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A FIXED-POINT THEOREM
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ABSTRACT. We present fixed point theorems for a nonexpansive mapping from
a closed convex subset of a uniformly convex Banach space into itself under
some asymptotic contraction assumptions. They generalize results valid for
bounded convex sets or asymptotically compact sets.

In this note we generalize a famous result by Browder [3], Géhde [6] and Kirk [g],
recently extended by Luc in [14], by using the notion of an asymptotically compact
subset of a Banach space. Here no compactness assumption is involved. Instead
we use uniform asymptotic concepts introduced in [I9] and the following definition
which differs from the one in [14]; a comparison will be made later on. Note that
the meaning of the word “asymptotic” is not related with the iterations of the map
as in [§], [9], [10], [21] but bears on the behavior of the map at infinity.

Definition 1. Let C be a subset of a Banach space X. We say that a map f: C —
X is asymptotically contractive on C if there exists xg € C' such that

(1) lim sup M

< 1.
z€C, ||lz||—oo |z — zol|

It is easy to see that this condition is independent of the choice of zy € C; more
precisely, when it is satisfied for some xg, then it is satisfied for any x; € C. The
notion of an asymptotically contractive map enables us to extend to unbounded
sets the results of [3], [6], [8] valid for nonexpansive self-mappings on closed convex
bounded subsets of uniformly convex Banach spaces. Recall that a mapping f :
C — X is nonexpansive if || f(z) — f(a')|| < ||z — 2'|| for any z, 2’ in C. It is said
to be demi-closed if its graph is sequentially closed in the product of the weak
topology on C' with the norm topology on X.

Proposition 2. Let X be a reflexive Banach space and let C' be a closed convex
subset of X. Let f : C — X be a nonexpansive map which is asymptotically con-
tractive on C' and such that f(C) C C and I — f is demi-closed. Then f has a fized
point.
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Proof. Let (t,) be a sequence of (0,1) with limit 0 and let xy € C. For n € N, let
fn : C — X be given by

(2) fn(x) = (1 - tn)f(x) + tpo,

so that f,(z) € C for each x € C by convexity of C. Since f is nonexpansive, f,, is
a contraction with rate (1 — ¢,). The Picard-Banach theorem ensures that f, has
a fixed point z,, € C. Let us show that the sequence (z,,) is bounded. If this is not
the case, taking a subsequence if necessary, we may assume that (||z,]|) — oco. Let
a € (0,1) and p > 0 be such that ||f(z) — f(zo)|| < a ||z — z0|| for z € C satisfying
||z|| > p. Then, for n large enough, we have

[onll = 11 = tn)f(2n) + tnol|
< (U =tn) (allan — ol + [1f (xo)l]) + tn [lzoll -

Dividing both sides by ||z, || and taking limits, we get 1 < «, a contradiction. Thus,

(2) and (f(zn)) are bounded, and (|2, — f(z)) = (tn |20 — F(z)])) — 0.
Since X is reflexive, taking a subsequence if necessary, we may assume that (x,,)

has a weak limit Z. Since I — f is demi-closed, we get that T — f(Z) = 0. O

Corollary 3. Let X be a uniformly convexr Banach space and let C' be a closed
conver subset of X. Let f: C — X be a nonerpansive map which is asymptotically
contractive on C' and such that f(C) C C. Then f has a fized point.

Proof. The result is a consequence of the fact that when X is uniformly convex
and f is nonexpansive, the map I — f is demi-closed (see [4, Theorem 8.4], [24]
Proposition 10.9] for instance). Note that in these references the closed convex
set C is assumed to be bounded, but this assumption can be avoided since the
definition of demi-closedness only involves bounded sequences. O

Remarks. a) In the preceding statement, one can add that the set of fixed points is
closed, convex and bounded. The first two properties are proved in the usual way;
the boundedness property follows immediately from ().

b) One can deduce the preceding proposition from the classical result of [3], [6]
and [8] (see also [2], [7], [22]) by applying it to a sufficiently large ball. This direct
way can be deduced from the preceding proof. It also follows from the observation
that f is asymptotically contractive iff there exists some ¢ € (0,1) and r > 0 such
that

[f @) < el Ve € C\rBx,

where By is the closed unit ball of X: since f is supposed to be nonexpansive,
there exists s > r such that f(C NrBx) is contained in the ball sBx and then
f(C N sBx) is contained in C'N sBx. O

Let us compare the preceding result with [T4, Theorem 5.1]. There, C' is supposed
to be asymptotically compact in the sense of [I], [I5], [I8], [20] (see also [5], [17],
[23]): for any sequence (z,) of C such that (r,) := (]|zn|) — oo, the sequence
(rtx,) has a converging subsequence. This assumption is obviously satisfied in
finite dimensions; it is rather restrictive in infinite-dimensional spaces. However,
locally compact convex sets and epigraphs of hyper-coercive functions (i.e. functions
fsuch that f(z)/||z|| — 400 as ||z| — +00) are asymptotically compact (see [20]).

On the other hand, the asymptotic condition imposed on f in [I4] is milder than
the one considered here: f is just supposed to be radially asymptotically contractive
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in the sense that for some xg € C' and for any u in the asymptotic cone (or horizon
cone)
Coo = lim sup t1C := {v € X : I(t,) — +00, (vp) — v, tyv, € C Vn}
t—o0
of C' one has g
limsup = || f(zo + tu) — f(zo)| < 1.

t—o0, zo+tucC t
This condition is obviously satisfied if f is asymptotically contractive on C. In fact,
if f is nonexpansive, or even Lipschitzian, f is radially asymptotically contractive
if, and only if, it is directionally asymptotically contractive in the sense that for any
u € Cs one has

timsup (o + t) — fao)] < 1

t—oo, v—u, rot+tvel

and one has the following relationships with our assumption.

Lemma 4. Any asymptotic contraction f : C — X is a directional asymptotic
contraction. If C is asymptotically compact the converse holds.

Proof. The first assertion is immediate. Let us prove the second one. Let us assume
that f is not an asymptotic contraction: for any x¢ € C there exists a sequence
() in C such that (||lz,|]) — oo and lim, ¢, ||f(xn) — f(zo)|| > 1 for t, :=
|z, — xol|. Since C is asymptotically compact, the sequence (u,,) = (t,,* (2, — 20))
has a converging subsequence. The limit u of this subsequence belongs to Cy

and since limy, ¢, ' || f(z0 4 thun) — f(z0)|| > 1, f is not a directional asymptotic
contraction. (]

It follows that [T4, Theorem 5.1] is a consequence of Corollary[3.

Corollary 5 ([14]). Let X be a uniformly convexr Banach space and let C' be an
asymptotically compact closed conver subset of X. Let f : C' — X be a nonexpansive
map which is radially asymptotically contractive on C and such that f(C) C C.
Then f has a fized point.

Let us present a criterion in order that f be asymptotically contractive. It relies
on the following notion introduced in [19].

Definition 6. A cone K of a normed vector space X is a firm (outer) asymptotic
cone of a subset C of X if for any € > 0 there exists some r > 0 such that for any
x € C\rBx one has d(z, K) < ¢||z]|.

Equivalently, K is a firm asymptotic cone of C iff there exists some function
a: X — Ry such that a(z)/||z|| — 0 as ||z|| — oo for which C is included in
{r € X :d(z,K) < a(z)}. When K is closed, this condition implies the inclusion
Co C K. Tt is easy to give examples in which this condition is satisfied and to exhibit
counterexamples in which it is not satisfied, although K contains the asymptotic
cone Cy of C. For instance, when X = W x R, C := {(w,r) € X : r > f(w)},
K :={(w,r) € X : r > h(w)} for some functions f,h : W — R with h positively
homogeneous and lower semicontinuous, K is a firm asymptotic cone of C' whenever
liminf) ;) ~oo (f(x) — h(z)) / ||z|| > 0. In such a case, Coo = {(w,7) € X : 17 >

wo(w)}, where f is the asymptotic function foo of f defined by

()= liminf ~f(tx
f ( ) (t,x")—(+00,z) tf( )
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and the inclusion Co, C K amounts to fo, > h, a weaker condition. The whole
space is clearly a firm asymptotic cone of any subset; one is interested in taking
a cone as small as possible. The following result describes significant facts in this
respect.

Lemma 7 ([19)). If K is a closed firm asymptotic cone of C, then K contains the
asymptotic cone Cu of C. If C is asymptotically compact, the asymptotic cone of
C is a firm asymptotic cone of C. In particular, if X is finite dimensional, for any
subset C' of X the asymptotic cone Co, of C is a firm asymptotic cone of C.

We also need a variant of a concept due to Krasnoselski [12].

Definition 8. Given another normed vector space Y and a firm asymptotic cone
K of a subset C of X, a positively homogeneous mapping h : K — Y is said to
be a firm (outer) asymptotic semi-derivative of a mapping f : C — Y if for any
e > 0 there exists p > 0 such that for any € C'\pByx there exists v € K satisfying
o —oll < ella]l,

[/ (@) = h(u)[| <el=]l.

This condition is obviously satisfied with h = ¢ when f has a firm (or strong)
asymptotic derivative (or F-derivative at infinity) ¢ in the sense that K = X and
there exists a continuous linear mapping ¢ : X — Y such that

lim  sup () — ()] = 0.

r—% xeC\rBx HCL‘”
Definition [§ takes into account the fact that f and h are not defined on the same
sets. Note that when h : K — Y is a firm (outer) asymptotic semi-derivative of
f: C =Y, then the graph of h is a firm asymptotic cone of the graph of f. The
converse holds when lim supy, o [|f(2)]| / ]| < +oc.

Example. Let X =Y =R and a € R, and let f be given by f(x) := al|z| + sinx.
Then h given by h(z) = alx| is a firm (outer) asymptotic semi-derivative of f.

Example. Let f: X — Y be given by f(x) := p(a + z) for some given a € X and
some Lipschitzian positively homogeneous map p : X — Y. Then p is a firm (outer)
asymptotic semi-derivative of f.

As observed by the referee, in both examples f is of the form f = p 4+ b, where
b: X — Y is such that b(x)/ ||z|| — 0 as ||| — 4o00. Moreover, for nonexpansive
maps p and b and ¢ € (0, 1), the function f given by f(x) := ep(x) + (1 — ¢)b(x) is
nonexpansive and its asymptotic semi-derivative is contractive.

The following criterion is established in [12] 3.2.2].

Lemma 9. Suppose f : X — X is Gateauz differentiable on X\rBx for somer > 0
and there exists a continuous linear mapping A : X — X such that || f'(x) — A|| — 0
as ||z|| — oco. Then f has a firm asymptotic derivative A.

A weaker condition consists in requiring that f : C — X is asymptotable in the
sense that there exists a positively homogeneous map foo : Coo — X such that for
any u € Cs one has t =1 f(tv) — foo(u) as (t,v) — (co,u) with tv € C.

Lemma 10. If f : C — X is asymptotable and if C' is asymptotically compact,
then fo is a firm asymptotic semi-derivative of f.
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Proof. Suppose on the contrary that there exist some ¢ > 0 and a sequence ()
in C with (r,) := (||zn]]) — oo such that for any v € Co N (zy, + € ||2n|| Bx)
one has ||f(zn) — foo(v)|| > €||zn]||. Since C is asymptotically compact, taking a
subsequence if necessary, we may assume that (u,) := (7, 'z,) has a limit u. Then
u € C and, since f is asymptotable, we have that (rglf(rnun)) — foo(u). Since
for n large enough we have ||r,u — z,|| < er, and r,u € Co, we get a contradiction
with [|f(zn) = foo (rnu)|| = € [|zn]- O

We are now in a position to state and prove the announced criterion.

Proposition 11. Let K be a firm asymptotic cone of a subset C of X. Suppose f :
C — X has a firm asymptotic semi-derivative foo : K — X which is asymptotically
contractive on K. Then f is asymptotically contractive on C.

Proof. Let us show that relation () is satisfied. The observation following Defini-
tion [I] shows that we can take xg = 0 in that definition applied to f. and K, so
that there exists some ¢ € (0, 1) such that

[foo (W) < ¢lof

for v € K with sufficiently large norm; since K is a cone and fo, is positively
homogeneous, this relation is satisfied for any v € K. Let ¢’ € (¢,1) and let € > 0
be such that ¢+3e < ¢’. Then, taking p > 0 associated with € in Definition[q, for any
x € C\pBx we can pick v € K satisfying ||z — v|| < e ||z||, [|f(2) — foc(V)|| < ]|z,
so that we get

1 (@) = f(zo)l| < [ foo (W)l + € llz]] 4 [1f (o)l

< cllvll + ezl + [[f (o)

cllzll 4 2¢ [zl + ([ f (zo)l
(¢ +2¢) |z — ol + [1f (zo) || + (¢ + 2¢) [|lzo]|
< (c+3e) lz — zoll < ¢ |z — 0|

IAIA

provided
ellz = @oll = [If (zo) [l + (¢ + 2¢) [|zo]l
which occurs when [|z|| > &= (|| f(z0)]| + (¢ + 3¢) [|xo]|) - O

Gathering Corollary Bl and Proposition [Td], we get the following result.

Theorem 12. Let X be a uniformly convex Banach space and let C be a closed
convex subset of X. Let K be a firm asymptotic cone of C. Let f : C — C be a
nonexpansive map which has a firm asymptotic semi-derivative foo : K — X which
is asymptotically contractive on K. Then f has a fized point.

This result does not involve compactness assumptions; such assumptions can
be used as criteria ensuring its hypothesis, according to Lemma 7 and Lemma 10.
These criteria clarify the links with the results by Luc in [I4]. Let us note that
the preceding criteria is not as general as the condition of Proposition [2, as the
following example shows.

Example. Let X =R =C = K, and let f be the even function given by f(z) =«
for x € [0,1], f(2") = (—=1)""'2"=2 for n € N\{0}, f being affine on [27,2"+!]
for n € N. Then f is nonexpansive and asymptotically contractive, but has no
asymptotic semi-derivative, so that Proposition[Z applies, but not the last criterion.
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We will not consider extensions of this result to nonconvex sets C' or to more

general spaces; see [4], [8]-[10], [16], [24] for example. For application of the criteria
using asymptotic compactness, the use of another topology on X would be useful;
we do not consider such a question here. We refer to [5], [14], [15], [17]-[23] for the
use of asymptotic compactness in various fields.
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