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ABSTRACT. A Howe duality is established for a pair of quantized enveloping
algebras of general linear algebras. It is also shown that this quantum Howe
duality implies Jimbo’s duality between Uq4(gl,,) and the Hecke algebra.

1. INTRODUCTION

A treatment of classical invariant theory based on the highest weight theory of
representations of complex reductive algebraic groups was given in [Ho|, where the
organizing principle is the multiplicity free actions of reductive groups on algebraic
varieties commonly referred to as Howe dualities. In the context of the general
linear group over the complex field, the Howe duality amounts to the following
result (or a variant of it in terms of right modules): Regard C* as the natural
(left) GLg(C)-module for each k. GL,,(C) x GL,(C) acts on the algebra of regu-
lar functions P(C™ @ C™) on C™ ® C" in a multiplicity free manner. Moreover,

P(C"oC") = eaAeAmmm,n) L[)\m]’0 ® LE\n]’O, where L[)\m]’o (respectively L[)\n]’o) de-
notes the irreducible GL,,(C)-module (respectively GLy,(C)-module) with highest
weight A, and Ay (m,n) i the set of the highest weights corresponding to partitions
of depth < min(m,n). While this result can be proven by relatively elementary
means, its implications are far reaching. As shown in [Ho|, the First and Second
Fundamental Theorems of the invariant theory for the general linear group are all
immediate consequences of this result. In particular, the celebrated Schur duality
can be easily derived from the Howe duality.

This paper aims to develop a quantum version of the Howe duality for a pair
of quantized enveloping algebras of general linear algebras at generic . The main
problem is to construct a non-commutative analogue V,, , of P(C™ @ C"). We
achieve this by investigating the Hopf algebra of functions on the quantum general
linear group. With the V,, ,, given in Definition B.4], we prove

Theorem 1.1. V,, ,, forms a module algebra under the left action of Ugy(gl,,) and
right action of Uy(gl,,), with the actions of the two quantum algebras being mutual
centralizers. Furthermore,

Van = @ LMLy
A€M min(m,n)
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2682 R. B. ZHANG

where L[)\m] (respectively f/[)\n]) denote the irreducible left Ugy(gl,,)-module (respec-
tiely right Ug(gl,,)-module) of type I [CP] with highest weight X.

The notion of a module algebra over a bi-algebra is explained in Definition [31

It is an old result of Jimbo’s [Ji] dating back to the mid-1980s (and having
since been treated by many other people) that there existed a duality between
Uy(gl,,) and the Hecke algebra analogous to the celebrated Schur duality between
GL,,(C) and the symmetric group. We shall derive the quantum Schur duality
from the quantum Howe duality established here. For doing this, we investigate
the representations of the ¢-Weyl group [KR] of U, (gl,,) on the spaces of zero weight
vectors (see equation (£.4))) of finite-dimensional Uy (gl,,)-modules. They give rise to
representations of the Hecke algebra, which we believe are of independent interest,
thus are studied in some detail.

2. THE QUANTUM GENERAL LINEAR GROUP

Let h* be the complex vector space which has a basis {€,]1 < a < n} and is
endowed with a non-degenerate symmetric bilinear form (, ) : h* x h* — C defined
by (€a, €) = dap. Set by, = @, Ze,. The quantized enveloping algebra U,(gl,,) of
the general linear algebra gl,, is a Hopf algebra over the field of rational functions
C(t) in t. As a unital associative algebra, U,(gl,,) is generated by K,, K;!, 1 <
a <n,and E,, Fp, 1 <b < n,subject to the standard relations, which we spell
out in order to fix our notation:

K, K;' =1, KPKF = KFTKE
K B K =gl om o B, KRR =g @mam e,
E.Fy, — BE, = 6ab(KaKaj:1 _Ka_lKaJrl)/(q_q_l)a
EaEb:EbEaa Fan:FbFaa |a’_b|>]—7
+ —
S((z a)il = 3(5 a)il =0,

where ¢ = t2, and
Sy = (Ba)*Eat1 — (040 )Ea Bat1 Ba+ Eoz1 (Ba)?,
Stgia)il (Fa)QFail - (Q+q_1)Fa Fail Fa+Fai1 (Fa)z-

We will also need the explicit form of the other structural maps of Ugy(gl,,): the
comultiplication A : Ug(gl,,) — Ug(gl,) ® Uy(gl,,),

A(E,) E,® K, K| +1® E,,
A(F,) = F, @1+ K, 'K, 1 ® F,,
A = Ko K

the co-unit € : Ugy(gl,,) — C(2),
e(E,) =¢€(F,) =0, e(KiY) = 1;
and the antipode S : Ug(gl,,) — Uq(gl,),
S(Ba) = ~EaK ' Kay1, S(Fa) = —Ku K Fa, S(KG) = KT

We shall denote by Ly the irreducible left U, (gl,,)-module of type I (in the sense
of [CP]) with highest weight A\ € ). More explicitly, if v4 is the highest weight
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vector of Ly, then

E,oy = 0, 1<a<n,
Koy = ¢ Moy, Va.
Similarly, we denote by Ly, A € by, the irreducible right Uy(gl,)-module which
admits a unique 1-dimensional subspace C(t)v4+ such that
4 F, = 0, 1<a<n,
K, = ¢ Mo, Va.
We shall call Ly the irreducible right U, (gl,,)-module of type I with highest weight
A
Define A,, := {30'_ Aa€alAa € Zy, Ag > Aag1}. Let Ay = A, N (@le Zei>

if and only if & < n. For A = Y.  Aaeqs € Ay, we set [A| = D0 Aq. Let
A, (d) = {X € A,||A] = d}. The irreducible left (respectively right) Uy(gl,,)-module
L) (respectively I~/)\) is finite dimensional if A € A,,.

Of particular interest for us here is the contravariant vector module V' = L, . It
has the standard basis {v,|1 < a < n} with the action of Uy(gl,,) given by

Evy, = & a+1Va,
Favb - 5bava+17
K,up, = []. + (q — 1)5ab] Vp.

We shall denote by 7 the irreducible U,(gl,,)-representation relative to this basis.
The tensor power V® of V is completely reducible for any k € Z :

(21) Ve = P mala,
AEA, (k)

where 0 < my € Z is the multiplicity of L.

Let U,(gl,)? := {f € Uy(gl,)* | kerf contains a cofinite ideal of U,(gl,,)} de-
note the finite dual of the quantized enveloping algebra U,(gl,,). Standard Hopf
algebra theory asserts [Mon] that U,(gl,,)° has the structure of a Hopf algebra in-
duced by the Hopf algebra structure of Ugy(gl,,). Denote by mg, Ao, €, and Sy the
multiplication, comultiplication, co-unit and antipode of U,(gl,,)° respectively.

Let tap, 1 < a,b < n, be the matrix elements of the contravariant vector repre-
sentation of U, (gl,,) relative to the standard basis. That is, the t,5 are elements of
the dual space Uq(gl,)* of Uy(gl,,) defined by

(2.2) 20a = Y (tya, )03, Yo € Ug(gl,),
b

where (-, -) represents dual space pairing. Clearly the matrix elements of any
finite-dimensional representation of U,(gl,,) belong to U,(gl,,)°. In particular, tq, €
U,(gl,)° Va,b. Under the co-multiplication of Uy (gl,,)°, we have

AO(tab) - Z tac @ tep.
c

Definition 2.1. Denote by 7,(gl,,) the subbialgebra of Uy(gl,,)° generated by the
tap, 1 < a,b<n.
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2684 R. B. ZHANG

Any finite-dimensional left U,(gl,,)-module has a natural right U,(gl,)%-co-
module structure. In particular, if {w((l)‘)|a = 1,2,...,dimL,} is any basis of the

finite-dimensional irreducible U, (gl,,)-module L, then the right U, (gl,,)°-comodule
action Ly — Ly ® Uy(gl,)? is given by wid - 25 wg) ® tgg, where the tg\a)
are the matrix elements of the Uy(gl,,)-representation associated to L relative to
the given basis. If A € A, then it follows from (2I) that all the t(a/\ﬁ) belong to
7,(gl,,). Furthermore, Burnside’s theorem implies that the matrix elements of all

the irreducible representations of Ug,(gl,,) with highest weights in A, are linearly
independent. Thus

Proposition 2.1. {tg;)ﬂ <ao,B<dimLy, A€ Ay} forms a basis of Ty(gl,)-

This will be called a Peter-Weyl basis of 7,(gl,,).

Below we give a more explicit description of the bialgebra 7,(gl,) in terms of
generators and relations following [FRT, [Ta]. Let R be the R-matrix associated
with the irreducible Ugy(gl,,)-representation 7 furnished by the module V' in the
standard basis:

n
R = 1814+ (¢—1)ea @€aa+(@—q") ) as ® €pa

a=1 a<b
R satisfies the quantum Yang-Baxter equation, and also the following commutation
relation:
(2.3) R(r@m)A(z) = (ron)A'(z)R, Yo € Uy(gl,),
where A’ is the opposite co-multiplication of Uy(gl,, ).

Definition 2.2 ([FRT]). Let C,[X,s] be the unital associative algebra over C(t)
generated by X, 1 < a,b < n, subject to the following relations:

(2.4) Ri2X1Xo = XoXiRa,
where Rio =R®1, X; = Za,b eab @1 @ Xgp, Xo = Zf%b 1®eap @ Xap-

As is well known, C4[X ] has the structure of a bialgebra, with the comultipli-
cation Ag(Xap) =D, Xae ® Xep, and co-unit €o(Xqp) = dap-

Introduce an order > for the pairs (a, b), 1 < a,b < n, such that (a,b) > (a+k,c),
(a,b+ k) > (a,b), if k is a positive integer. Let X*) = H;b (Xap)"*, where the
product is arranged according to the order > of the indices of X’s in such a way
that X, is positioned in front of X4 if (a,b) > (¢,d). The k € Z’f appearing in
the superscript of X ) denotes the square matrix (Kab)y p—1- Set [k| = 37, Kap-
The following lemma is well known. It is an immediate consequence of the defining

relations (2:4).
Lemma 2.1. The monomials X®, k € 2", form a basis of Cy[Xan]-
The following result was established in [Ta]:

Theorem 2.1 ([Tal]). The following map defines a bialgebra isomorphism:

>
(2.5) 10 Cy[Xap) — Ty(gl,,), X0 s 700 = T (tan)™ .
a,b
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3. MULTIPLICITY FREE ACTIONS

Let © = {1,2,...,m}, m < n. We consider a number of Hopf subalgebras of
U,(gl,,) related to m. One is Uy(gl,,) generated by the elements of the following
set: S = {Kiil, 1<i<m; Ej, Fj, 1 <j< m}. We also have two parabolic
Hopf subalgebras U, (p+) and Ug(p_), where Uy (p4) is generated by the elements of
SU{E,_1, K;f', p > m}, and Uy(p_) by the elements of SU{F},_1, K;F', > m}.
Both Hopf subalgebras are graded by the Abelian group I' = @, ,,, Z+ (€u—1 — €,.):

Ug(ps+) = @ Uq(p+)(s),
BeT

Uyr-) = P Uslp-)—p)-

ger

Set Ug(p+)™ = Doper Ualp+)s) and Ug(p-)™ = Boper Ualp-)(—p)-

There exist natural actions of Ug(gl,) on 7Z,4(gl,,) which preserve the algebraic
structure of 7,(gl,,) in the sense that the multiplication and unit of 7,(gl,) are
U,(gl,,)-module homomorphisms. Such actions are best described by the notion of
module algebras over bi-algebras, which we recall presently.

Definition 3.1 ([Mon]). Let H be a bi-algebra. An associative algebra A is called
a left module algebra over H if

(1) the underlying vector space of A is a left H-module, and
(2) the multiplication m: A® A — A and unit 14 : C — A of A are H-module
homomorphisms,

where the H-module structure of A® A is defined with respect to the comultiplica-
tion of H, and C is regarded as the H-module associated to the 1-dimensional
representation given by the co-unit of H.

A left module algebra over H°PP is also called a right module algebra over H,
where H°PP denotes the bialgebra which has the same coalgebraic structure but the
opposite algebraic structure to that of H.

It is easy to show that 7,(gl,,) forms a left module algebra over U,(gl,,) under
the following left action:

®: Uglgly) @ Ty(al,) — Ty(aly),

r@f Zf(1)<f(2)v ),
(€D)

where we have used Sweedler’s notation for the comultiplication of f € 7,(gl,):
A(f) = Z(f) Ja) ® f2). Similarly, under the following right action:

f@r — Z(fu), z) fra),
(€D)

T,(gl,,) forms a right module algebra over U,(gl,,). Closely related to W is the
following left U,(gl,,)-action on T4(gl,,):

xR f — Z<f(1)a S(z)) fe2)-
(f)
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T,(gl,,) forms a left Uy(gl,)-module algebra under ¥ with respect to the opposite
comultiplication of Ug(gl,,). It is obvious but important to observe that the action
® commutes with ¥ and W. Also these actions naturally restrict to actions of the

subalgebras Uq(gl,,,), Uq(p+) and Ug(p—) on Zy(gl,,).
Below we shall use the following notation. For any f € T,(gl,,), = € Uq(gl,,),
Va(f) =0 f), Pulf) =@ f), Vulf):=V(f@ ).
Definition 3.2.

R = {f € To(al)| T g (f) = f, e >m, Wu(f) =0, 2 € Ug(p-) ™}

Lemma 3.1. The following set forms a basis of R[ﬁ] :

>

11 (tin)"" | ki € Zy

1<i<m,1<b<n

Proof. Observe that T®) = 3(X¥)) ¢ R[ﬁ] if and only if it belongs to this set. Now
the lemma follows from Theorem [Z11 O

Theorem 3.1. (1) R forms a left module algebra over Uy(gl,,) under the action
®, and also forms a right module algebra over Ugy(gl,,,) under the action V.

(2) ®(U,(gl,)) and ©(U,(gl,,)) are mutual centralizers in Endc (R[mn]) Fur-
thermore, with respect to the joint action ® @ ¥ of U,(gl,) @ Uy(al,),

(3.1) R =~ @ LawLl,
AEAM,

where ig\o) denotes the irreducible right Uq(gl,,)-module with highest weight A € A,,.
Proof. Consider part (1) first. Let

¢ = (@ () (K — 1) & Cl)(K; " - 1)1) DU ).

a>m

which forms a two-sided co-ideal of Ugy(gl,,). For any f,g € R[mn],
Uo(fg) = Y Uap (/)T (9) =0, Vol
(z)

Thus, fg belongs to RLZ], that is, R forms a subalgebra of 7,(gl,,).
Since the left actions ® and ¥ commute, R clearly forms a left Ugy(gl,,)-module

under ®. Consider ¥, (f) = > (fay,w) fo) for u € Uy(gl,,) and f € RI. Now
\I/Kr\i/u(f) = \IIKCqul(f):\i/u(f)a c>m,
lI/x\i/u(f) = \IIxS*l(u)(f) =0, ze Uq(p—)_7
where in the last equation we have used the fact that 2S~!(u) € U,(p—)~. Thus

R forms a right U, (gl,,)-module under the action W. The ®(U,(gl,)) and

(U, (gl,,)) clearly preserve the algebraic structure of RI in the sense of Defi-
nition Bl This completes the proof of part (1).

Now we prove the decomposition BI). This requires some preparation. Let Lg\o)
be an irreducible finite-dimensional U,(p_)-module with highest weight A. Then
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Lg\o) is irreducible with respect to Ug(gl,,) C Uy(p—), and the elements of Uy (p_)~
act on L b Let
)\ by zero. Le

(82)  Oxn:={¢e LY @ T(gL,)|(d ® ¥,)¢ = (S(p) @ id)¢, ¥p € Uy(p-)}-
Proposition 3.1. Oy forms a left Uy(gl,,)-module under the action
Ug(gl,) @0y — Ox, 2@ (— (id® 0,)C,

L)\v A€ Ana
0, otherwise.

and O 2{

Remark. Proposition Bl is the quantum Borel-Weil theorem [APW], PW] [GZ] in
our context. It can be easily deduced [GZ] from the Peter-Weyl theory for 7,(gl,,),
in particular, Proposition Z1].

Now we turn back to the proof of (3]). Consider the ® ® ¥ action of U,(gl,,) ®

U,(gl,,) on R One can always decompose R into

R = P maLyoy® (LS\O)) :
AEA,
where (Lg\o)) is the dual vector space of the left U,(gl,,)-module Lg\o), which
has a natural left Uy(gl,,)-module structure. The my € Z; is the multiplicity of
the irreducible Uy (gl,,) ® Uy(gl,,)-module L,y ® (Lg\o)) in R, and u()) € A,

depends on A. Take an irreducible Ug(gl,,)-module LS,O), v € A, which can be
extended to a unique Ugy(p_)-module with K., ¢ > m, acting by the identity map,

and E.._1, ¢ > m, acting by zero. We can therefore construct an O, from Ll(,o). It
is easy to see that

Y

0, = (LS” ® R[mn})Uq(g‘wJ

where the Uq(gl,,)-action is defined by z(v ® f) = > ) z1)v ® Yu, (f), for all
x € Ugy(gly,), v® f € LY @RI The Borel-Weil Theorem (Proposition B:1)) forces
myx=1, p(A)=A Ve A,.
Thus with respect to ®(Ugy(gl,,)) @ ¥(Uq(gl,,)),
Ril = @ Lo (1)
AEA,

This is equivalent to ([B1]) with respect to ®(U,(gl,,)) ® ¥(Uy(gl,,)) since the an-
tipode S of Ug,(gl,,) is invertible.
The decomposition (B.]) implies that ®(U,(gl,,)) and ¥ (Uy(gl,,)) are mutual

centralizers in Endc) (R[ﬁ]) O
The m = n case of the theorem leads to

Corollary 3.1. As a Uy(gl,) ® U,(gl,)-module under the joint action ® @ U,

T,gl,) = P Ly®Ls
AeA,

This is also an immediate consequence of Proposition [Z.11
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Definition 3.3.
il = {f e Ty(al,)| Py (f) = f, c>m, ®.(f) =0, z € Uy(ps)"}.
Similar to the discussions on R[TZ], we have the following results.

Lemma 3.2. The following set forms a basis of ll[mn] :

>

H (tbi)kbi

1<i<m,1<b<n

ky; € Z+

Theorem 3.2. (1) £l forms a left module algebra over Uy(gl,,) under the action
®, and also forms a right module algebra over Uy(gl,) under the action V.
(2) With respect to the joint action ® @ ¥ of Ug(gl,,) ® Uy(gl,),

(3.3) = @ L i
AEA,

The theorem can be proven in a way similar to the proof of Theorem Bl The
following result will be of crucial importance. An irreducible U,(gl,,)-module Lg\o)
with highest weight A\ extends to a unique U, (p4)-module with U, (p+)* acting by

zero. Let \ denote the lowest weight of Lg\o). Define

(34)  Oni={¢e LY @ Ty(al,)|(id ® ®,)C = (S(p) ®id)C, Vp € Ug(py)}.

Proposition 3.2. O, forms a right Uq(gl,,)-module under the action
Or®@Uy(al,) = Or,  2®(¢— (id@ W),

< L5, —XeA
d ~ =\’ Ty
and Ox { 0, otherwise.

Remark. This is a variant of the quantum Borel-Weil theorem [APW| PW| [GZ]
and easily follows [GZ] from Proposition [Z11

Definition 3.4.

(3.5) Vi

)

. RLZ], m < n,
o E[nm], m > n.

Combining Theorems 3.1l and we arrive at the quantum Howe duality, The-
orem [Tl

4. HOWE DUALITY IMPLIES SCHUR DUALITY

We adapt the definition of the ¢g-Weyl group of [KR] to the Jimbo setting of
quantized enveloping algebras. Denote by M the set of finite-dimensional Uy (gl,,)-
modules of type I. Every M € M is semisimple, i.e., M = @ Ly ® M. Let Aut(M)
be the set consisting of the automorphisms of the underlying C(¢)-vector spaces of
all the elements of M. Let G be the set of the maps o : M — Aut(M) such that
o(M): M — M, and are of the form

(4.1) o(M) = Y o(Ly) ®idy,,
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for any M = @ Ly ® My € M. Therefore, a o € G is uniquely determined once
o(Ly) are given for all Ly € M. Clearly, the diagram

VAV
a | | @
M/ U(ﬂ;) M/

commutes for any morphism « : M — M’ of finite-dimensional U,(gl,,)-modules
of type I. Furthermore, G forms a group, with the multiplication (o,0’) — oo’
and inverse map o — o~ !, respectively, defined by (o0’)(M) = o(M)o’ (M), and
o Y (M) = (o(M))™!, for all M € M. The identity of this group is the map
M — idps, VM. The g-Weyl group Wy(n) of Uy(gl,,) is a subgroup of G which we
now define.

Let U be the type I irreducible U,(gly)-module with the highest weight
(J+c)er + (J — ¢)ea € Zey @ Zey such that j € Z4 /2. Consider a basis {u%’c)|
m=3,j—1,..,1—j,—j} of UU*) defined by

K9 = ¢t
KQ’LL%’C) _ qcf'mug%,c)7
By = [j+m+ 1l —mug,
(42) Fuf? = ug?,
where [j] = q;:qq:lj. (Recall that ¢ = t2.) Define an automorphism w:¢) of the
underlying vector space of U:¢) by
(4.3) w@y G0 = (1)immy= 2 -2t U — m]u@@.
" [ +m] "

Remark. Let A = CJ[t,t~1] be the subring of C(t) consisting of the Laurent polyno-

mials in ¢. Then w¥¢) defines an automorphism of the free A-module Ug’c) with

basis {u%’c) }.

Let Ug(gly) be the subalgebra of Uy (gl,,) generated by E,, Fy, K+ and K;E:l,
for a fixed a < n. Corresponding to every Ug(gly), we define a w, € G in the
following way. Any irreducible U,(gl,, )-module Ly € M restricts to a semisimple
Ug(gly)-module, Ly = DU @ Z()‘j7c), where U(J:’C) is the irreducible Ug(gl,)-
module defined by [@2). We define w,(Ly) := > w9 ®idz(>\; . and extend w, to

an element of G through (£1).

Definition 4.1. The ¢-Weyl group W, (n) of Uy(gl,,) is the subgroup of G generated
by the w, and (w,)™!, a =1,2,...,n — 1.

Remark. Wy(n) is a slight modification of the ¢-Weyl group of U,(sl,) given in
IKR] because of the inclusion of ¢ in ([3). Both ¢-Weyl groups have essentially the
same properties.

Remark. A ¢-Weyl group can also be defined with respect to right U,(gl,,)-modules
in the obvious way. Results parallel to Theorem 1l and Proposition 1] below hold
for the right module version of the ¢-Weyl group.
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For a finite dimensional type I Uy(gl,,)-module M, we define
(4.4) (M)o :={v e M|(K, — q)v=0,Va},

and call it the space of zero weight vectors of M. Clearly (M) is stable under all
the wq (M), thus forms a W,(n)-submodule of M. Since each finite-dimensional
Uq(gl,,)-module of type I is isomorphic to the tensor product of a one-dimensional
Uq(gl,,)-module with an Ly, A € A,, the study of the W,(n)-modules (M), es-
sentially reduces to studying (V®*)g, k € Z,, where V is the contravariant vector
U,(gl,,)-module. Note that (V®*)y = 0 unless k = n.

The C(t)-space (V®"), has a basis {y(1) ® Vp(2) @ ... ® Ug(n) | 0 € &y}, where
G, is the symmetric group on n letters. Denote the action of the ¢-Weyl group on
(VEM)y by T : Wy(n) x (VE*)y — (VE),.

Theorem 4.1. C(t)7(W,(n)) is a homomorphic image of the Hecke algebra Heq(n).
More explicitly,

T(we)T(wp) = 7(wp)T(wg), |la—>bl >1,
(4.5) T(Wa)T(War1)T(Wa) = T(War1)T(Wa)T(War1),
(4.6) (*7(wa) — @)(P7(wa) +¢7 ) = 0, Va.

Proof. Tt can be easily deduced from results of [KR] (or from the formulae (1)
below) that the w, obey the relations of the braid group of type A. Thus we only
need to prove the quadratic relations (). Fix an index a; then (V®™), is spanned

by the zero weight vectors of copies of the Ug (gly)-modules U®Y and UOD | Acting

on (U(l’l))O and (U(O’l))o, w, takes eigenvalues —¢~2 and ¢~ respectively. Hence

the quadratic relations ({.6). O

We can describe the action of W, (n) on (V™) more explicitly. Consider vectors
Cas Na € (VO™), of the form (4 := X ® 0, @Y @ 41 ® Z and 14 := X @ vg41 @
Y ® v, ® Z. We have

qu(wa)(Ca) = (q - qil)Ca — Na,
(4.7) ¢*7(wa)(a) = —Ca-
Remark. Using the formulae () one can easily prove Theorem [Z1] by direct com-

putations.

When g is specialized to 1, the action of W,(n) on (V®™), reduces to that of
the symmetric group &,,. To explain this in more precise terms, we consider the
free module V4 over A (A = C[t,t"!]) generated by the elements of the standard
basis {v, | a = 1,2,...,n} of V. Denote by Vf?" the n-th power of V4 over A. Set
(VE™)o = {w € VI"|(K, —q)w = 0,Va}, which is a free A-module. Because of the
remark following equation [@3), (V{")o is invariant under W, (n). Introduce to C
the following A-module structure: ¢ : A®@c C — C, a(t) ® 1 — a(1). We define
AW,(n) ®4 C and (V{™)o ®.4 C using ¢, and consider the action of AW,(n) ®4 C
on (fo")o ®4 C. Let ig, k = 1,2,...,n, be distinct elements of {1,2,...,n}. We
have

—wg, ® 1 : Vi O Viy ... QV;, & 1 — Vs, (i1) 24 Vs, (ia) RX...&Q Vs, (in) (29 ].,

where s, € &,, permutes a and a+ 1 while leaving the other elements of {1,2,...,n}
unchanged.
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Proposition 4.1. Assume that Ly is an irreducible Uy(gl,,)-module of type I with
highest weight A\ € Ap(n). Then the space of zero weight vectors (Ly)o forms the
irreducible Hq(n)-module determined by the partition corresponding to A. Also,
every irreducible Hq(n)-module is isomorphic to an (Ly)o with A € Ap(n).

Proof. Since any type I irreducible Ug(gl,,)-module Ly with highest weight A\ €
A, (n) can be embedded into V", and this is also an embedding of C(¢t)W,(n)-
modules, we only need to consider the case when Ly is an irreducible Ug(gl,)-
submodule of V&, Let Ly 4 := fom N Ly, and (L 4)o = fom N (Ly)o, where
Vf?” is regarded as a subset of V¥, Now we specialize t to 1 by using 9. It follows
from results of Lusztig and Rosso (see [CP]) on quantized enveloping algebras at
generic g that

Lya®aC = ILf,
(Lxa)o®aC = (LY)o,

where L())\ is the irreducible gl,,-module with highest weight A, and (L())\)o is the space
of zero weight vectors of LY. It is known that (L%) forms the irreducible &,,-module
characterized by the partition corresponding to A. (This result is due to Schur.
Modern treatments of it can be found in, e.g., [Hd, [Ko].) Since dimg()(Lx)o =
dimc(L9)o, and any H,(n)-submodule of (L))o would give rise to an &,-submodule
of (L), we conclude that (Ly)o is irreducible with respect to H,(n). By recalling
the fact (see [Ma]) that Hy(n) and C(¢)&,, are isomorphic as associative algebras
and are semisimple, we easily see that (Ly)o is the irreducible left Hy(n)-module
Sy determined by the partition corresponding to A. The Sy, VA € A, (n), exhaust
all the irreducible H,(n)-modules up to isomorphisms. O

We now derive from Theorem [[LT] Jimbo’s quantum Schur duality at generic ¢
[Ji], which amounts to the following statement.

Theorem 4.2. Let V be the contravariant vector module over Uy(gl,,). Then
(4.8) vem = P Ly® My,

AEA, (M)
where My is the irreducible right H,(m)-module associated with .
Proof. We shall follow the same strategy as that of section 2.4.5.2 in [Ho]. Consider
the space (Vn,m)o,u, (a1, ) of zero Uy(gl,,)-weight vectors of V, ,, under the right

action of Ug(gl,,,). As a left U,(gl,)-module, (Vn,m)o,u,(gt,,) is isomorphic to VE™.
Following Theorem [T_1],

ver = @ e @M,
AEA, (M)

where we have used the fact that (f/[)\m])o # 0 if and only if [\| = m. The right
module version of Proposition B I]immediately leads to what we seek to prove. [

5. SOME REMARKS

Our proof of Theorem [T makes essential use of the Peter-Weyl basis (Proposi-
tion [Z)) of 7,(gl,,) via Propositions 31 and When ¢ is specialized to a root of
unity, Proposition [Z] fails completely. However, 7,(gl,,) is still well defined [PW],
and so is also Vy, . It is clearly true that V,, ,, forms a module algebra under the
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left action ® of U,(gl,,) and right action ¥ of U,(gl,,), with the actions of the two
quantum algebras commuting. Then a natural question is whether the following
relations hold at roots of unity:

(b(U(I(g[m))'Vm,n = Enqu(g[n)(Vrn,n)7

v (Uq(al,))l Vion Enqu(g[m) (Vinn)-

It is quite likely that the answer is affirmative in view of the fact [PW] that the
actions of Uy(gl,,) and Hy(m) on VE™ are centralizers of each other in End¢(V®™)
even at roots of unity.
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