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ABSTRACT. Let D1 C D3 be domains in C. Under very mild conditions on
D> we show that there exist holomorphic functions f, defined on D with the
property that f is nowhere extendible across 9D1, while the graph of f over D;
is not complete pluripolar in Dy x C. This refutes a conjecture of Levenberg,
Martin and Poletsky (1992).

1. INTRODUCTION

Levenberg, Martin and Poletsky [6] have conjectured that if f is a holomorphic
function, which is defined on its maximal domain of existence D C C, then the
graph

I'y={(zf(2)):2z€ D}
of f over D is a complete pluripolar subset of C2. Le., there exists a plurisubhar-
monic function on C? such that it equals —oo precisely on I'y (see e.g. [4]). They
gave support for this conjecture in the sense that they could prove it for some lacu-
nary series. More support was provided by Levenberg and Poletsky [7] and by the
second author [9, [T0), [T]. Nevertheless, in this paper we show that the conjecture
is false.

In fact we have

Theorem 1.1. Let D1 C Do be domains in C. Assume that Dy \ D1 has a density
point in Do. Then there exists a holomorphic function f with domain of existence
Dy such that the graph 'y of f over Dy is not complete pluripolar in Dy x C.

In case Dy \ D; has no density point in Dy, it is known that I'y is complete
pluripolar in Dy x C (see [10]). If we take in Theorem [[] for D; the unit disc D
and for Do the whole plane C, we obtain the following corollary.

Corollary 1.2. There exists a holomorphic function f defined on D, which does
not extend holomorphically across 0D, such that I'y is not complete pluripolar in

c2.
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Theorem then states that such a function can even be smooth up to the
boundary of D.

The first-named author thanks Marek Jarnicki, Witold Jarnicki, and Peter Pflug
for very helpful discussions.

2. GRAPHS WITH NON-TRIVIAL PLURIPOLAR HULL
The pluripolar hull of a pluripolar set K C 2 is the set
Ko={z€Q:u|lg =—o0,u € PSH(Q) = u(z) = —o0}.

By w(z, E, D) we denote as usual the harmonic measure of a subset E of the
boundary of a domain D in C at the point z in D (see e.g. [§]).

Let A = {a,}52, be a countable dense subset of 9D;. Under the assumptions
of Theorem [[T] there exists an a € (0D1) N D such that a € A\ {a}. We may
assume that a ¢ A. Our function f will be of the form

(2.1) =Y -9

z—aj

Jj=1

We will choose ¢,, very rapidly decreasing to 0. In particular,
oo

(2.2) S les| < 4o,
j=1

so the limit in (21]) exists and is a holomorphic function on Dj.

Moreover, we will choose ¢, such that Y >° \a‘fﬁjl < 4o00. Hence, the series
will converge at z = a. We will denote its limit by f(a). We will prove
a version of Theorem that elaborates on . However, no statement about

extendibility is made at this point.

Theorem 2.1. Let Dy C Dy be domains in C, such that Do \ Dy has a density
point in Do. There exists a sequence { R, }52 1 of positive numbers such that for any
sequence of complex numbers {c, }72q with [c,| < Ry, we have (a, f(a)) € (Tf)p, x>
where f is given by (). Here I'y is the graph of f over Di.

Proof. We may assume that a = 0. For b € C and r > 0 we set D(b,r) = {z € C:

and

n=1k=1
Note that 0 ¢ B and that B is also countable (and therefore thin at 0). By Corollary
4.8.3 in [4], there exists an open set U D B such that U is thin at 0.
Step 1. We construct a sequence of radii {p,}22; with special properties, the
main one being that |J,, Uy_; 7% (D(an, p,)) is thin at 0.
It is a corollary of Wiener’s criterion (see [§], Theorem 5.4.2) that there exists a
sequence 1, — 0 such that

(2.3) oD, NU =2, nelN.
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Since U is thin at 0, there exists a subharmonic function » on C such that

limsup u(z) = —oo < u(0)

U3z—0
(see e.g. Proposition 4.8.2 in [4]). Moreover, by scaling and adding a constant, we
can assume that u(0) = —3 and u < 0 on D. By (23) there exists a p > 0 such
that D, C Dq, 0D, N Dy # @, 0D, NU = @, and u < —1 on UND, (take p = r,

with sufficiently big n).

Let J C 0D, N Dy be a closed arc. We can assume that
27kg 2n(ko + 1)

J = {eiep : <f<
no no

}

for some kg, ng € N.
Now we choose a sequence of positive numbers p,, € (0,1), n € N, in the following
way:
(1) Let 0 < p1 < 1 be such that
() UpZy i, (D(as, p1)) C U;

(b) Dy \ Up2y 7k (D(a1, &)) is connected.
(2) Assume that p1,...,pn_1 are chosen. Choose 0 < p, < 1 such that

( ) Uk 17Tno( (anapn)) cU;
(b) D\ Uj—; Uiy 7% (D(aj, %)) is connected.
Put Y, = UJ U, 7k (D(aj, %)). So, Y, C U is a closed set such that D, \ Y,

is a domain and 0D, NY,, = & for any n € N.
Step 2. We want to show that

1
(2.4) w(0,0D,, D, \Ya) > 5, neN.

Fix n € N. Put v,(2) = —w(z,0D,,D, \ Y,,) + u(z). It suffices to show that
(2.5) v, <—1 onD,\Y,.

Observe that —w(-,0D,,D,\ Y,) <0 and u(-) <0 on D, \Y,,. Moreover, we have
limsup,_p, —w(2,0D,,D, \ ¥,) < —1 and limsup,_,y, u(z) < —1. So, from the
maximum principle for the subharmonic function v, we get (ZHl) and, therefore,
).

Step 3. Here we want show that

(2.6) w(0,7,D, \]U1]13>a],%]))>2i neN.

Put

no

wn(z):w(z,aDp,Dp\Yn)—Zw(z T (), D, \ Yy).

k=1

Note that ;2 7k (J) = 0D,. Again from the maximum principle we obtain that
wp, <0on D, \Yn,nEN.
Because 7F (D, \ ;) =D, \ Yy, for any k,n € N, we find

w(0, 7k (1), D, \ Yy) =w(0,7,D,\Y,), keN.
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Hence,

1

w(0,7,D, \U]D)a],%j)) >w(0,1,D,\Ya) 2 5omy mEN.
j=1

Step 4. Let {R,}32, be a sequence of positive numbers such that Cy =

S e < 400 and, therefore, Y00 | R, < C; (take e.g. R, = Zy). Consider

n=1 p,,
any sequence of complex numbers {c, }°>2; with |¢,| < R,, and let f be defined by
).

Put

J
= — - N.
) Zz—%‘ _z: a;’ "e
j=1 j=n+1
Then |f,(2)| < 2C; for every z € D, \ U?Zl (aj,%) and all n.

Let h € PSH(D2 x C) have the property that h(z,f(z)) = —o0, z € D.
The function s, defined on Ds \ {a1,...,an} by sn(2) := h(z, fn(2)) is subhar-
monic. Let An = sup.c;sn(z) and let C2 = sup,cp, |,j<ac, (2, w). Then
A, —sup,c;h(z, f(2)) = —co as n — oc.

From the two-constant theorem (see e.g. [8], Theorem 4.3.7) we infer

CQ — Sp (0) " 1
—— >w(0,J,D, = — N.
Cr— A \jL:Jl “J’ Z ony M€

Letting n — oo, we conclude that h(0, f(0)) = s,(0) = —oo and therefore (0, f(0)) €
(Ff)Dz xC* U

For the proof of Theorem [Tl we need to know that the function defined by (2.1)
is not extendible across the boundary of D;. This will be done in the next section.

3. NON-EXTENDIBLE SUMS

Without additional conditions on a,, and ¢,, a function defined by 1) may well
extend holomorphlcally beyond the boundary of Di;—think of the Lambert-type
series > | cn i Z,L; cf. [B]. It may even yield 0 on Dy; cf. [1]. We will see that
a suitable choice of a,, and ¢, prevents this from happening. We are grateful to
Marek Jarnicki and Peter Pflug who suggested the idea of the proof of the next
lemma.

Lemma 3.1. Let D be a domain in C. Then there exist a dense subset A = {a,}52 4
of 0D and a sequence {R,}52, of positive numbers such that for any sequence of
complex numbers {cp}o2 1 with 0 < |cp| < Ry, the holomorphic function f given by
200 is not holomorphically extendible across 0D.

Proof. Let B = {b,}2°, be a dense subset of D (take e.g. U = D N Q?). For any
b, € B there exists a point a € 9D such that dist(b,,dD) = |b, — a|. We denote
by a, one of them. Set A = {a,}52 ;. Note that A is a dense subset of dD. Taking
subsequence of {a,}52; we may assume that a; # a;, ¢ # j.

Fix n € N. Let B,, = {z € D : dist(z,0D) = |z —an|} C D. Note that B, U{a,}
is a closed set on the plane and B = U,2, By, is dense in D (because B > B).
Moreover, if zg € B,,, then the open segment with the ends at the points 2y and a,
is contained in B,,.
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For any j € N we put €,; = dist(a;j, By). Since a; ¢ B,, for j # n, we see that
€n; > 0 for j # n.
Put )
Rj _ mm{elj,.té,e(j_l)j}, ] e N
J
For any n € N and any j > n we have R; < 6”; and therefore

Z Z&<+oo, z € B,.

j#n g
Take a sequence of complex numbers {¢,}52; with 0 < |¢,| < R,. Then for a
fixed n € N we have

(3.1)  liminf |(z —an)f(2)]

nJZ—an

|Z_aJ| N

> |cn|—B 1ima |z —ap| - limsup Z

= |ep| > 0.
nJdz— Bp,>z—an i#n _]|

Observe that for any n € N the Taylor series at any point of zg € B, has a radius
of convergence equal to dist(z9, D) (because of B.) and |zo — a,| = dist(zo, D)).
Hence, by Lemma 1.7.5 from [3] we see that D is the domain of existence of f. O

Proof of Theorem [[L1l If a set E C Q is complete pluripolar in a domain €, then
E¢ = E. By Lemma 3] and Theorem [2.] there exists a holomorphic function f
on D; for which Dy is a domain of existence and (I'y)7, ¢ # I'y. Hence, I'y is not
complete pluripolar in Dy x C. O

Theorem 3.2. There ezists a sequence {an}p2 C C\ D and a sequence {c, >,
such that the function f defined by (ZI) is C*° on D and is nowhere extendible
over the boundary of D, while I'y is not complete pluripolar in C2.

Proof. Let r; =14 1/(j +1). The sequence a,, is formed by
nipp =72 k=0,...,20 -1, j=0,1,....

The proof of Theorem [ZT] provides us with a sequence {R,} such that for every
sequence {cy,} with |¢,| < R, the series (ZI) represents a function on D, the graph
of which is not complete pluripolar. Assembling all a,, € C(0,r;) we find that there
exists a sequence {/;} such that for every choice of 0 < &; < R} the function f.
on D defined by

(3.2) Z 21_ =

jOJ

has a graph that is not complete pluripolar.
We observe that independent of the choice of €},

Z Y Zd”’fz
j=1 5 — 22

is holomorphic on D, with singularities on the boundary. (The d,, ; are defined

by the equality.) Therefore we have limsup,,_, o |d:l/ ,]j = 1/r,. Hence there is a kj,
such that

(3.3) (o e, | > 7,0
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We will now make an appropriate choice for the ¢; to insure that f cannot be
extended over the boundary of . Along the way we will determine constants C}
that are needed for smoothness at the boundary.

Choose g9 = R{,. Then

ro — %

1 o0
fool2) = =3 do2t
k=1

with lim supy,_, |d(1)/:| = 1/7¢; in particular there is a Cp such that |do x| < Cp.
Suppose €g, . ..,en—1 and Cy, ..., C,_1 have been chosen in such a way that we
have found ko, ..., k,_1 with

(3.4) g, | > forj=1,...,n—1,1l=j....,n—1,
and

C ‘
(3.5) |dj,k|<ﬁ forl=0,....,n—1, j=0,...,n—1, andall k.
Then choose

(3.6) C, >supld;glk" j=0,...,n—1
k

This is finite because of ([B4). Next choose €, < R}, so small that
(1) The inequality (B5) holds for Il = 0,...,n and j =0,...,n. This is possible
because of (4.
(2)

—k;j .
| ke, | > i1 forj=1,...,n—1,

which is again possible because of (B.4).

k,

Having chosen ¢,,, we can by (3:3) choose k,, so large that |d, k,| > r,"7.

Observe that the coefficients d, j converge to the coefficients dj, of the power

series expansion of f. as n — oco. From (3.4) we see that |dy,| > rj__k{ so that
the radius of convergence of the power series of f. is at most 1, and since f. is
holomorphic on D, it equals 1. So f. has a singular point b on C'(0,1). We split f.

as
n—1 0 ..
f6:f1+f2: E +§ 27 . 2j'
- : re —z
j=0 j=n J

Then f; is holomorphic in a neighborhood of the closed unit disc and f has at least
one singular point on C(0,1), but fo is invariant under rotation over a 2"-th root
of unity, which implies that there is a singularity in each arc of length > 27/2".
Therefore, f can nowhere be extended analytically over C(0,1).

Next we show that f is smooth up to the boundary of D. We have to show that
there exist constants C; > 0 such that for every [

|di| < %, for all k,

but this follows from (B.5). O
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Remark 3.3. Let D be a domain in C and let A be a closed polar subset of D.
Using methods presented in this paper and in [I0], the authors give in [2] a complete
characterization of the holomorphic functions f on D\ A such that I'y = {(z, f(2)) :
z € D\ A} is complete pluripolar in D x C.

10.

11.
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