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ABSTRACT. We prove that the open set condition and the strong open set
condition are equivalent for self-conformal random fractals.

1. INTRODUCTION

In the theory of fractal sets and measures, self-similar sets have been the most
studied. A set X is called self-similar if it is invariant under a family of similarities
S1,...,5n, that is, if X = Uivzl Si(X). If one allows the mappings S; to be
conformal ones, X is called a self-conformal set. If the family Si,..., Sy satisfies
the open set condition, that is, if there is an open set O such that S;(O) C O for
all ¢ and S;(0) N S;(0) = 0 for i # j, one can compute some characteristics of it.
For instance, in the case of similarities the Hausdorff dimension of the self-similar
set equals the similarity dimension.

If one considers measures instead of sets, for example a self-similar or self-
conformal measure g with the property p = Ei\;l i - poS; 1 it is useful that
the strong open set condition is satisfied, that is, in addition to the open set con-
dition X N O # @ holds. For the case when all mappings are similarities, Schief
[S] proved that both conditions are equivalent. For self-conformal sets the problem
was open for a long time. Recently, Peres, Rams, Simon, and Solomyak [PRSS|
and Lau, Rao, and Ye [LRY] proved the equivalence in the self-conformal case.

By allowing the mappings S; to be random mappings, one can define random
fractals. A random compact set = is a self-conformal random set if it has the
same distribution as Uf\il Si(Z%), where the = are independent copies of = and
are independent of (Si,...,Sy). In other words, a self-conformal random set =
consists of N parts, which are conformal copies of independent samples of =. The
self-conformal random sets are also known as statistically self-conformal sets.

The equivalence of the open set condition and the strong open set condition for
self-similar random sets is proved in [PI] by varying the proof of Schief [S]. In the
present paper we will prove that it also holds for self-conformal random sets.

The paper is organized as follows. First, we give a definition of the term self-
conformal random set and give a method for constructing such sets. The definition
is more or less a combination of the known definitions for self-conformal sets and
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2348 NORBERT PATZSCHKE

self-similar random sets. For more details concerning some notations the reader is
referred to [P2] and [AP].

The main part of this article is the proof of the equivalence of the open set
condition and the strong open set condition. At first it is shown that there is a
random open set which satisfies the strong open set condition. The proof follows
the proof given by Peres, Rams, Simon, and Solomyak [PRSS]|, but some effort is
necessary because of the randomness. Then, using this random open set, a non-
random set is constructed such that the strong open set is fulfilled.

2. SELF-CONFORMAL RANDOM FRACTALS

Let U C R? be an open bounded connected subset. For 0 < v < 1 denote by
Con'™(U) the family of conformal diffeomorphisms S : U — S(U) C U for which

there exists a constant Cg such that
1S (y) = §(2)| < Csd(x,y)”

holds for all z,y € U, where S’'(z) is the differential of S at z and |S'(z)]| is
the operator norm of this differential. Since S is a conformal mapping, we have
|S'(x)v] = |8 (x)]||v] for all v € T,U.

Let N > 2 be a positive integer. Consider the product space

Qo = (Con*™(W)N .

It is a separable metrisable space with the Borel o-algebra §.

We say that a probability measure Py on (£, o) is a conformal random function
system if there are constants 0 < rpin < rmax < 1 and a constant Cy > 0 such that

(1) Cs, <Cpforalli=1,...,N and

(I1) 7min < |S0(2)] < Tmax forallz € U and all i =1,..., N
hold for Pp-almost all (S1,...,Sn).

A random compact set = C U is called a self-conformal random set associated
with the conformal random function system Py if = has the same distribution as

N
=i
Us.=
i=1

where the Z%, i = 1,..., N, are independent samples of = and are independent of
(S1,...,5n), and where (St,...,Sn) is distributed according to Py. That is, if Pz
is a distribution of a random compact set, then it is a distribution of a self-conformal
random set, iff Pz = (Py x PY) o u™!, where

Si(X7) .

-

u((Sl,...,SN);Xl,...,XN) =

i=1

In the case when the S; are similarities we speak of self-similar random sets. It is
well known (see [F], [G], [MW]) that, given a conformal random function system,
there exists a unique distribution of a self-conformal random set =.

The conformal random function system Py is said to satisfy the open set condition
(OSC) if there is an open set O with O C U such that

(I) S;(0O)COforalli=1,...,N and

(II) S;(0)NS;(0) =0 for all i # j

hold for Pp-almost all (S1,...,Sn).
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THE STRONG OPEN SET CONDITION 2349

P satisfies the strong open set condition (SOSC), if there is an open set O with
O CU and
(I) Si(0O)COforali=1,...,N and
(I1) S;(0)NS;(0) =0 for all ¢ # j
for Py-almost all (Sy,...,Sy), and
(IIT) =N O # @ with probability one,
where Z is the self-conformal random set.

Since the random mappings S; are diffeomorphisms we may assume without loss
of generality that int O = O.

3. CONSTRUCTION OF SELF-CONFORMAL SETS

For constructing self-conformal sets and measures we need a more complicated
probability space.

Let ¥ = {1,..., N} be the set of infinite sequences of integers between 1 and
N, and let & be the usual product o-algebra on ¥. Further, let ¥, = {1,..., N}"
be the set of sequences of length n, and let ¥, = (J.2 X, be the set of all finite
sequences (including the empty sequence §)). Now define the probability space

Q= QOZ*a

and let § be the corresponding product o-algebra. Finally, let P be the product
measure on §2 with Py on each component. The elements of this probability space
assign to each finite sequence 7 € 3, a random variable

w(r) = (5] (W), ..., SK(W)) .

Write w(@) = (S1(w), ..., Sn(w)). The family of these random variables is a family
of independent random variables with identical distribution Py. We need this com-
plicated probability space because of the independence property in the definition
of self-conformal sets.

Define operators T" on €2 by

(T"w)(7) = w(nT)
for n € £, and w € Q. By definition, S7 (w) = S;(T"w). It is easy to see that P is
invariant under all these operators. If , 7 € 3, then T" o T™ =T7".
We say that P is an iterated conformal random function system if Py is a con-
formal random function system.
By definition,
Q=00 x QY
with the mapping
wi (wW0); Trw, ..., TNW) ,
and the image of P under this mapping is Py x PV.
Define 56 =1idy and
—T —T
Sy =8,0 ST

forr,n € ¥, andi=1,..., N. With the notation gg =S, then §;(w) =5,(T"w)
and grn =S5,0 3;,
Now we are able to construct the self-conformal random set =.
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2350 NORBERT PATZSCHKE

Define a mapping 7 : 2 x X — U by

7u() = lim 5,10 (w)(@0)

where xyg € U is an arbitrary point and o|n = o109 ...0, is the finite sequence
consisting of the first n entries of ¢. This limit exists and does not depend on
the choice of x¢ for P-almost all w € Q. Moreover, 7, : ¥ — U is continuous for
P-almost all w. Set ZE(w) = 1, (X).

Lemma 1. = is a self-conformal random set.
Proof. By definition,
7w (io) = lim §w‘n(u})($0) = Si(w) <nhjgo gg‘n(Tiw)(mo)) = Si(w)(mpiy(0))

foralli=1,...,N, all ¢ € 3, and P-almost all w € 2. Hence,
N

(W) =7, (B) = U 7, (1%) = U Si(w) (rriu(X)) = U Si(w) (E(T'w))

i=1

[1]

for P-almost all w € Q. By definition of , the random sets Z¢(w) = Z(T"w) are
independent copies of = and are independent of (S1,...,Sn). (]

Another way for constructing Z is the following. Let K C U be a compact set
with S;(K) C K foralli =1,..., N with probability one. (If the open set condition
(OSC) or the strong open set condition (SOSC) is satisfied one can choose K = O.)
Define

forr € ¥, and w € Q. Then

(w) = ﬂ U K (w)

n=07€X,

(1]

for P-almost all w € Q.

4. THE EQUIVALENCE OF THE OPEN SET CONDITIONS

Before proving the main theorem we need some lemmas. Let the open set con-
dition (OSC) be satisfied with the open set O and let K = O be compact.

For a conformal mapping S write ||.S’|| = sup{|S’(x)| : # € U}. The Holder con-
tinuity of the derivatives of the mappings S1,..., Sy carries over to the mappings
S, for 7 € X,.

Lemma 2. Let Py be an iterated conformal function system. Then there is an open
set U' C U with the following properties.

(i) There is a constant c; > 0 such that
57 (@)@)] < [8r(@)(w)] e

holds for all x,y € U’, all T € X, and P-almost all w € Q.
(ii) There is a constant co > 1 such that

c3 |5 w)]|d(z, ) < d(S:(W)(@), S-(w)(y)) < 2| S, ()] (1)
holds for all z,y € U’, all T € X, and all w € Q.
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THE STRONG OPEN SET CONDITION 2351

Proof. We omit the proof here. In [P2] the non-random case is considered. The
proof there works also in our random setting. Part (i) is a by-product of the proof
of [P2| 2.1] and part (ii) is the same as [P2] 2.2]. O

In the sequel let U = U’ from the lemma above. A useful tool for the investigation
of the random fractal is the notion of a section. We call a random subset I' C 3, a
section if for each o € ¥ and each w € Q there is a unique n € N with o|n € I'(w).
A simple example is the random set
— —
T ={reX: S| <r<|[Shm-ill}

for r € (0,1).
It is easy to see that if I is a section and the open set condition is satisfied, then
{S:()(0) : 7 €T (w)} is a family of mutually disjoint sets for almost all w € €.
Define for a € [0,1], b > 1 and 7 € 3, the random set

Ia,b(n)(w)
S _
= {T €Y, ! < H_,UM < b, dist (K (w), Ky(w)) < aHS;(u})H} .
b S Wl
Remark that, in general, it is not a section.

Lemma 3. If the open set condition (OSC) is satisfied, then for all by > 1 there
is a constant cs = c3(bo)such that
#lap(n)(w) < cs
for allm € X, and all a € [0,1] and b € [by, 2bg] with probability one.
Proof. 1t is easy to see that for fixed r > 0
{7’ € Xy Pmax?” < ||§T(w)|| < r} CT(w)

holds, where T, is a section and, in particular, the corresponding sets S, (0O) are
disjoint.

Fix a € [0,1] and b € [bg, 2bg]. Let m be the smallest integer such that r <
1/(2b3). Then

m—1
Lp(m)(w) € | Je(n)(w)
with =
1 5, (w) 1
ot = fresoptps Bl 1

for k=0,...,m—1
Hence, Ji(n)(w) C | I

tion, all sets S, (w)(O) with 7 € J(n)(w) are disjoint. Since int K # () and K is
bounded, there is a point zy € K and there are numbers 71,7 > 0 such that

B(zg,r1) Cint K C K C B(zg,r2) .

R (@) with probability one. By the open set condi-
n

By Lemma [2(ii) we get
B(S,(w)(x0), ¢z || S (w)||r1) € Sr(w)(int K)
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and

g g (S 130 CQ||§I w ||7“2)
for all 7 € ¥,. Hence, the sets § (w)(int K) have a Lebesgue measure of at least
ey [T ()| "L B0, 1) > ¢ Brmax L B0, 1|5, ()¢

for 7 € Jg(n)(w). On the other hand, all these sets are disjoint and contained in a
ball of radius

CQH?;((JJ)HT'Q + a||§;(w)|| + 202||§;(w)||r2 < (cara + 1+ 2c2bor2) H?ln(w)”
and center S, (w)(7o). Therefore, by volume estimating,

(cara + 1+ 2c2bgra)?
(¢35 'bormaxr1)4

k() (w) <

for all £ and hence
(cara + 1+ 2c2bgra)?
(Cglbormaxmrl)d ,

concluding the proof. O

#lap(n)(w) <m

Lemma 4. Let by > 1 and ¢ > 0. If the open set condition is satisfied, there
exists a constant § > 0 with the following property. Let a € [0,1] and b € [bg, 2bo].
For P-almost all w € Q, if 7,1 € 3, are such that H(gg)'(w)u < ¢, then 1€ €
Ta11e) b(142) (TN) (W) for all € € Lo p(n)(T7w).
Proof. Choose ¢ > 0 such that B(z,d) C U for each z € K and

107 ((a + cadiam U)" + (2bgce diam U)?) < log(1 + €)

hold.
Let the assumptions of the lemma be satisfied, and let 7,7 € 2, with || (?;)’(w) I

< ¢ and & € I p(n)(T"w). Since dist(K[](w),Kg(w)) < aH(gg)’(w)H < ad there
exists a point 29 € K{ (w) with
dist (20, Sy (w)(U)) < dist(z0, K7 (w)) < al|(S,) (w)]| < as .
Hence
d(zo,g,:(w)(xo)) < ad + ¢y diam UH(?;)'(u})H < (a+ cadiamU)é
for all 9 € U by Lemma (i) implying

IS @) (@) = [T-(w)(Sy( )H( 7 (@) (o)

‘?; ) (20 ‘ H / H661(a+02 diam U)7 87

for all o € U by Lemma (i) and, therefore,

[52n @) < [S-@) o) | [ (57) (e o es e
On the other hand,
[S@) =[Sy (@) @)

= [S-(@) (5@ (@0))||(5) (@) (o)
‘g;(w)(z())‘ ‘(g;)’(w)(xo)‘efcl(tﬂrcz diam U)76Y

Y
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THE STRONG OPEN SET CONDITION 2353

for all zp € U implying
||§:'n(w)H > |§;(w)(20)| ||(§;)’(w)||e—c1(a+cg diam U)7§"
Since
coydiam U || (gg)/(w)u
coydiamU - b || (?;),(w)H
codiam U - 2bgd
and zg € K{ (w) C S{(w)(U), the inequalities
|57 @) (20)] [|(Se) (w)|eer (roca diam 77
[
‘g’T Zo ‘H( ) H601(2b002 diam U)" 87

diam(Sg(w)(U))

IN N IA

hold. By the assumption that & € I, ,(n)(T7w), the inequalities

b71 < H(?Z—I ||
1(58) (@ ||
are satisfied implying
HS W] ‘g;(w)(zo)‘ "(3;)/(w)"ecl(a+C2 diam U)7 67
||STE || B ‘gg_(LU)(Zo)‘ H (gg)l(u))He_cl(QbOQ diam U)7 87
< b(l + 5)

and _
HSTV}(M)H > 1
[Sre)]| = BT+
by definition of §, which is the first property to be checked for the definition of

La(146)p(1+2) (T7) (w)-
Since & € I, 4(n)(T7w) there are z,y € K with

T

(S, (@)@), Se@)) < | (5,) @) <6
Therefore, the line joining E; (w)(z) and gg (w)(y) is contained in U. So there is a
point z1 € U with dist(zl, K;(w)) < aH (3;)/@))" such that

d(Sry(@)(2),Sre(@)(®) = |Sy(21)(w)] (S, (w)(x), S¢ () (y))
oS, @) )] [|(S) @) -

IN

Let g € U. Then
d(zl,g:l(w)(:co)) a || (E;),(w)H + cpdiam U || (E;)/(w)H

(a+ cadiamU)é .

IN A

This implies
IS (w)(21)] |(85) (@) (o))
|57 (@) (S, (@) (@0))| |(5,) (@) (o)| et (erez diamU)7e7

||§:—n(w)H ecl(aJrcz diam U)7§7

INIA
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for all xg € U and, hence,

[Se @) 1(57) @) €[Syl eer(creatimer™”
and
dist(Km(w),KTg(w)) < d(ng(w)(x),ng(w)(y))
< a ||§:—n(w)H ecl(aJrcz diam U)7 87
< a(l+9)|[S,, W)

which is the second property in the definition of I,(114)p(14¢)(77)(w), completing
the proof. O

Now, we prove a random version of the strong open set condition, as can be
found for the self-similar case in [P1] Theorem 3].

Lemma 5. If the open set condition is satisfied, there exists a random open set G
such that the following hold.
(i) Si(GY) C G for all i = 1,...,N with probability one (where G'(w) =
G(Tw)).
(i) S;(GY)YNS;(GI) =0 for all i # j with probability one.
(i) ENG # O with probability one.

Proof. 1. Fix
bO = maX{ vV C’I"min_l, rmin_l} .

Then ||Se|| < 3]/S¢,|| and bo[|S}|| > 1 hold for all j = 1,..., N with probability
one. Moreover,if r <land 7 =71...7, € X, with ||§,T|| < r, then there exists an
integer k < n such that
rbyt < HEIT‘,CH <rby

holds.

Let My(n) = #Ia,(14a)b, (). By Lemma [3 there is a constant cz such that
My(n) < cg for all n € ¥, and all a € [0,1] with probability one. The function
a — M,(n)(w) is non-decreasing for all w € Q and all n € ... Define

Lo(r) =ess supsup{Ma(n) :n € Xy, ||§:7|| < r}

for r < 1. By Lemma Bl this value is well defined and finite. Let ¢ = 1/(2¢3) and
let 6 be such that Lemma H holds with these numbers. Without loss of generality
we may assume that ¢ < 1. The function a — L,(6) on [0,1] is non-decreasing,
integer valued, and bounded by c3. Hence, there exists an interval [a;, as] C [0, 1]
with az — a; > c3* such that Lg, () = La,(6). Since the random value M,, (1) is
integer valued, there is an n € ¥, with

P(|[S,|| < 8, May(n) = Lo, (6)) > 0.
Define
T = {(w,n) € 2x 5. : B, )] <6 M, (1)) = La, (6)}
and let ' be the projection onto the first component. Then P() > 0. If (w,n) €
T, then
Ma, (n)(w) = Ma, (n)(w) = La, (0) = La, ()
holds.
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THE STRONG OPEN SET CONDITION 2355

2. By definition,
ag > ay+c3t > a1(1+1/(2c3)) = a1 (1 +¢)
and
I+as > 14a1+(1+a1)/(2c3)
= (I4a)(1+1/(2c3)) = (1 +a1)(1+¢)
are satisfied. Hence, if £ € I, (14a,), (1) (17 w), then
7§ € Loy (14e),(14a1)bo(142) (TN (@) € Loy, (1+az)p0 (T1) (W)
by Lemma @l Consequently, My, (™)) (w) > My, (n)(T"w). If (n, T"w) € T, then
Ma, (T0)(w) < Lay(0) = La, (6) = Ma, (n)(T"w) ,

which implies
M, (M)(T7w) = Ma, (n)(T"w) = Ma, (1) (w) -

Therefore
Ly, (14a)be (TN (W) = {7€: € € Loy (14an)p (M) (T7w)}
= TIal,(lJral)bo (n)(TTW)
and
Mo, (n)(w) = Ma,(n)(T7w) = Lq,(6) = Ma, (n)(w) -
3. Recall
O ={weQ:Iex, with ||S, (@)|| < Ma,(n)(w) = La, (6)}

and define

Q" ={weQ:3Ie D, with ||§:](w)H <6, Moy (n)(w) = La, (0)}
By step 2, (T7)71Q' C Q" for all 7 € ¥,. For integer n the family
{(TT)_lQ' iTE En}
is independent. Let p; =P(2') and po = P(©”). Then 0 < p; < pa. Hence,
p2 = PQ)

- (Y )

TEX,

1-— 11»( N (TT)‘l(Q’)C)

TEY,
= 1-1-p)V

for all n > 1. This implies 1 — py < (1 —p1)N" for all n > 1. But p; > 0, therefore
p2 = 1. Set

Q:{wEQ:TTu}EQ”forallTEE*}.
Since ¥, is countable, we have P()) = 1. By definition, Q is invariant under all
T, 7 € ¥, and for each w € Q there is an n € ¥, such that ||§;7(w)H < 4 and

M, (n)(w) = Lg, (6). We may assume that the mapping w — n(w) is measurable.
4. Set &’ = min(as/(2¢2),dist(K,U®)) and define

Gw) = |J S-(w)oSy1ru)(T7w)(B(K,£))

TEX
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2356 NORBERT PATZSCHKE

for w € Q, where B(K,¢') = {z € U : dist(z, K) < &'} (remark: g;(w) =9, (T7w)).
It remains toﬁshow that G satisfies the assertions.
(i) If w € Q, then

Si(w)(G' ()

w) ( U S (T'w) 0 S,y rire) (T w) (B(K, E')))

TEX.

U Sir(w) 0 Sir ) (@) (B(K, £)) C Gw)
TEX.
foralli=1,...,N since T7 o T? = T,
(ii) Assume there is an w €  and a pair i # j with S;(G*(w)) NS; (G (w)) # 0.
By definition of G there are 71,7 € %, and g1 = (T"w) and 7y = n(TIw)
such that there is a y € S;r, (w) o gm( )(B(K,€')) NSjr,(w)o §f7;2 (w)(B(K,£")).

Without loss of generality we assume HS irams (W) < H?mm (w)H By our choice of
by we can write Tom2 = 77" such that

< WSimm @I
~ Sl

Hence, j7’ satisfies the first condition of the definition of I, (14458, (iT171)(w). By
definition there are y1 € K- ,(w) with

d(ylvy) < C2€ ||Sz7'1n1 )H

and yo € K,/ (w) with

d(y27y) < C2E ||S]T27]2 H < €28 ||S’”'1771 )H -

Hence,
dist (K (w), Kiryn, (W) < 2c0¢’ ||S w)| < a2||S

which is the second condition in the definition of I, (144.)p, (i7171)(w). Hence,
JT" € Loy (14a0)bo (iT111) (W), a contradiction to step 3.
(iii) Clearly, K,(.)(w) € G(w) for all w € Q and, hence, E(w) N G(w) # 0. O

1,7—17]1 iT1IM1 >|| ’

By means of the lemma above we can prove the existence of a non-random open
set satisfying the strong open set condition.

Theorem 6. Let Py be a conformal random function system satisfying the open
set condition. Then the strong open set condition is satisfied.

Proof. Let P be the corresponding iterated conformal random function system, and
let G be the random set from Lemmalll Choose a countable basis B for the topology
and define

By={BeB: P(BCG)>0}.

U B

BeB;

Set

and O = int O;. It is clear that O is a non-empty open set and O = int O. We have
to show that the conditions of the strong open set condition are satisfied. Instead of
proving the assertions for O it suffices to show that O; satisfies the conditions of the
strong open set condition. By standard arguments it follows that O also satisfies
these conditions. Remark that, by definition, G C O; C O with probability one.
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THE STRONG OPEN SET CONDITION 2357

Let B € B;. By independence of S; and G*,

P(S;(B) CO1)P(BCG') = P(S(B)C 01, BCG)
> P(S;(B)C G, BCGY)
> P(S(G)CG, BCG)
= P(BCGY),
because P(S;(G*) € G) = 1. Since P(B C G*) = P(B C G) > 0, this implies

P(S;(B) € O1) =1 and hence Py(S;(B) C O1) = 1. Since B is countable, we get

Po(S;(01) COy) = IP0< U Si(B)QOl)

BeB;

= ]Po( () {S:(B) € 01}> =

BeB:

for the open set O;.
Let B, B’ € B;. By independence and Lemma 5]

IED(S‘( )ﬂS-( '):V)) (B<SG)P(B C )
= P(S( B)=0, BCG', B C&)

> P(S; Gz mS (G)y=0, BCG', B C@)

= P(BCG', B CG)

= PBCG)P(BCE),

which, again, implies P (S;(B)NS;(B’) = 0) = 1 and Py (S;(01)NS;(01) =0) =1
by definition of Oy, proving (ii).
It remains to show that =N O; # () with probability one. Let

Q' ={weQ: Ew)NGw) #0}.
By Lemma [l P(€2') = 1. Since B forms a basis for the topology, for each w €
there is a set B(w) € B with Z(w) N B(w) # 0 and B(w) C G(w). Since G
is measurable, we may assume that the mapping w +— B(w) is measurable. Let
E € B. Then P{lw € Q: Bw) = E} < Plw e Q: E C G(w)}. Hence,
P{w e N: B(w) = E} =0forall E € B\B;. Therefore, P{w € Q: B(w) ¢ B1} =0
implying 2 N O1 # 0 with probability one. O
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