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ABSTRACT. In this paper we give sufficient conditions for irregular Gabor sys-
tems to be frames. We show that for a large class of window functions, every
relatively uniformly discrete sequence in R? with sufficiently high density will
generate a Gabor frame. Explicit frame bounds are given. We also study
the stability of irregular Gabor frames and show that every Gabor frame with
arbitrary time-frequency parameters is stable if the window function is nice
enough. Explicit stability bounds are given.

1. INTRODUCTION

Fix some g € L?(R); then the windowed Fourier transform is defined by
+oo

(Ff)tw) = [ fagle e =ds,  vf e L),
— 00

where ¢ is called a window function. If {e®"®g(x — a,) : n € Z} forms a frame

for L2(R), which is called a Gabor frame or a Weyl-Heisenberg frame, then ev-

ery f € L*(R) is uniquely determined by its discrete windowed Fourier transform

(Fyf)(an, by).

Since Gabor [I9] proposed a signal representation with windowed Fourier trans-
form, Gabor systems have had a fundamental impact on the development of mod-
ern time-frequency analysis and have been widely used in communication theory,
quantum mechanics, and many other fields. For a collection of papers related to
Gabor frames and their applications to signal and image processing, we refer to the
monograph [18].

An important problem in practice is to determine conditions on the window
function g and sampling points {(an,b,)} which imply that a Gabor system is a
frame. For the regular case, i.e., {(an,by) : n € Z} = {(na,md) : n,m € Z}, many
results including necessary and sufficient conditions for {e™**g(z—na) : m,n € Z}
to be a frame are established. For details, see [4,[8, 9, 10] LT} 12} 17 23] 27].
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For the irregular case, Christensen, Deng and Heil (see [9]) proved that for
{e?*%g(x — a,) : n € Z} to be a frame, it is necessary that {(a,,b,)} is rela-
tively uniformly discrete and is of lower Beurling density no less than % Also,
Ramanathan and Steger [26] proved that the density must be exactly 5= in order
to get an exact frame.

For sufficient conditions, however, very few results are known. Feichtinger and
Grochenig [16] proved that if Fyg is integrable on R?, then there exists an open set
U C R? such that {e?*"®g(x —a,) : n € Z} is a frame for L?(R) for every separated
set {(an,bn) : n € Z} C R? with J,cz[(an,bn) + U] = R% Unfortunately the
Feichtinger-Grochenig theory does not give much information on how to choose
an appropriate set U. However, it has many attractive features, e.g., it actually
delivers discrete expansions in a very large class of Banach spaces [5], [16]. Other
results concerning specific window functions or sampling points can be found in
3, 24, 8.

For a band-limited window function g, Grochenig [21] gave sufficient conditions
which ensure {e?"Tg(x — pm.n) : m,n € Z} to be a frame with explicit frame
bounds. In this case, the sampling points (thm,n, Am) lie in parallel lines.

In [30], we proved that {e*mn%g(x — i;.n) : m,n € Z} is a frame for certain g
if (mon, Amon) € [na, (n+ 1)a] x [mb, (m + 1)b] and a, b are small enough. We also
gave explicit frame bounds since they are necessary for implementing the frame
algorithm.

In this paper, we show that if g(x),zg(z) € H', then {e?**g(z —a,) : n € Z} is
a frame for L2(R) for every relatively uniformly discrete and (a, b)-dense sequence
{(an,br) : n € Z} if a and b are small enough. All constants including frame
bounds are determined explicitly.

The stability of frames is needed in practice. Given a frame {e*""g(z—ay,) : n €
Z}, we hope that it remains a frame when a,, or b,, has some small perturbation. For
aregular Gabor frame {e!™""g(x—na) : m,n € Z}, it was shown in [6, 7} 15, 29, B0
that for certain window functions g, if [1m,, —na| and [ Ay, » —mb| are small enough,
then {e?mnCg(x — i ) 1 m,n € Z} is also a frame.

In this paper, we study the stability of Gabor frames with arbitrary time-
frequency parameters. We show that for any g with g(z),zg(z),2%g(x) € H? and
any sequence {(an,bn)}, if {e"%g(x—a,) : n € Z} is a frame, so is {ePn*g(z—a’,) :
n € Z} provided |a], — a,| and |b], — b,,| are small enough. The stability bounds are
determined explicitly.

ibnx

Notation and definition. The Fourier transform of f € L?(R) is defined by
f(w) = [ f(x)e~ @@ dy.

Hs={f: fj;o(l + |w|?)®|f(w)[? < +00} is the Sobolev space.

Let I' = {(an,by) : n € Z} C R2. T is called (p, q)-uniformly discrete if |a, —
am| > p or |b, — by| > g for any m # n. T is called relatively uniformly discrete
if it is a finite union of uniformly discrete sequences. T is called (a,b)-dense if
Unezlan — %, an + ] x [bn — £,b, + 2] = R2.

We say a rectangle E = [t1,ta] x [w1,ws] C R? is of size (a,b) if t2 — t; = a and
wy —wy = b. |E| denotes the Lebesque measure of E. The norms of both L?(R)
and L?(R?) are denoted by || - ||. The exact meaning can be seen by the context.

A family of functions {f; : j € J} belonging to a separable Hilbert space H is
said to be a frame if there exist positive constants A and B such that A||f[|? <
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IRREGULAR GABOR FRAMES AND THEIR STABILITY 2885

Sies (s f3)12 < Bl f||? for every f € H. The numbers A and B are called the
lower and upper frame bounds, respectively. If only the right-hand inequality holds,
{fj: j€J}is called a Bessel sequence.

2. IRREGULAR GABOR FRAMES

In this section, we study the construction of Gabor frames with arbitrary time-
frequency parameters.

Lemma 2.1. (i) For any integer n > 1, f € H™ if and only if f is n — 1 times
continuously differentiable, =1 is locally absolutely continuous and f, f',---,f™
€ L*(R).

(i) If g(x),zg(x), - ,a"g(z) € L*(R), then § is n — 1 times continuously dif-
ferentiable, 1) is locally absolutely continuous and §,§',--, ¢™ € L?(R).

Proof. (i) This is a consequence of [3, Theorem 5.2].
(ii) Let f(t) = 5=9(—t). Then f(z) = g(z) and so f € H". Now the conclusion
follows from (i).

Remark. Although Sobolev spaces are involved in this paper, the differentiation is
in the classical sense.

Lemma 2.2. Suppose that f,g € L*>(R). Then

) (EH)(E ) = 2xllg(@)]? - | f (@)1
(i) (F H(tw) = gze™ 1 (Fy f)(w, —t).
(il) 2 (Fyf)(t,w) = —(Fy f)(t,w) if g is differentiable and ¢’ € L*(R).

Proof. The first two equalities are consequences of Parseval’s identity. For the third
one, it suffices to prove that

gz +Azx) —g(x) lim enre —1

1i / 2 _ i\ 2 _
Jim (L ED J@)I? = Jim (¢ O3> =0
Since |e £ e |2S1n | < [€] and &§(€) = —ié\’(f) € L*(R), the conclusion

follows from the domlnated convergence theorem.

Proposition 2.3 (Wirtinger’s inequality [22]). If f is differentiable on [a,b], f, [’ €
L?[a,b] and f(a)f(b) =0, then

b b
/ |f(x)|2dx§%(b—a)2/ |f(x)]?dz.

The following lemma is an immediate consequence.

Lemma 2.4. If f is differentiable on [a,b], f,f' € L*[a,b] and there is some
¢ € [a,b] such that f(c) =0, then

b
[ e e < 25 / f(@)de,

where 6 = max{c—a,b— c}.
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Lemma 2.5. Let {E, : n € Z} be a sequence of measurable sets in R? such that

|En N Ep| = 0, for n # m. Suppose that u,(t,w),v,(t,w) € L?*(E,) and that
> onez ||un(t,w)||%2(En) and Y, ey ||vn(t,w)||2L2(En) are finite. Then

1/2 1/2
](Z ||un<t,w>||%2<En>) - (Z ||vn<t,w>||iz<E,L>)

nez nez
1/2
< (D lunlt,w) = valt, @) 32z
nez
1/2 1/2
< (Thuolm)  +(Slntole,) -
neZ nez
Proof. By the triangle inequalities in L?(E,,) and ¢?(Z), we have
) 1/2
(D lun(t,w) = vat)l32(s,))
neZ
9\ 1/2
> (2 [unlt)lizae,) = loalt@)lizes,)|°)
neZ
1/2 1/2
> (Yl )Bes,) = (X lonltw)le,)

nez neE”Z

Similarly we can prove the second inequality.

Lemma 2.6. Suppose that g(x),zg(x) € H'. Let a,b > 0 be such that

A= 29 @) + Dliag)) + 2l @] < o)),

Suppose that E, are rectangles with size no greater than (a,b) such that U, ¢, En =
R? and |E,, () En| = 0,n # m. Then for any (an,bn) € En, {|En|Y/?e®g(z—ay)
n € Z} is a frame for L*(R) with bounds 27 (||g(x)| — A)? and 27 (||g(z)|| + A)2.

Proof. By Lemma [ZT] g(z), ¢ (z),xg(z), g’ (z) € L*(R).
Put E, = [tn,1,tn2] X [Wn,1,wn,2]. Then t,, 0 —tn1 < a and wy2 —wp1 < b. For
any f € L?(R), we derive from Lemma 2] that

(2.1) %//Mf )(t,w)e™t — (F, f)(t, by )e®t[* dwdt
Z/t“dt/m“ (B P =t) = (B Pt~

nez?tn
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n,2 b2 Wn,2
Z/ '4 / 471T2|(F Fw,—t)Pdw (Lemma 27))

nez W1

- 246 //|Ff (t,w)Pdwdt  ( §(x) = —izg(z))

nez

IN

2
= %nwgf)(t,w)n?

2
= 2 orllag@) Pl @)

Noting that

(2.2) Z//| (B 1) (b w)e Pduwdt = | (Fyf) (1) = 2n]l ()] £ ()1,

n€lZ"p

we see from Lemma that

(2.3) Z//|Fftb|dwdt

nEZ
_ Z//\ Fyf)(tw)e™ — ((Fyf)(tw)e™ — (Fyf)(t, by)e® )| duwdt
nEZ
< or (ng(x)n + Lieg) 11
Hence
(2.4) (F,f)(t,by)e™ — (Fy f)(an, by)e bt |2 Juodt
=/
Wn,2 tn,2
= d F b F nvbn 2d
Z/ w/ 2 1)t bn) = (Fy ) an,b) 2 di
4a?
< \(Ey £)(t,b,)]? dwdt (Lemma 2:4))
ey
4
< W%zw(ng'wu +Lieg@n) 11
where (23)) is used in the last step.
Putting (2.I) and (24) together, we see from Lemma [25] that
(2.5) Z//| (Fy f)(t,w)e™" — (Fy f)(an, bp)e™ | dwdt

neZ

N

< om <%ng'<x)|| + 2 gt +7Ti;||xg'<x>||> 1)
— 287 ().
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Using (2.2) and Lemma [ZH again, we get

Z|E |- ] e g(x — ay)) Z//| (Fy f)(an, bp)|*dwdt

neE”Z nelZ”’p
= LI = (E ) = (F o b)e™) s,

> 2n(llg(@)ll = )| f ().

Similarly we can prove that

> Bl g — an))* < 2n(llg(@)| + A)?[Lf (@)

neZ

Now the conclusion follows.

Lemma 2.7. Suppose that g(x),zg(x) € H', p and q are positive constants. Let
b q
M(g(z);p,a) = llg(@)| + —llg"@)]| + —llzg ()] + ||969 (@)l

Then {e®®g(x — a,) : n € Z} is a Bessel sequence in LQ(R) with the bound
i—gM(g(x);p, q)? for any (p, q)-uniformly discrete sequence {(a,,b,) :n € Z}.

Proof. Let E,, = [an — 5,a, + §] x [by — £,b, + 2]. Then |E, N E\| = 0,m # n.

Similarly to Lemma 2.6l we can prove that

Z//?Ff J(E,)e™! = (Fy ) (an, b )™

n€lZ " p

< 2 (Llg @+ Lhag@) + Elag @) 15 @)

dwdt

Hence

DBl gl — an))* < 20M (g(x); p, @) | f ()]

neZ

Since |Ey,| = pg, the conclusion follows.
We are now ready to state the main results of this paper.

Theorem 2.8. Suppose that g(z),rg(z) € H*. Let a,b > 0 be such that

(26) A =2 g @) + 2 leg@)] + 2 g/ @) < lg(@

Then {e®®g(x — ay,) : n € Z} is a frame for L?(R) for any relatively uniformly
discrete and (a,b)-dense sequence {(an,bs) : n € Z}.

Proof. Put T’ = {(an,by) : n € Z}. We conclude that
(2.7) TNt,t+a) X [w,w—+b) #£ 0, Y(t,w) € R2.

Otherwise, there is some (t,wp) € R? such that T'N [to, o + a) X [wo,wo + b) = 0.
Since T' is relatively uniformly discrete, there is some € > 0 such that T'N[ty — ¢,
to+a) X [wo — €,wp + b) =0. Hence ( b2V Upenlan — %, an + 2]
X [bn, — %, b, + %] = R?, which is impossible.

For any m € Z, let Ty, = {(an,bn) : ma < a, < (m + 1)a}. By @), T'y, has
infinitely many points and so we can write I'y, = {(an,, ,;bn,, ) : k € Z}. Without
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loss of generality, we can assume that b, , < b, ,.,. Using (Z7) again, we have

limg—, 4+ 00 by, , = +00 and by, ., — bn,, , < b. Let
bry iy t+bu,,
E,llnk = [ma, (m + 1)a] x [%,bnm’k}
and , ;
n + bp, 1
B2, = fma m 4 1)) x b, s
Then {Ej : j =1or 2,mk € Z} meets Lemma and (an,, ., bn,, ) €

1,k

E} LN E2 . By substltutlng for b in Lemma [Z6, we have

27 (llg@)| - AP @I < Y (] nmk|+|En,nk|)|<Fgf><an,,,b,mbnm,m?

m,kEZL
< Y abl(f(@), et g = ap,, D) = ab D [(f(x),e" gl —an)) .
m,kEZ nez

On the other hand, since I' is relatively uniformly discrete, we can write I' =
Ui—, Fk, where F}, is a (pk, qx)-uniformly discrete sequence, py,qp > 0,1 < k <,
and r is a positive integer. By Lemma [2.7],

D oNf@) e g —a) = Y D (@)™ g(a —an))l?

neEL k=1 (an,bn)EF

(Z 2iM( (@), Pk, qk)2> £ ()12

o1 Pkdk

IN

This completes the proof.
Remark. The condition (Z8) can be replaced by

a 20 2ab
A= —|lg @]+ —llzg(@)]| + 5 llzg (@)]| < lg(@)]

and the proof is similar to the one above.

3. STABILITY OF GABOR FRAMES

In this section, we study the stability of Gabor frames. A ‘
Noting that (F, f)(an+to, by +wg) = e~ /Cntwollo(f(z4t5)e 0 eibn?g(z—aq,)),
we have the following result.

Lemma 3.1. For any g € L2(R), if {e®*"%g(x — a,) : n € Z} is of a lower (upper)
frame bound A (B), so is {0ntw0)?g(x — a, —to) : n € Z} for the same bound
for any to,wo € R.

Theorem 3.2. Suppose that g(z),zg(x),z%g(z) € H?. Let {(an,bn)} be a (p,q)-
uniformly discrete sequence and {€*®g(z — a,) : n € Z} be a frame for L*(R)
with bounds A and B. Let §,m > 0 be such that

2

(24! (2):p, q>> <A

A2= pr <45M(:cg( ); p,q)+%M(g’(x);p, q)

Then for any (al,,bl,) satisfying
lan, —al,| <n and |b, —b,| <94,
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{enrg(x —al) : n € Z} is a frame for L2(R) with bounds (A2 — A)? and
(B2 4+ A)2.

Proof. Tt is easy to check that all of M (zg(x);p,q), M (¢’ (x); p,q) and M (zg'(x);p, q)
are finite numbers, thanks to Lemma 211
For any f € L?(R), by Lemma 22 and Lemma 4] we have

(3.1) Z/ dt/ (Fyf)(an +t,bp +w)e’ i(bn+w)(an+t)

nez
—(Fgf)lan +1, bl g (an t) dw
(

2

B Z/ dt/ 4r? (Faf)(bn +w, —an —t) = (F3f)(b,, —an — t)| dw

neZ
1652
< 42 Ffb—f—w—an—t)‘ dw
1652 ) i .
= dt |(F5f)(an +t, by + w)|“dw (g(z) = —izg(x))
nEZ
1652 2m 9 9
< . il .
< —5 - 4on qu(xg(x),p,(J) 1 @),

where Lemma [2.7] and Lemma BTl are used in the last step. Using Lemma 2.7 and
Lemma [3.1] again, we get

Z/ dw/ (Fyf)an + b + @)t < 460 M (g(a):p. 0 £ (@)
nez
It follows from Lemma that

Z/ dw/ (Fyf)(an + 1,1, 2dt

neEZ

< 45n-p—g(M<g<x>;p,q>+4‘5M<xg<) )) 1@

Hence

(3.2) Z/ dw/ ‘ (Fyf)(an +t,0, )ezbﬂ(aﬂ+t) (F, f)(d,, b, )ezbﬂ(aﬂ+t) dt

ne’
- Z/ dw/ [(Fy)an +.0,) = (Fyf)(aly. b7, Pt
ne’
< 1677 (Fy f)(an +t,b,)[2dt
nEZ
16 om 46 2
< 1 gy 2 (M<gf(x>;p,q>+?M@g'(x);p,q)) IF@I.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



IRREGULAR GABOR FRAMES AND THEIR STABILITY 2891

By (3I) and Lemma 2.5 we have

Z/ dw/ Ff Yan +t, by +w)e i(bn+w)(an+t)

neZ

—(Ep ) By 0 i < 4m?| @)

n»-n

Using Lemma B again, we get

46nA|| f (= ||2<Z/ dw/ (Fyf)(an +t,b, +w)|?dt

nez
< 4B f ().

By Lemma 5] we have

(A2 = AP f @) < DO 1(Ef)ap, b))

nez
< (B2 + 27| f(2)*.

This completes the proof.

Since {(an,bn) : n € Z} is the finite union of uniformly discrete sequences
whenever {e"®g(z — a,) : n € Z} is a frame [0, the following theorem can be
proved similarly.

Theorem 3.3. Let g be defined as in Theorem [Z2. Suppose {e®*"*g(x —a,): n €
Z} is a fmme for L2(R). Then there exist two positive constants § and n such that
{e®nTg(z —al) : n € Z} is a frame whenever |a, — al,| < n and |b, —b,| < 4.

Remark. 1. The stability bounds § and 7 can be determined explicitly as in Theorem
B2 By [0 Theorem 3.1], there exist some r > 1 and pg,gr > 0,1 < k < r, such
that {(an,bn) : n € Z} = Up_{(akn,brn) : n € Ap}, Ay C Z and {(agn,brn) :
n € A} is (pk, g )-uniformly discrete. Let

T

A2 22_”<45 (xg(x); pr» qx)

1 PedE \ T

2
+i—nM(g’(w);pk,qk) (ivg'(x);pk,qk)> :

Then A’ < A'/2 meets the requirement of Theorem [3:3] and the frame bounds are
(A2 — A")? and (BY/? + A")2.

2. Tt is easy to see that g meets Theorem and B3lif g or § is 2 times
continuously differentiable and compactly supported.
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