
Let ¢ = My¢ where M) >> 1. Let v € C() satigfy v < ¢). We claim that
Gy = Ayv < ¢y. Indeed, let f(z) = sup,<, f(2). Then f is nondecreasing and

Apiiy = =Af(v) = =X f(My|glo) > — M} in ,
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where we use the fact that limg o g,ff)l = 0. Since Ay (¢y) = —Mf_l, the maximum
principle implies @iy < ¢y, as claimed.

Thus A, : [(ﬁ)\’L,Q_ﬁ)\] — [d))\,L,gz_S)\], where ¢y 1 is defined in Lemma 4. The
Schauder fixed point theorem then gives a fixed point u of Ay in [y 1, $x], which
is a positive solution of (I). This completes the proof of the first part of Theorem
1. Suppose next that f > 0 and lim,_,g+ gp(f)l = 0. Let ¢ = €¢. We claim that for
€ > 0 small,

v < ¢ = uy = Ayv < e
Indeed, we have
Apuy = —Af(v) in Q,

and for € > 0 small,

A(0) <A f(v) <A felglo) <77 = —Ap¢. in Q,

where f(z) = sup, <, f(z). Here we have used the fact that lim, . fp(g_c)l =0. By

the maximum principle, uy < ¢, as claimed. By decreasing ¢ if necessary, we
assume ¢, < ¢ r, in . Define

X =C5(Q), X1 =1[0,0:], X2 = [pxr,1,,02], and X5 = [0, 9],

where [z,w] = {u € X : 2 <u <w}. Then Ay : X — X and Ay has a fixed point
Uiz in X5. By the maximum principle [I1], every nontrivial fixed point of Ay in X3
is a positive solution of (I). Since 0 is an interior point of X7 with respect to X3, if
A has a fixed point u; on the boundary of X; in X3, then 0 < u; < @3 in 2 and
thus (I) has two distinct positive solutions. Since Ay : [px,11, Px] = [Da.L1s Pal, Ax
has a fixed point @ in [¢x 1, ¢»]. Note that every point in [¢x 1,,$»] is an interior
point of X5 in X3. If Ay has a fixed point us on the boundary of Xs in X3, then
ug # 4 and we have two solutions. Finally, if Ay does not have any fixed points
on the boundaries of X7 and X3 in X3, then by a result of Amann [I], there exists
a fixed point @ of Ay such that @ € X3\(X; U X3). In particular, @ is a second
positive solution of (I). This completes the proof of Theorem 1.

Remark 1. (i) Conditions lim,_, 9{,52 = 0 and lim,_,q+ gp(g_c)l = 0 in Theorem 1
can be replaced by liminf, .. ;fp(f)l = 0 and liminf, o+ ;fp(f)l = 0 respectively,

provided that f is nondecreasing.

(ii) The multiplicity result in Theorem 1 was established in [4] under additional
assumptions that f € C1(R") is strictly increasing on RT, and there exist oy, as >
0 such that f(s) < ag + ags” for some pu € (0,p —1).
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