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(Communicated by David R. Larson)

Abstract. We propose a method of constructing explicit Banach spaces not
isomorphic to their complex conjugates as subspaces of a natural class of Ba-
nach spaces. In particular, it is shown that Lp, for 1 ≤ p < 2, contains real
subspaces with at least two non-isomorphic complex structures.

1. Introduction and notations

In considering real Banach spaces which admit complex structure, a natural
question is whether we can construct at least two non-isomorphic complex struc-
tures. For a complex Banach space X we can define X , the complex conjugate of X ,
to be the Banach space with the same elements and norm and the same addition of
vectors, while the multiplication by scalars is given by λ � x = λx, for λ ∈ C and
x ∈ X . Obviously X and X are identical as real spaces and, in many cases, the
spaces X and X are in fact (complex) isomorphic. For example, when X has uncon-
ditional basis {ej}j , the natural map J : X −→ X given by J(

∑
j tjej) =

∑
j tj�ej

is an isomorphism between X and X.
There are two types of known examples of complex Banach spaces not isomorphic

to their complex conjugates, one constructed by J. Bourgain [1] (with a variant by
S. Szarek [12]) and the other by N. Kalton [4]. As a consequence, these examples
provide the existence of a real Banach space which admits two non-isomorphic
complex structures.

In Bourgain’s example, the space X is an l2-direct sum X = (
∑

k ⊕ Xk)l2 , where
Xk are suitable finite dimensional spaces obtained by considering certain random
norms on CN . Szarek’s variant of this example has the finite dimensional spaces
Xk obtained (again by random methods) as proportional dimensional subspaces of
lnkqk , for certain qk ↘ 2 and nk ↗ ∞. It should be noted that by this method it is
not possible to obtain an example of the same type with Xk ⊂ lnkqk , for qk < 2.

The space that Kalton constructed is a twisted sum of Hilbert spaces i.e., X
has a closed subspace E so that E and X/E are Hilbertian, while X itself is not
isomorphic to a Hilbert space. His example is a variant of the Kalton-Peck space
[3] and is constructed with a complex twisting function.
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The purpose of this paper is to propose a method of constructing Banach spaces
not isomorphic to their complex conjugates as subspaces of a natural class of Banach
spaces. In particular we show that Lp, for 1 ≤ p < 2, and (

∑
n⊕ lrn)l2 , for

some rn ↗ 2, contain real subspaces with at least two non-isomorphic complex
structures (in fact we can easily get continuum of such structures). This latter
example complements the results by Bourgain and Szarek. In addition, we can
exhibit a constructive version of the Bourgain-Szarek example (see Theorem 3.1).

Our argument is based on the approach introduced by Johnson, Lindenstrauss
and Schechtman in [2], then refined by Ketonen [8] and subsequently generalized
in the work of Komorowski and Tomczak-Jaegermann [5], [6], [7], where a general
method of obtaining subspaces without unconditional basis is presented. Compar-
ing to this latter case, in our context we have less linear operators available (a
criterium of the same type as in [5], [6], [7], [8] is not known for a space not to be
isomorphic to its complex conjugate).

Let us recall a minimum of standard notations from the Banach space theory
(see [10], [11] and [14], together with other terminology not explained here).

A sequence {ej}j in a Banach space is called a (Schauder) basis if every vector
x ∈ X has a unique representation x =

∑
j tjej as a sum of a convergent series.

A Banach space is said to have a finite dimensional decomposition {Zk}k if every
vector x ∈ X has a unique representation x =

∑
k zk as a sum of a convergent

series such that zk ∈ Zk, for k = 1, 2, . . ., and dim Zk < ∞, for k = 1, 2, . . .. In
this case we define the support of x with respect to the decomposition {Zk}k to
be supp x = {k | zk 6= 0}.

Let W,V be Banach spaces having finite dimensional decompositions {Wk}k and
{Vj}j respectively. Let T : W −→ V be a bounded linear operator. We say that
T is block-diagonal with respect to {Wk}k and {Vj}j if for every k there exists a
finite set Bk ⊂ {1, 2, . . .} such that max Bk < minBl ∀k, l ∈ {1, 2, . . .} with k < l,

supp Twk ⊂ Bk ∀wk ∈Wk, ∀k ∈ {1, 2, . . .}

where supp Twk is taken with respect to the decomposition {Vj}j∈J .
The following general observation will often be used in the sequel.

Proposition 1.1. Let W,V be Banach spaces having decompositions into 2-dimen-
sional spaces {Wk}k and {Vj}j respectively. Let Wk = span{w1,k, w2,k}, for k =
1, 2, . . ., and Vj = span{v1,j, v2,j}, for j = 1, 2, . . ., and suppose that {w1,k, w2,k}k
is a w-null normalized basis in W and {v1,j, v2,j}j is a normalized basis in V . Let
T : W −→ V be a bounded linear operator.

Then, for every ε > 0, there exist a subsequence I0 ⊂ {1, 2, . . .} and T0 :
W 0 = span{Wk}k∈I0 −→ V , a block-diagonal operator with respect to {Wk}k∈I0
and {Vj}j, such that

‖T |W 0 − T0‖ < ε.

Proof. Denote by {w∗1,k, w∗2,k}k and {v∗1,j, v∗2,j}j the biorthogonal functionals asso-
ciated to {w1,k, w2,k}k and {v1,j , v2,j}j respectively. Then

lim
j
v∗1,j(Tw1,k) = lim

j
v∗1,j(Tw2,k) = 0, for all k = 1, 2, . . . ,

lim
k
v∗1,j(Tw1,k) = lim

k
v∗1,j(Tw2,k) = 0, for all j = 1, 2, . . . ,
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and similarly for v∗2,j . Now, by a classical gliding-hump argument we can find a
subsequence I0 of I and a block-diagonal operator T0 : W 0 −→ V such that the
columns of T0 are approximated by the correspondent columns of T . �

2. Subspaces of lp1 ⊕ lp2 ⊕ lp3 ⊕ lp4 ⊕ lp5 not well isomorphic

to their complex conjugates

We will present a construction of infinite dimensional subspaces of lp1 ⊕ lp2 ⊕
lp3 ⊕ lp4 ⊕ lp5 (1 < p5 < . . . < p1 < ∞) whose Banach-Mazur distance to their
complex conjugates is arbitrarily large.

Let ℘ = {(p1, p2, ..., p5) | 1 < p5 < . . . < p1 <∞}.
For every η = (p1, ..., p5) ∈ ℘ and N ∈ N we will construct a Banach space XN,η

as follows: we will define 2-dimensional subspaces Zk of lp1⊕ . . .⊕ lp5 (depending on
N and η) which will form an unconditional decomposition for XN,η = span [Zk]k≥1.

Fix η ∈ ℘ and N ∈ N. For i = 2, . . . , 5 set αi = 1/pi − 1/pi−1, and let
α = min {α2, . . . , α5}. Fix a positive integer λ > 2α3/α4 + 5.

Denote by {fj,k}k the natural basis of lpj (j = 1, . . . , 5). Define the vectors xk
and yk spanning Zk (k = 1, 2, . . .) by the formulas

xk = f1,k +γ1f3,k +γ2f4,k +γ3f5,k

yk = f2,k +γ2f4,k +iγ3f5,k

where γ1 = N−2α3 , γ2 = N−4(α3+α4) and γ3 = N−λ(α3+α4+α5).
It is easy to see that the decomposition {Zk}k≥1 is 1-unconditional and x1, y1, x2,

y2, . . . form a Schauder basis in XN,η (and also in XN,η). This is a shrinking basis
(and hence w-null), since otherwise we can find δ > 0 and disjointly supported
normalized blocks {wl}l (with respect to the decomposition {Zk}k≥1) such that for
all {al}l ∈ c00

‖
∑
l

alwl‖ ≥ δ
∑
l

|al|,

contradicting the fact that {wl}l satisfy an upper p5-estimate.
The next result, concerning the behavior of the linear operators acting from XN,η

to XN,η, will be essential for the proof of Theorem 3.1.

Proposition 2.1. Let η ∈ ℘ and N be a positive integer.
Let I ⊂ {1, 2, . . .} be an infinite set and consider Y to be the subspace of XN,η

defined by Y = span[Zk]k∈I . Consider T : Y −→ XN,η to be a block-diagonal
operator (with respect to {Zk}k∈I and {Zk}k≥1) with ‖T ‖ ≤ 1. Then

(i) There exists a finite set J ⊂ I such that

max{‖Txk‖, ‖Tyk‖} ≤ 24N−α, for all k ∈ I \ J.

(ii) Let {Il}l≥1 be a family of disjoint subsets of I with the property that |Il| =
N , for all l ≥ 1. Let x̃l =

∑
k∈Il al(k)xk, ỹl =

∑
k∈Il al(k)yk satisfy∑

k∈Il |al(k)|p2 = 1, for l = 1, 2, . . .. Then there exists a finite subset
J0 ⊂ {1, 2, ...} such that

max{‖T x̃l‖, ‖T ỹl‖} ≤ 70N−α, for all l ∈ {1, 2, ...} \ J0.
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Combining Proposition 1.1 and Proposition 2.1 (i) we obtain

Corollary 2.2. Let η ∈ ℘ and N be a positive integer. Then

d(XN,η, XN,η) ≥ 1
100

Nα.

Remark. In the same circle of problems, we should mention the result of Szarek [13]
showing that in the finite dimensional case one may have the extremal situation
d(Y, Y ) = O(dimY ).

Proof of Proposition 2.1. Because T is block-diagonal with respect to {Zk}k∈I and
{Zk}k≥1, for every k ∈ I there exist a finite set Bk ⊂ {1, 2, . . .} and sequences of

scalars uk =
(
uk(j)

)
j
, vk =

(
vk(j)

)
j
, wk =

(
wk(j)

)
j
, sk =

(
sk(j)

)
j

(we start off

with complex conjugate sequences for convenience only, since this will later produce
some simplification of writing) such that

max Bk < minBl, ∀k, l ∈ I with k < l,

Txk =
∑

j∈Bk

(
uk(j)� xj + vk(j)� yj

)
=
∑

j∈Bk (uk(j)xj + vk(j)yj) ,

T yk =
∑
j∈Bk

(
wk(j)� xj + sk(j)� yj

)
=
∑
j∈Bk (wk(j)xj + sk(j)yj) .

Thus, for all k ∈ I

T yk =
∑
j∈Bk

wk(j)f1,j +
∑
j∈Bk

sk(j)f2,j +
∑
j∈Bk

γ1wk(j)f3,j

+
∑
j∈Bk

γ2 (wk(j) + sk(j)) f4,j +
∑
j∈Bk

γ3 (wk(j) + isk(j)) f5,j.(1)

We will only prove the estimates in (i) and (ii) involving yk’s (the others can
be obtained similarly). The proof of (i) is presented in a few steps.

Let Ql : lp1 ⊕ ...⊕ lp5 −→ lpl be the canonical projection (l = 1, . . . , 5).
Step 1. We show first that there exists a set A1 ⊂ I, |A1| < N such that

(2) γ1‖
∑
j∈Bk

wk(j)f3,j‖ ≤ 3N−α, for all k ∈ I \A1.

Indeed, let A1 be the set of all k ∈ I such that γ1‖
∑
j∈Bk wk(j)f3,j‖ > 3N−α, and

assume that |A1| ≥ N . Then choose a subset Ã of A1 of cardinality N and consider
the vector y =

∑
k∈Ã yk. We have

‖y‖ = N
1
p2 +N

1
p4
−4(α3+α4) +N

1
p5
−λ(α3+α4+α5) ≤ 3N

1
p2

and
‖Ty‖ ≥ ‖Q3Ty‖ = ‖

∑
k∈Ã

∑
j∈Bk

γ1wk(j)f3,j‖ > 3N−αN
1
p3 .

Since ‖Ty‖ ≤ ‖T ‖ ‖y‖ ≤ ‖y‖, we get the contradiction.
In a similar manner as above we can obtain A2, A3 ⊂ I, |A2|, |A3| < N satisfying

γ2‖
∑
j∈Bk

(wk(j) + sk(j)) f4,j‖ ≤ 3N−α, for all k ∈ I \A2,(3)

γ3‖
∑
j∈Bk

(wk(j) + isk(j)) f5,j‖ ≤ 3N−α, for all k ∈ I \A3.(4)
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Combining (1), (2), (3) and (4) we find a set A ⊂ I, with |A| < 3N such that

(5) ‖Tyk‖ ≤ ‖
∑
j∈Bk

wk(j)f1,j‖+ ‖
∑
j∈Bk

sk(j)f2,j‖+ 9N−α, ∀k ∈ I \A.

Step 2. By considering elements of the form x =
∑

k∈Ã xk, with Ã ⊂ I, |Ã| = N ,
we can obtain in an analogous way as (2) a set A4 ⊂ I, with |A4| < N such that

(6) ‖
∑
j∈Bk

vk(j)f2,j‖ ≤ 4N−α, for all k ∈ I \A4.

Step 3. We show that there exists a set A5 ⊂ I, |A5| < Nλ such that

(7) ‖
∑
j∈Bk

(uk(j) + vk(j)− wk(j)− sk(j)) f4,j‖ ≤ 5N−α4 , ∀k ∈ I \A5.

Indeed, let A5 be the set of all k ∈ I such that

‖
∑
j∈Bk

(uk(j) + vk(j)− wk(j)− sk(j)) f4,j‖ > 5N−α4

and assume that |A5| ≥ Nλ. Then pick a subset Ã of A5 of cardinality K := Nλ

and consider the vector z =
∑
k∈Ã(xk − yk). We have

‖z‖ = K
1
p1 +K

1
p2 +N−2α3K

1
p2

+α3 +N−λ(α3+α4+α5)
√

2K
1
p2

+α3+α4+α5

while

‖Tz‖ ≥ ‖Q4Tz‖ = γ2‖
∑
k∈Ã

∑
j∈Bk

(uk(j) + vk(j)− wk(j)− sk(j)) f4,j‖

> N−4(α3+α4) 5N−α4K
1
p2

+α3+α4 .

But this contradicts ‖Tz‖ ≤ ‖z‖ since, by the choice of λ,

N−4(α3+α4)N−α4K
1
p2

+α3+α4

≥ max{K
1
p2 , N−2α3K

1
p2

+α3 , N−λ(α3+α4+α5)K
1
p2

+α3+α4+α5}.
Step 4. This is a stronger estimate than (2) (and could have been proved directly

instead of (2)). We show that there is a subset A6 ⊂ I, with |A6| < N 3 such that

(8) ‖
∑
j∈Bk

wk(j)f3,j‖ ≤ 3N−α3, for all k ∈ I \A6.

For the proof take a vector y =
∑

k∈Ã yk, with Ã a subset of cardinality N 3 of the
set of all k ∈ I such that ‖

∑
j∈Bk wk(j)f3,j‖ > 3N−α3 . Then estimate ‖y‖ from

above and ‖Ty‖ from below by using the definition of γi’s and Ã.
As a remark, note that since {f1,j}j is dominated by {f3,j}j we also have the

estimate analogous to (8)

(9) ‖
∑
j∈Bk

wk(j)f1,j‖ ≤ 3N−α3, for all k ∈ I \A6.

Step 5. By considering elements of the form z =
∑

k∈Ã(xk + iyk) with |Ã| large
enough, and taking into account that

Tz =
∑
k∈Ã

(Txk + i� Tyk) =
∑
k∈Ã

(Txk − i T yk),
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one can find a finite set A7 ⊂ I such that

(10) ‖
∑
j∈Bk

(uk(j) + sk(j) + ivk(j)− iwk(j)) f5,j‖ ≤ 5N−α, ∀k ∈ I \A7.

Since p1 > p2 > p3 > p4 > p5 it follows that {f2,j}j is dominated by {f3,j}j ,
{f4,j}j , {f5,j}j . Combining this with (6), (7), (8), (10) we obtain a finite set
A′(= A4 ∪A5 ∪A6 ∪A7) such that

(11) ‖
∑
j∈Bk

sk(j) f2,j‖ ≤ 12N−α, for all k ∈ I \A′.

Using (9) and (11) in (5) we get a finite set J(= A ∪A′) satisfying

‖Tyk‖ ≤ 24N−α, for all k ∈ I \ J.
(ii) By ignoring a finite number of sets from the family {Il}l≥1 we can suppose

that Il ⊂ I \ J for all l ≥ 1. In particular, for each l ∈ {1, 2, ...} we have

24N−α ≥ ‖Tyk‖ ≥ max{‖Q1Tyk‖, ‖Q2Tyk‖}, for all k ∈ Il.
Looking at T ỹl we can write, for each l ∈ {1, 2, ...},

‖T ỹl‖ = ‖
∑
k∈Il

al(k)Q1Tyk‖+ ‖
∑
k∈Il

al(k)Q2Tyk‖+ ‖(Q3 +Q4 +Q5)T ỹl‖

≤ 24N−α
(

(
∑
k∈Il

|al(k)|p1)
1
p1 + (

∑
k∈Il

|al(k)|p2)
1
p2

)
+ ‖(Q3 +Q4 +Q5)T ỹl‖

≤ 48N−α + ‖Q3T ỹl‖+ ‖Q4T ỹl‖+ ‖Q5T ỹl‖.
We show that there exists a subset A ⊂ {1, 2, ...}, |A| < N such that

‖Q3T ỹl‖ ≤ 3N−α, ∀l ∈ {1, 2, ...} \A.
Indeed, let A be the set of all l ∈ {1, 2, ...} satisfying ‖Q3T ỹl‖ > 3N−α, and

assume that |A| ≥ N . Choose a subset A0 of A of cardinality N and consider the
vector y =

∑
l∈A0

ỹl. We have

‖y‖ = ‖
∑
l∈A0

∑
k∈Il

al(k) yk‖

= (
∑
l∈A0

∑
k∈Il

|al(k)|p2)
1
p2 + γ2(

∑
l∈A0

∑
k∈Il

|al(k)|p4 )
1
p4 + γ3(

∑
l∈A0

∑
k∈Il

|al(k)|p5 )
1
p5

≤ N
1
p2 +

(
γ2 (N2)

1
p4
− 1
p2 + γ3 (N2)

1
p5
− 1
p2

)
(
∑
l∈A0

∑
k∈Il

|al(k)|p2)
1
p2

= N
1
p2 +N−2(α3+α4)N

1
p2 +N−(λ−2)(α3+α4+α5)N

1
p2 .

This contradicts ‖T ‖ ≤ 1 since

‖Ty‖ ≥ ‖Q3Ty‖ = ‖
∑
l∈A0

Q3T ỹl‖ > 3N−αN
1
p3 .

Arguing similarly for Q4T ỹl and Q5T ỹl we obtain the conclusion. �

Remark. Proposition 2.1 will still be true if we consider XN,η as a subspace of
lp1 ⊕q lp2 ⊕q . . . ⊕q lp5 , for some q ≥ 1 (note that, in this case, XN,η is the same
vector space as before endowed with an equivalent norm).
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3. Subspaces of Lp, 1 ≤ p < 2, with at least two non-isomorphic

complex structures

Theorem 3.1. Let (rn)n≥1 be a strictly decreasing sequence of real numbers, with
rn > 1 for all n, and let q ∈ [1, limn→∞ rn]. There exists a subspace X of
(
∑

n≥1⊕ lrn)lq which is not isomorphic to its complex conjugate. Furthermore,
we can construct the subspace X such that, as a real space, it has continuum non-
isomorphic complex structures.

Proof. For each m = 1, 2, . . . we will define Xm as one of the spaces XN,η dis-
cussed before for the following choice of the parameters involved. Let ηm =
(r5m+1, r5m+2, . . . , r5m+5) ∈ ℘. Set

αm = min
{

1
r5m+2

− 1
r5m+1

, . . . ,
1

r5m+5
− 1
r5m+4

}
.

(This definition of αm corresponds to α from the main construction in Section 2,
and it hopefully will not get confused with the notation α2, . . . , α5 used there.)
Finally, fix a natural number Nm ≥ (560 ·m)2/αm . Now, let Xm = XNm,ηm be the
space defined in Section 2, treated as a subspace of lr5m+1 ⊕q lr5m+2 ⊕q . . .⊕q lr5m+5

(see the Remark after Proof of Proposition 2.1).
We will show that the spaceX = (

∑
m≥1⊕Xm)lq is not isomorphic to its complex

conjugate X = (
∑
m≥1⊕Xm)lq .

Suppose that T : X −→ X is an isomorphism with ‖T ‖ ≤ 1/4. Denote by
a = ‖T−1‖ and by Pj : X −→ Xj the projection of X onto its j-th term.

Let m ≥ 1 be arbitrarily fixed. Recall that Xm = span[Zk]k≥1.
Let s > m. We will show that

(∗)
∀L ⊂ {1, 2, . . .} infinite set ∀εs > 0 ∃k ∈ L such that

‖PsTzk‖ < εs‖zk‖, ∀zk ∈ Zk.

If not we can find εs > 0, an infinite set {kj}j≥1 and, for each j ≥ 1, normalized
elements zj ∈ Zkj satisfying

εs ≤ ‖PsTzj‖
(

= (‖Q1PsTzj‖q + . . .+ ‖Q5PsTzj‖q)
1
q

)
.

By passing to a subsequence (apply Proposition 1.1 to PsT | span[Zkj ]j≥1) we may
assume that (PsTzj)j≥1 are successive in Xs and also

‖Q1PsTzj‖ ≥
εs
10
, for all j ≥ 1.

The contradiction occurs when we observe that, for all positive integers M ,

5M
1

r5m+5 ≥ ‖
M∑
j=1

zj‖Xm ≥ ‖PsT (
M∑
j=1

zj)‖Xs ≥ ‖Q1(
M∑
j=1

PsTzj)‖ ≥
εs
10
M

1
r5s+1 .

Relation (∗), applied successively, now easily implies, for s > m,

(∗∗)
∀L ⊂ {1, 2, . . .} infinite set ∀εs > 0 ∃Ls ⊆ L infinite set such that

‖PsTx‖ < εs‖x‖, ∀x ∈ span[Zk]k∈Ls .
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Applying (∗∗) inductively we obtain that for every sequence εs ↘ 0 there exist
infinite sets of positive integers Lm+1 ⊃ Lm+2 ⊃ ... ⊃ Ls ⊃ ... such that

‖PsT | span[Zk]k∈Ls
‖ < εs, for all s > m.

Denoting by I = {kj}j≥m+1 the diagonal sequence we have

‖PsT | span[Zkj ]j≥s‖ < εs, for all s > m.

By a perturbation argument we obtain a subspace ofXm, namely Ym = span[Zk]k∈I ,
and an operator (denoted again by) T : Ym −→ X satisfying PsT | span[Zkj ]j≥s = 0, for all s > m,

1
2a‖x‖ ≤ ‖Tx‖ ≤

1
2‖x‖, for all x ∈ Ym.

Let us denote by Rm : X −→ (
∑

s>m⊕Xs)lq the natural projection.
Suppose that we can find δ > 0, an infinite set L ⊂ I and, for each k ∈ L,

normalized elements zk ∈ Zk such that

‖RmTzk‖ > δ.

By passing to a subsequence (and perturbing the operator RmT , similarly as in
Proposition 1.1) we may assume that (RmTzk)k∈L are succesive in (

∑
s>m⊕Xs)lq

(with respect to the decomposition {Xs}s>m). Since r5m+1 > ... > r5m+5 > q
it is now clear that we can find real scalars {ak}k∈L such that z =

∑
k∈L akzk is

convergent in Xm while RmTz =
∑

k∈L akRmTzk is divergent in X, showing that
the above assumption is false. Hence, for all δ > 0 and every infinite set L ⊂ I we
can find k ∈ L with the property

‖RmTzk‖ ≤ δ‖zk‖, for all zk ∈ Zk.
Thus there exists a subsequence Ĩ of I such that, after some perturbations, we

get an operator (denoted again by) T : span[Zk]k∈Ĩ −→ X satisfying RmT | span[Zk]k∈Ĩ
= 0,

1
4a‖x‖ ≤ ‖Tx‖ ≤ ‖x‖, for all x ∈ span[Zk]k∈Ĩ

together with the following properties (by applying succesively Proposition 1.1):

(12)

 P1T : span[Zk]k∈Ĩ −→ X1 is block-diagonal,
. . .

PmT : span[Zk]k∈Ĩ −→ Xm is block-diagonal.

Applying Proposition 2.1(ii) to PmT : span[Zk]k∈Ĩ −→ Xm we find I0 ⊂ Ĩ,
|I0| = Nm with the property that, considering y =

∑
k∈I0 yk,

‖PmTy‖ ≤ 70N−αmm Nm
1

r5m+2 ≤ 70N−
αm
2

m Nm
1

r5m+2 .

Thus we can write

‖(P1 + ...+ Pm−1)Ty‖ ≥ ‖Ty‖ − ‖PmTy‖ ≥ (
1
4a
− 70N−

αm
2

m )Nm
1

r5m+2 .

Assume 1/(8a)− 70N−
αm
2

m ≥ 0. There exists s ∈ {1, ...,m− 1} such that

‖PsTy‖ ≥
1

m− 1
‖(P1 + ...+ Pm−1)Ty‖ ≥ 1

m− 1
1
8a
Nm

1
r5m+2 .
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Since 1/(m − 1) ≥ N
−αm2
m and, by our assumption, 1/(8a) ≥ 70N−

αm
2

m , the last
quantity from above is larger than or equal to 70Nm1/r5m+1 . This is a contradiction
since

‖PsTy‖ = ‖
∑
k∈I0

PsTyk‖ ≤ ‖
∑
k∈I0

Q1PsTyk‖+ . . .+ ‖
∑
k∈I0

Q5PsTyk‖

≤ 2Nm
1

r5s+1 + . . .+ 2Nm
1

r5s+5

where, at the last inequality, we used (12) and

‖QlPsTyk‖ ≤ ‖PsTyk‖ ≤ ‖yk‖ ≤ 2, ∀k ∈ I0, ∀l = 1, 5.

Hence we must have a ≥ 1/560 Nαm/2
m ≥ m, for all m ≥ 1, proving that X is

not isomorphic to its complex conjugate.
We will indicate how we can obtain continuum non-isomorphic complex struc-

tures on X . For a set A ⊂ {1, 2, . . .} denote by X(A) the Banach space defined by
X(A) = (

∑
m≥1⊕X̃m)lq where X̃m = Xm, if m ∈ A, or X̃m = Xm, if m /∈ A.

It is well known that there exists a family of infinite sets of positive integers
{At}t∈R such that |At ∩As| <∞, for t 6= s. Indeed, identifying N with the set of
all rational numbers, we let At be an arbitrarily fixed infinite sequence of rational
numbers converging to t, for every t ∈ R.

It should be noted that any two Banach spaces from the family {X(At)}t∈R are
not isomorphic. Indeed, let A,B ∈ {At}t∈R and let T be an isomorphism between
X(A) and X(B). Denoting Ac ∩ B = {n1, n2, ..., nl, ...} we can repeat the whole
argument for T |Xnl and get ‖T−1‖ ≥ nl, for all l ≥ 1. �

Corollary 3.2. For 1 ≤ p < 2, the space Lp contains a real subspace having
continuum non-isomorphic complex structures.

Proof. Let {rn}n≥1 be a strictly decreasing sequence of real numbers such that
p < rn < 2, for all n. Since, in this setting, Lp contains an isomorphic copy of
(
∑

n≥1⊕ lrn)lp , the conclusion follows from Theorem 3.1. �

4. Another Banach space with at least two

non-isomorphic complex structures

The following fact will be used in the proof of Theorem 4.1: if {qn}n≥1 is a
sequence of real numbers such that 1 ≤ qn < ∞, for all n, and E is an M -
dimensional subspace of (

∑
n≥1⊕lqn)l2 , then d(E, lM2 ) ≤M supn |1/qn−1/2|.

Indeed, denoting by Pj the natural projection of (
∑

n≥1⊕lqn)l2 onto its j-th
term, we have E ⊂ (

∑
n≥1⊕PnE)l2 and, by the result of Lewis [9],

d(PnE, ldimPnE
2 ) ≤ (dimPnE) |

1
qn
− 1

2 | ≤M | 1
qn
− 1

2 |, for all n ≥ 1.

Thus
d(E, lM2 ) ≤ d((

∑
n≥1

⊕PnE)l2 , l2) ≤M supn | 1
qn
− 1

2 |.

We can now prove the main result of this section.

Theorem 4.1. There exists a sequence rn ↗ 2 such that the space
(∑

n≥0⊕lrn
)
l2

contains a real subspace with continuum non-isomorphic complex structures.
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Proof. The sequence {rn}n≥0 will be defined inductively. We will also construct in-
ductively a sequence of positive integers {Nm}m≥1. Denoting ηm = (r5m−1, r5m−2,
. . . , r5m−5) for all m ≥ 1, we will then define XNm,ηm as one of the spaces discussed
in Section 2. Set αm = min{1/r5m−2 − 1/r5m−1, . . . , 1/r5m−5 − 1/r5m−4} (this
definition of αm corresponds to α from the construction in Section 2).

We start the inductive construction with η1 = (r4, r3, . . . , r0) such that 2 > r4 >
. . . > r0 ≥ 1. Having defined η1, N1, . . . , ηm−1, Nm−1 and ηm = (r5m−1, r5m−2, . . .,
r5m−5) we take Nm ∈ {1, 2, . . .} such that

(13) [Nαm
m ]

1
r5m−2

− 1
2 ≥ 100m.

Denoting by Mm = [Nαm
m ] we can then choose ηm+1 = (r5m+4, . . . , r5m) such that

2 > r5m+4 > . . . > r5m > r5m−1 > . . . > r5m−5 and

(14) M
1

r5m
− 1

2
m ≤ 2.

Let Xm = XNm,ηm be the space defined in Section 2 and treated as a subspace of
lr5m−1 ⊕2 lr5m−2 ⊕2 . . .⊕2 lr5m−5 . We will show that the space X = (

∑
m≥1⊕Xm)l2

is not isomorphic to its complex conjugate.
Suppose that T : X −→ X is an isomorphism with ‖T ‖ ≤ 1/2. Denote by

a = ‖T−1‖ and by Pj : X −→ Xj the projection of X onto its j-th term.
Let m ≥ 1 be arbitrarily fixed. Recall thatXm = span[Zk]k≥1. Arguing similarly

as in Theorem 3.1 (see (∗∗)) we can find an infinite set of positive integers I(= Im)
and an operator (denoted again by) T : Ym = span[Zk]k∈I −→ X such that PsT = 0, ∀s = 1,m− 1,

1
2a‖x‖ ≤ ‖Tx‖ ≤ ‖x‖, ∀x ∈ Ym.

We may also assume that PmT : span[Zk]k∈I −→ Xm is a block-diagonal operator
(see Proposition 1.1). By Proposition 2.1(i) we get a set K ⊆ I, |K| = Mm such
that

‖PmTyk‖ ≤ 24N−αmm , for all k ∈ K.
Let us denote by Rm : X −→ (

∑
s>m⊕Xs)l2 the natural projection. For every

choice of signs {εk}k∈K we can write

‖RmT (
∑
k∈K

εkyk)‖ ≥ 1
2a
‖
∑
k∈K

εkyk‖ − ‖PmT (
∑
k∈K

εkyk)‖

≥ 1
2a
‖
∑
k∈K

yk‖ − 24MmN
−αm
m .(15)

We have two cases. Assume first that 1/4a‖
∑
k∈K yk‖ ≥ 24MmN

−αm
m . Since

any Mm-dimensional subspace E of (
∑

s>m⊕Xs)l2 ⊂ (
∑

s≥5m⊕lrs)l2 satisfies

d(E, lMm
2 ) = d(E, l

Mm

2 ) ≤Mm

1
r5m
− 1

2 ≤ 2,

using the paralelogramic identity in l2, estimate (15) and our assumption we obtain∑
k∈K
‖RmTyk‖2 ≥

1
4

1
2Mm

∑
(εk)k∈K

‖
∑
k∈K

εkRmTyk‖2 ≥
1

64a2
‖
∑
k∈K

yk‖2.
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Since ‖RmTyk‖ ≤ ‖Tyk‖ ≤ ‖yk‖ ≤ 2 for all k ∈ K, we get

4Mm ≥
1

64a2
‖
∑
k∈K

yk‖2 ≥
1

64a2
M

2
r5m−2
m .

Thus, by (13),

a ≥ 1
16
M

1
r5m−2

− 1
2

m ≥ m.

In the other case, that is, 1/4a‖
∑
k∈K yk‖ < 24MmN

−αm
m ≤ 24MmN

−αm/2
m , we

have
a >

1
96
M−1
m N

αm
2

m M
1

r5m−2
m ≥ 1

96
M

1
r5m−2

− 1
2

m ≥ m.
The fact that X , as a real space, has continuum non-isomorphic complex struc-

tures follows in the same manner as in Theorem 3.1. �
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