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ABSTRACT. In this paper, we study the reconstruction of functions in spline
subspaces from local averages. We present an average sampling theorem for
shift invariant subspaces generated by cardinal B-splines and give the opti-
mal upper bound for the support length of averaging functions. Our result
generalizes an earlier result by Aldroubi and Gréchenig.

1. INTRODUCTION AND THE MAIN RESULT

The sampling theorem is one of the most powerful results in signal analysis. It
states that if a signal (function) f(z) satisfies certain conditions, then it is uniquely
determined by its sampled values at some discrete points {zy : k € Z} and

f@)=>" flax)Sk(z)

kEZ

for some sampling functions {S(z)}. For example, every f € Bq := {f : supp fc

[, Q]} can be reconstructed by the formula f(z) = >, ., f(%)% This
is the classical Shannon sampling theorem. Although the assumption that a signal is
band-limited is eminently useful, it is not always realistic since a band-limited signal
is of infinite duration. Thus, it is natural to investigate other signal classes for which
a sampling theorem holds. A simple model is to consider shift-invariant subspaces,
e.g., wavelet subspaces, which generalize the space of band-limited functions and
are of the form

V =span{p(- — k) : k € Z}

for some kernel function ¢(z). In fact, there have been many results concerning
the sampling in shift-invariant subspaces for both regular and irregular sampling.
For details, see [I]-[7], [T0]-[19], [22]-[25] and [27].
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2562 WENCHANG SUN AND XINGWEI ZHOU

In particular, for the spline subspace

Vi = {Y cupm(- — k) : {eu} € )

kEZ

generated by the cardinal B-spline
Om = X[Ovl] ¥ oe . *X[O,l] ( m + 1 terms )7 m > 17

Liu [I6] proved that every f € V,, is uniquely determined and can be reconstructed
by an iterative algorithm from its samples f(xy) if xx+1 — 2k is small enough.
Furthermore, Aldroubi and Grochenig [I] proved that if o < zp11 — x < 3 for
some constants 0 < o < @ < 1, then every f € V,, is uniquely determined by
f (@)

For physical reasons, e.g., the inertia of the measurement apparatus, measured
sampled values obtained in practice may not be values of a function f precisely
at times x, but only local averages of f near xy. Specifically, measured sampled
values are

<ﬂm»:/fumumm

for some collection of averaging functions uy(z), k € Z, which satisfy the following
properties:
1) 1)
supp uy C [zx — o0 Tk + 5], ug(z) >0, and /u(m)dm =1
Observe that the averaging procedure is allowed to vary from point to point.

It is clear that from local averages one should obtain at least a good approxi-
mation of the original signal if § is small enough. Wiley, Butzer and Lei [5 [6l, 24]
studied the approximation error when local averages are used as sampled values.
Furthermore, Grochenig [14] proved that if sampling points {z) : k € Z} satisfy
0 < 241 —x, <6< ﬁ, then every f € Bgq is uniquely determined by local
averages (f,ug) around xj and can be reconstructed by an iteration scheme. In
[13], Feichtinger and Gréchenig proved that if 0 := supyez (i1 — 2x) < g, then
every f € Bq is uniquely determined by T _Lk—l yy:_l f(z)dz with y, = m#

In [20], we gave an average sampling theorem for shift invariant subspaces with
equally spaced sampling points and arbitrary averaging functions. For the case
of band-limited signals, we gave an analogy of Kadec’s 1/4-theorem. In [21], we
studied average sampling theorems for spline subspaces with standard averaging
functions uy = X{zx—1/2,25+1/2]"

In this paper, we study the reconstruction of functions in spline subspaces from
local averages with arbitrary averaging functions and irregular sampling points.
We present an average sampling theorem and give the optimal upper bound for
the support length of averaging functions. Our result generalizes Aldroubi and
Grochenig’s irregular sampling theorem. In fact, we prove the following.

Theorem 1.1. Let {xy : k € Z} be a real sequence such that limyg_, 4o T = 00
and

O<zpp1—zp<pB<1l, keZ,

for some constant 3. Then for any 0 < 6 < 1 — 3 and averaging functions uy(x)
with supp uy, C [vk — 5, % + 3], there is a frame {Sk(z) : k € Z} for Vi, such that
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RECONSTRUCTION OF FUNCTIONS FROM LOCAL AVERAGES 2563

for any f € Vi,

(1.1) flo) = 3 (T2 1 ) Si(a),

2
keZ

where the convergence is both in L*(R) and uniform on R.
Furthermore, the conclusion fails if § > 1 — f3.

Notation and definition. The Fourier transform and the Zak transform of f €
L2(R) is defined by f(w) = Je f(@)e ™ dx and Zf(z,w) = Y peq f(@ + k)e ™k
respectively.

We call u(x) an averaging function if u(z) > 0,u(z) € L'(R) and [, u(z)dz = 1.

2. SOME BASIC FACTS IN FRAME THEORY

In this section, we introduce some basic facts in frame theory.

A family of functions {¢k : k € Z} belonging to a separable Hilbert space H
is said to be a frame if there exist positive constants A and B such that A| f]|? <
Swez [(fer)[? < BJ|f||? for every f € H. The constants A and B are called the
lower and upper frame bounds respectively.

A frame that ceases to be a frame when any one of its elements is removed is
said to be an exact frame. It is well known that exact frames and Riesz bases are
identical (see [26]).

Let {¢r : k € Z} be a frame for some Hilbert space H with bounds A and B.
Define the frame operator T' as follows: T'f = > _,(f, ©n)¢n,Vf € H. Then T is
bounded and invertible and {T~1¢y, : k € Z} is also a frame for H with bounds &
and %, called the dual frame of {¢y, : k € Z}. It can be shown that for any f € H,

F=Y AT on)on =D (o) T pn.
nez neZ
For the general theory on frames and Riesz bases, see [9, 26].

For frames in shift invariant subspaces, we have the following.

Lemma 2.1. Let {o(- — k) : k € Z} be a frame for some closed subspace V' of
L*(R). Suppose that ¢ is continuous and Y., lo(x — k)|* < L < +o0. Then for
any frame {Sy : k € Z} of Vo, Y jcz |Sk(2)|? is bounded on R.

Proof. Let {p(- — k) : k € Z} be the dual frame of {¢(- — k) : k € Z}. Then for
any f €V, f(x) = (f,@(- — k))p(z — k). Therefore,

171 < sup Y- 176 = KNP X Iote = B < Z1S13

kez keZ
It follows that for any = € R,

2

2
L LM
Z Sk (@)[* = sup chSk(x) < sup — chsk <
kez llell=1 |kez, llell2=1 % || ez 5
where M is the upper frame bound of {Sk(z) : k € Z}. O
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2564 WENCHANG SUN AND XINGWEI ZHOU

Lemma 2.2. Suppose that {uy : k € Z} is a sequence of compactly supported
averaging functions and there exist positive constants A and B such that

(2.1) AP <D u) P < BIIFIP, VS € Vi

kEZ

Then there is a frame { Sy : k € Z} for Vi, such that f(x) = 3, o, (f, ur)Sk(2),Vf €
Vin, where the convergence is both in L?(R) and uniform on R.

Proof. By [8, Theorem 4.5], {¢m(- —n) : n € Z} is a Riesz basis for V,,. Let
{&m(- —n) : n € Z} be the dual Riesz basis. For any k € Z, let

he =3 (s (- = 1))@ (- — ).
nez

Since both ¢, and u; are compactly supported, the above series contains only
finite non-zero terms. Hence hy € V,,,. For any f € V,,,, we have

(frhi) = Y (om( =n)yur) - (fs (- =)

nez

(D@m= n))om(- —n),ur)

neL
= <f7 uk>'
Now () shows that {hy : k € Z} is a frame for V,,,. Let {S; : k € Z} be the dual

frame. Then for any f € Vi,, f(2) = > pcp(f, hi)Sk(®) = D pcr(f, ur)Sk(x). The
uniform convergence follows by Lemma [2.1] O

3. PrRoOOF oF THEOREM [LL1]

First, we introduce a result by Aldroubi and Grochenig. The following proposi-
tion is a special case of [I, Theorem 1].

Proposition 3.1. Let {x : k € Z} be a real sequence such that
O<a<zpr—zp<pB<l, VkeZ,

for some constants o and 5. Then there exist positive constants Cy and Cy depend-
ing only on m,a, and B such that

CulfI3 < Do 1f@i)l® < CallfI13, VS € Vine

kEZ

Lemma 3.2. infrev,, 17z ez /(5 +5)P =0.

Proof. Since ¢p, (z) is symmetric with respect to z = 241 and Y, ., om(z—k) =1
for any = € R, it is easy to check that Zy,,(F,m) = 0.

For any £ > 0, by the continuity of Zy,,(z,w), there exists some 0 < § < 7 such
that

Zom(Zw)| <5, w-nl <6

Let C(w) = Y,z cke” ™™ be a 2m-periodic function such that C(w) =1 for w €
[r—8,m+06] and C(w) = 0 for w € [0, 7 — 8| U[r+6, 27]. Define f(w) = C(w)Pm (w).
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RECONSTRUCTION OF FUNCTIONS FROM LOCAL AVERAGES 2565

Then we have

2m
m 9 1 m 9
= = Zf(=
>G4 5 | 120G P
1 27 m ) g2 e ) ) )
= = Zom (2, <= S
5 | 10@Zen G < 2 [ 0@ P = Y Jal

kEZ

Since {@m (- —n) : n € Z} is a Riesz basis for V;,, with lower bound A4,, > 0, the

above inequalities show that Y, ., |f(% + k)|* < j—i. Since ¢ is arbitrary, the

conclusion follows. O

On the other hand, since ¢, () is compactly supported and absolutely contin-
uous for any m > 1, we also have

Lemma 3.3. For any f € V,,, f' € L*(R).

We are now ready to give the proof of the main result.

Proof of Theorem For any f € Vi, let

o) = LT

Then fi, f2 € V,, and f(x) = f1(x) + ifa(z).
Since fp(x) is continuous on R and ux(x) > 0, by the first mean value theorem,
there are some x,, 1 € [z — g, T + g] such that

(fpruk) = fp(zpr), p=1,2.

Put 0 <a < i(1—p4—46). Let

no = 07
— min{n : n > ng_1,2, —Tpn, , >, k>0,
ko max{n : n < Ngi1,Tn,,, — Tn >}, k<0,
Then
a< Ty, —Tn, , <P+a kel
. . .. . . ng_q1tTn
For any k € Z, let j; and j;, be the minimum and maximum of {j : % <

z; < %} respectively. Then {j : jp < j < j,}rez is a partition of Z.
For any n; < j < j;, since j;, < ng41, by the definition of ng,

min{z; — ¥, Tn,, — T} < .

But ., —x; > M > xj — T, > 0,80 x; —xy, < a. A similar argument
shows that x,, —z; < a for j; < j < ny. Hence for any ji < j < j;, |z; —n,| < .
Therefore,

Tpj € [tny —a = 5 @0, Fat 3], Gk <5< e

2 51’

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2566 WENCHANG SUN AND XINGWEI ZHOU

It follows from the continuity of f,(z) and 3, ;i (Tj41—7j-1) = Tj; 41— 25,1+

Tj — xj, that there is some y, ; € [Tn, —a — g T, +a+ 3] such that

Tip1 — Tj1
1) > ()P

e <i<ih

Tj+1 = Tjp—1 + Tjy — Ty Tj+1 — Tj-1

- ; )> o)

T — . T — s
R <i<dl Ji+1 j—1 I Jk

Tjr 41 — Tjp—1 + xjr

—
= ) - |fp(yp,k)|2-

Let {zp : k € Z} be a rearrangement of {y, 1 : k € Z} such that zp; < 2zp k1.
Since 0 < &p,, —2n, < f+aand [ypr—2n,| < a+ %, it is easy to check that every
interval with length 3 + § + 3o must contain at least one point of {y, 5 : k € Z}.
Hence

0<2ppt1—2pk <B++3a

Since B 4 6 + 3a < 1, similar to the choice of z,, we can prove that there is a
subsequence {z,;, : k € Z} of {2z, 1 : k € Z} such that

€< Zpipy — Zpip, SBFI+3a+e<1

for some € > 0. By Proposition BI], there is a positive constant C; depending only
on m,e and 0+ § 4+ 3a + € such that

> 1 f i) P = I3, VS € Vi

keZ
Hence
(3.2) Z |fp(yp,k)|2 = Z |fp(zp,k)|2 > Cl”pr%'
kEZ kEZ

Noting that
Lji+1 — T —1 + Ljr, — Tj > Tjt+1 — Tjp—1 > Tngsr — Tng_y o
2 - 2 - 4 -2’
we derive from (BI) and (B2) that

(3.3) ) P (o) = Y HEH L ()

2
kezZ kEZ
Tj41 — Tj—1
= X > TP
kEZ jr <j<j}
Tji+1 — Tjp—1 + Tj — T
= Y T B T T )P
kEZ
aC’1
2> T”fp”%-
On the other hand, it can be shown (see Section 4) that there is some constant Cy
such that
Tk4+1 — Tk—1 Tk4+1 — Tk—1
(34) ST g g = 3 T g 0 < Gl
kez keZ
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Since f(x) = fi(x) + ifa(x) and fi, fo,ur are real functions, we have ||f|3 =
I1£113 + 1 £2113 and [(f, ur)® = |(fr, ur)|* + [(f2,uk)|?. Therefore, [B3) and (B)
hold if we substitute f for f,. Now the first part of this theorem follows by Lemma
22

Next we are to prove the second part. We only need to show that the conclusion
fails if § =1 — .

First, we consider the case of % <pg <1

Let xop :k;-}-mT*l—g and Tog41 Zk—l-mTil—l—g. Then 1 -6 < a1 —xp < O.

1-8

Putgk:m'

Choose some averaging functions wuy(x) such that

m m
supp ugr C [k—1+3,k—1+5+6k],

m m
supp ugk+1 C [k + ) — ek, k+ 5]

Then supp ug C [z — g,xk + g]
For any ¢ > 0, there exists some f € V,,, such that

(38.5) SOIFG + R <elf13,

kEZ
thanks to Lemma B2 Since ¢, (x) is real-valued, we can assume that f(z) is
also real-valued. Let f,(x) = f(z —n),n > 1. Then f, € V,,. By the first mean

value theorem, there are some x, 2, € [k — 14+ 3,k — 14+ % +¢;] and 2, 0611 €
[k + 5 —ex, k + %] such that

<fna uk> = fn(xn,k)~

For any p > 0, we have

D7 fal@nz) = Falk =1+ )2

|k[>p
2
T ok —k+1—-3
= > / ik =1+ 2+ pyar
O 2
|k|>p
Ek , m 2
< > ek/o fn(k—1+5+t)‘ dt
|k|>p
€p 2
< g,,/ 3 f;(k—1+%+t)‘ dt
0 kez
< gllfalls = el £15.
It follows from (B3] that
(3.6) D fal@nzn)P < (21 N2 + 21 F112)%

[k|>p
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2568 WENCHANG SUN AND XINGWEI ZHOU

On the other hand, since

m m
S alonaw) — -1+ 0P < 3 ek/ (k=14 2y o)t
k|<n/2 k|<n/2
< / > £k —1+—+t)|2dt
0 |kl<n/2
< / FU-1+2 02
0 2
u|>n/2
<

I
2252

S S

we have
1/2

IA

BN | X falwnz)?

|k|<n/2

1/2
<Z|fn<k—1+%>|2> T £

kEZ

IN

21l + ||T%fl||2

Putting (36) and (37) together, we have

(3-8) S lfal@nze))? = Y Afalzna) P+ D [ fal@nor)
k€EZ |k|>n/2 |k|<n/2

< (@ all Fll2 420 £112)% + /21 flla + | Tazm £]12)2.

A similar argument shows that (3.8)) holds if we substitute f,, (2 2k+1) for fr(Tn,2k)-
Therefore,

S 1) < 2651 F 12+ €21 Fll2)2 + 22 £l + [Tz f]12)%,
keZ
Noting that || f,||2 = || f]l2 for any n > 1, we have by the above inequality that
2 Z| Fyug)|? < de.

2 kez

limsup ——
n—oo IIntI

Since ¢ is arbitrary, we have inf ey, W >wez [(f,ur)? = 0 and hence

inf 1y S0 L g

& T
For the general case, suppose that — < 8 < ; for some integer r > 1. Let
(Hl)kﬂ =k+ 5= 1 + 18— , 0<l <r Then 1 —rf < 441 — zk < (. Define
e = 2+|k| Choose averaging functions ux(z) such that
m m r+1
supp u(ry1yetr C [k 4+ - —ep k+ E], 1<i< 5
m m r+1
supp u(ryiyktr C [k + 3,k+ B + el — < I<r+1.
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It is easy to check that supp uy C |2 — g,xk + g] Similar to the case % <p<l1
we can prove that

. 1 Tht1 — Th-1 2
(3.9) inf [{(f,ur)|* = 0.

If there is a frame {Sy : k € Z} for V;, such that f = Y (ZEELZE=L)V/2(f 400G,
kEZ
holds for any f € V;,,, by [9, Proposition 3.2.4], we have

T I S A
S BT g > SIS > AR
o] kEZ

where {Si(z) : k € Z} is the dual frame of {Si(z) : k € Z} and A is the lower
frame bound. This is a contradiction to (3], which completes the proof. [l

4. ITERATIVE RECONSTRUCTION ALGORITHM

By Theorem [[] we can reconstruct any f € V,, from local averages by (L.
However, it may be difficult to find the frame {S;(z)} in practice. In this case, the
reconstruction of f € V,, from local averages can be performed by applying the
following Feichtinger-Grochenig algorithm.

Proposition 4.1 (see [13]). Suppose that {pr : k € Z} is a frame with bounds A
and B for some Hilbert space H. Let \ be a constant such that 0 < A < %. For
any f € H, define

Sf =AY {fen)en,

kez
fO = Sfa
frt1 e +S(f—fr), k=>0.

Then limg oo fr = f and || f — fell < ¥ £, where v = max{|1 — AA|, |1 — AB|}
<1.

For Theorem ], the operator S is of a slightly different form:

Sf = AZ M<fv uk>hk7

2
keZ

where hy, is defined as in Lemma [2.2]

In the above iterative reconstruction algorithm, the relaxation parameter A plays
an important role. If the exact value of the frame bounds are known, then A = ﬁ
will be the best one since v will be minimized in this case. Unfortunately, we have
only some estimates for the frame bounds in most cases. Whereas it is not difficult
to get an estimate for the upper bound of the frame {(“=-E=1)1/2h, « | € 7}
(see below), for the lower bound only existence is known. To ensure the convergence
of the iterative reconstruction algorithm, we have to choose a small A, which in turn
may be responsible for slow convergence.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2570 WENCHANG SUN AND XINGWEI ZHOU

To apply Proposition 4], an upper frame bound must be found. Let {x}, 4, 3,
and {ux} be defined as in Theorem [T} Define y; = -5+ We have
2 Yr
fo x| =20 [ @) = ()P
keZ 9 kezvYr-1

2
Yk kar%

= > () — F(Oux(t)dt| da

kez Y Yk—1 Ek*%

zwg
[ 15w = soPuoi da

ka—

IA

kEZ/
/yk /:Ck+2
Yk—1 Y Tr— 5

/y

Yk Tht+3 ) s
/ ’ +5/ C 1 (@ 8)Pun(t)ds dt du
1Y 2 *#

2

/t_x f(x+ s)ds| ug(t)dt do
0

(]

kez "’ Vb= 2
548
S48 [ [ @+
= S TS [ e as =T
2 _+8
2 kez”Yk-1
On the other hand, it can be shown (e.g., see [I6]) that || f'[|3 < &= |13 with
sinw |72
M,, = sup Z|2w+2k| < M, =4,
lwI<3 kez w+ k:7r
. m+2 2m+2
sinw 2 1
= ST =(2) S e
e m—+2
i< £ w+ kT ™ = (2k+1)

Hence

S =T o gy CE OV e gy e

kezZ 2 24m

Therefore, we can choose 0 < A < % to ensure Proposition 41l works. However, we
cannot give the convergence rate due to the absence of the lower frame bound.
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