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ABSTRACT. We propose a method of constructing explicit Banach spaces not
isomorphic to their complex conjugates as subspaces of a natural class of Ba-
nach spaces. In particular, it is shown that L, for 1 < p < 2, contains real
subspaces with at least two non-isomorphic complex structures.

1. INTRODUCTION AND NOTATIONS

In considering real Banach spaces which admit complex structure, a natural
question is whether we can construct at least two non-isomorphic complex struc-
tures. For a complex Banach space X we can define X, the complez conjugate of X,
to be the Banach space with the same elements and norm and the same addition of
vectors, while the multiplication by scalars is given by A ® # = Az, for A € C and
x € X. Obviously X and X are identical as real spaces and, in many cases, the
spaces X and X are in fact (complex) isomorphic. For example, when X has uncon-
ditional basis {e;};, the natural map J : X — X given by J(3_, tje;) = 3, t;0¢e;
is an isomorphism between X and X.

There are two types of known examples of complex Banach spaces not isomorphic
to their complex conjugates, one constructed by J. Bourgain [I] (with a variant by
S. Szarek [12]) and the other by N. Kalton [4]. As a consequence, these examples
provide the existence of a real Banach space which admits two non-isomorphic
complex structures.

In Bourgain’s example, the space X is an [o-direct sum X = (>, ® Xy);,, where
X, are suitable finite dimensional spaces obtained by considering certain random
norms on CV. Szarek’s variant of this example has the finite dimensional spaces
X}, obtained (again by random methods) as proportional dimensional subspaces of
Lk, for certain gx ™\, 2 and ny /" co. It should be noted that by this method it is
not possible to obtain an example of the same type with Xj C Ij*, for g < 2.

The space that Kalton constructed is a twisted sum of Hilbert spaces i.e., X
has a closed subspace E so that E and X/E are Hilbertian, while X itself is not
isomorphic to a Hilbert space. His example is a variant of the Kalton-Peck space
[3] and is constructed with a complex twisting function.
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2820 RAZVAN ANISCA

The purpose of this paper is to propose a method of constructing Banach spaces
not isomorphic to their complex conjugates as subspaces of a natural class of Banach
spaces. In particular we show that L,, for 1 < p < 2, and (3, ® I,,)i,, for
some 1, /' 2, contain real subspaces with at least two non-isomorphic complex
structures (in fact we can easily get continuum of such structures). This latter
example complements the results by Bourgain and Szarek. In addition, we can
exhibit a constructive version of the Bourgain-Szarek example (see Theorem 3.1).

Our argument is based on the approach introduced by Johnson, Lindenstrauss
and Schechtman in [2], then refined by Ketonen [8] and subsequently generalized
in the work of Komorowski and Tomczak-Jaegermann [5], [6], [7], where a general
method of obtaining subspaces without unconditional basis is presented. Compar-
ing to this latter case, in our context we have less linear operators available (a
criterium of the same type as in [5], [6], [7], [8] is not known for a space not to be
isomorphic to its complex conjugate).

Let us recall a minimum of standard notations from the Banach space theory
(see [10], [T1] and [14], together with other terminology not explained here).

A sequence {e;}; in a Banach space is called a (Schauder) basis if every vector
2z € X has a unique representation x = ) ;tje; as a sum of a convergent series.
A Banach space is said to have a finite dimensional decomposition {Zi} if every
vector x € X has a unique representation x = Zk zr as a sum of a convergent
series such that zx € Zi, for k = 1,2,..., and dim Zy < oo, for k = 1,2,.... In
this case we define the support of x with respect to the decomposition {Zx}x to
be supp = = {k|z; # 0}.

Let W,V be Banach spaces having finite dimensional decompositions { Wy, }, and
{V;}; respectively. Let T : W — V be a bounded linear operator. We say that
T is block-diagonal with respect to {Wy}, and {V;}; if for every k there exists a
finite set By C {1,2,...} such that

max B <minB; Vk,l€{1,2,...} with k <,
supp Twy, C Br Vwy, € Wy, Vk € {1,2,...}

where supp T'wy, is taken with respect to the decomposition {V;};es.
The following general observation will often be used in the sequel.

Proposition 1.1. Let W,V be Banach spaces having decompositions into 2-dimen-
sional spaces {Wy}i and {V;}; respectively. Let Wy, = span{wi g, wo}, for k =
1,2,..., and V; = span{uv1 j, va;}, for j =1,2,..., and suppose that {w1 i, wa i}k
is a w-null normalized basis in W and {vi j;, va ;}; is a normalized basis in V. Let
T:W — V be a bounded linear operator.

Then, for every € > 0, there exist a subsequence Iy C {1,2,...} and Ty :
WO = span{Wyrer, — V, a block-diagonal operator with respect to {Wi}rer,
and {V;};, such that

HT|W0 - T()H < €.

Proof. Denote by {w] ;, w3 ; }x and {v] ;, v3 ;}; the biorthogonal functionals asso-
ciated to {wi i, wo i}k and {v1 ;, v2 ;}; respectively. Then

limog ;(Twr ) =limvy ;(Twe ) =0, forallk=1,2,...,
i i

1i]£nvij(Tw1,k) = 1i]£nvij(Tw2,k) =0, forallj=1,2,...,
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SUBSPACES OF L, WITH COMPLEX STRUCTURES 2821

and similarly for v3 ;. Now, by a classical gliding-hump argument we can find a
subsequence Iy of I and a block-diagonal operator Ty : W° — V such that the
columns of Ty are approximated by the correspondent columns of T'. O

2. SUBSPACES OF I, @ lp, @ lp, ®lp, @Iy, NOT WELL ISOMORPHIC
TO THEIR COMPLEX CONJUGATES

We will present a construction of infinite dimensional subspaces of l,, ® l,, ®
lpg @lp, ®lp, (1 < ps < ... < p; < oo) whose Banach-Mazur distance to their
complex conjugates is arbitrarily large.

Let p = {(p1,p2,-.»p5) | 1 <p5 < ... < p1 < o0}

For every n = (p1,...,p5) € p and N € N we will construct a Banach space X,
as follows: we will define 2-dimensional subspaces Z, of I,, ®...®1,, (depending on
N and 1) which will form an unconditional decomposition for X, = 5pan [Zx]i>1.

Fixn € pand N € N. For ¢ = 2,...,5 set a; = 1/p; — 1/pi—1, and let
a =min {ay,...,as}. Fix a positive integer A > 2 a3/aq + 5.

Denote by {fjx}r the natural basis of I, (j = 1,...,5). Define the vectors xy,
and yi spanning Zx (k =1,2,...) by the formulas

Ty = [ tnfak +r2far +3f5k
Y = fo.k +y2far +iv3fsk

where y; = N7203 yy = N~4Hasta4) and y5 = N astaatas)

It is easy to see that the decomposition {Zj },>1 is 1-unconditional and z1, y1, 2,
Y2, ... form a Schauder basis in X, (and also in YNJ,). This is a shrinking basis
(and hence w-null), since otherwise we can find § > 0 and disjointly supported
normalized blocks {w;}; (with respect to the decomposition {Z }x>1) such that for

all {al}l € Coo
1Y " aw > 6 Ja,
l l

contradicting the fact that {w;}; satisfy an upper ps-estimate.
The next result, concerning the behavior of the linear operators acting from Xy ,
to X n,,, will be essential for the proof of Theorem 3.1.

Proposition 2.1. Let n € p and N be a positive integer.

Let I C {1,2,...} be an infinite set and consider Y to be the subspace of Xn
defined by Y = span[Zy|xer. Consider T :' Y — Xy, to be a block-diagonal
operator (with respect to {Zy}rer and {Zg}r>1) with ||T|| < 1. Then

(1) There exists a finite set J C I such that
max{[|Tagll, |Tyrl} < 24N7%,  for all k€ I\ J.

(ii) Let {I;}1>1 be a family of disjoint subsets of I with the property that |I;| =
N, forall 1 > 1. Let 31 = ) o a(k)zr, Yi = D ep ai(k)yr satisfy
Y oken l(k)[P2 =1, for I = 1,2,.... Then there exists a finite subset
Jo C {1,2,...} such that

max{||T@ |, | T7ll} < TON~®,  for all € {1,2,..}\ Jo.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2822 RAZVAN ANISCA

Combining Proposition [.Tland Proposition 2.1] (i) we obtain

Corollary 2.2. Let n € p and N be a positive integer. Then
— 1 o
d(XvaXNm) 2 l_OON :

Remark. In the same circle of problems, we should mention the result of Szarek [13]
showing that in the finite dimensional case one may have the extremal situation
dY,Y) = O(dimY).

Proof of Proposition[Z. Because T is block-diagonal with respect to {Zj }rer and
{Zx}k>1, for every k € I there exist a finite set By C {1,2,...} and sequences of

scalars uy = <M)j, vV = (m)j, Wy = (K(j))j, S = (m)] (we start off

with complex conjugate sequences for convenience only, since this will later produce
some simplification of writing) such that

max B < min B;, Vk,l € I with k </,

Tap =Y jep, () © 25+ 0 ©13) = S jep, (u(i)e; + o))

Ty =S jen, (060) @25 +50) ©5) = Xjem, (wrli)a; + 54(i)ys)
Thus, for all k € T

Ty = Y wfig+ O se@fag+ Y. nwn(i)fa;

JEBy JE By JEBy
(1) > v (wi() + sk() fag + > s (wi(d) +isk(5)) fo.4-
JEBy JEB

We will only prove the estimates in (i) and (ii) involving yi’s (the others can
be obtained similarly). The proof of (i) is presented in a few steps.

Let Qp: lp, ® ... ® 1y, — lp, be the canonical projection (I =1,...,5).

Step 1. We show first that there exists a set A; C I, |A1| < N such that

(2) nll " we(i) fa ll <3NT®, for allk eI\ Ay
JEBy
Indeed, let A; be the set of all £ € I such that~'yl|| > jen, We(j)fs,5] > 3N~*, and
assume that |4;| > N. Then choose a subset A of A; of cardinality N and consider
the vector y = >, . i yr. We have
lyl| = N7z + N7a—4eatan) | ypg-Maatastas) < 3n5s

and
1
1Tyl = 1QsTyll = 1Y > nww(i)fzzll >3N "N,
kcAJEB
Since | Ty|| < |IT|| Iyl < ||y, we get the contradiction.
In a similar manner as above we can obtain Ag, A3 C I, |As|,|As| < N satisfying

(3) Yl Y (wi(h) + s6(4)) fail <3N, forall k€ I\ A,
JjEByg

(4) vl Y (wi(j) +isk(d)) f5.5ll < BN, forall k € I\ As.
JEBY,
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Combining (@), @), B) and @) we find a set A C I, with |A| < 3N such that
B) Tyl <1 Y- welD gl + 1D seli)fagl +9N"% Wk eI\ A

JEBg JEBy

Step 2. By considering elements of the form z =, _ 5 x, with Acl, |fi| =N
we can obtain in an analogous way as @) a set A4 C I, with |A4] < N such that

(6) I ok() foill < ANT®, forall k€ T\ Ay,
JEBy
Step 3. We show that there exists a set A5 C I, |A5| < N* such that
(M 1D (i) +oe(d) — wn(G) = sw(5) fasll BN, Vk € T\ 4s.
JEBy

Indeed, let A5 be the set of all k € I such that
I (i) +ok(5) = we(d) = s1(5) fagll > BN~
JEBy
and assume that |A5| > N*. Then pick a subset A of A5 of cardinality K := N*
and consider the vector z = ), _ 1(zx — yx). We have
||Z|| _ Kﬁ _’_Ké + N—QagKiJrOB + N—)\(a3+oz4+oz5)\/§K£+a3+a4+a5
while

Tzl = 1QaT=l =72l D > (u() +v(i) — wi () = sx(f)) fasl

ke AJEBk
> N Hastaq) 5N—a4Ké+a3+a4.
But this contradicts || Tz]] < ||z|| since, by the choice of A,
N_4(O(3+O(4)N_O‘4Ki+a3+a4

1 1 1
> max{KE , N 2% K5y Jrozg7 N_)‘(O‘3+O(4+O(5)KE+O‘3+O‘4+O‘5 }

Step 4. This is a stronger estimate than (2)) (and could have been proved directly
instead of (Z)). We show that there is a subset Ag C I, with |Ag| < N * such that

(8) 1> we(G) fs5] <3N, forall k eI\ Ag.
JEBk

For the proof take a vector y = >, _ 7 yx, with A a subset of cardinality N ® of the
set of all k € I such that || > ,cp wi(j)fs,;] > 3N~22. Then estimate |y| from

above and ||Ty|| from below by using the definition of ;’s and A.
As a remark, note that since {f1 ;}; is dominated by {fs ;}, we also have the
estimate analogous to (B)

(9) 1> we(G)fry]l <3N, forall k€ I\ Ag.
JEBy

Step 5. By considering elements of the form z = >, _ 7(zx + iyx) with |A| large
enough, and taking into account that

Tz=) (Tap+ioTy) =Y  (Tz, —iTys),
ke A k€A

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2824 RAZVAN ANISCA

one can find a finite set A7 C I such that
(10) 1 (uk(d) + sk (d) + vk () — iwi () fo.5ll <BNT®, Vk € I\ Ag.
JEBk

Since p1 > py > ps > pg > ps it follows that {fgd‘}j is dominated by {f&j}j,

{fas};s {fs.;};- Combining this with (@), (@), @), (@) we obtain a finite set
A,(: AyUA5 U Ag U A7) such that

(11) 1> sk() fagll <12N7%, forallke I\ A"
JEBy

Using (9) and () in (B) we get a finite set J(= AU A’) satisfying
ITyel| <24N%, forallkel\J

(ii) By ignoring a finite number of sets from the family {Il}l21 we can suppose
that I; € I\ J for all [ > 1. In particular, for each [ € {1,2,...} we have

2AN= > [Tyl > max{[|QuTuell, |QoTuil}, for all k€ I
Looking at T'y; we can write, for each [ € {1,2,...},

1T = 1S a®@Tol + 1S ak)QaTuel +11(Qs + Qs+ Q)T
kel kel
< 24NTT <(Z Ja(R)[P)7T + (D |al(k)|p2)5> + (@3 + Qa + Qs) Tl
kel kel
< 48N+ QsT ol + ([ QaT il + Qs Twull-

We show that there exists a subset A C {1,2, ...}, |A| < N such that
1QsTyi|| <3N~ Vie{l,2,..}\ A

Indeed, let A be the set of all I € {1,2,...} satisfying ||QsTy| > 3N~%, and
assume that |A| > N. Choose a subset Ay of A of cardinality N and consider the
vector y = > ;4 Y- We have

lyll =1 au(k) yall

leAy kel
SO WICISERRE) 3D SNCIIERSH) D MCIOE
leAg kel leAg kEIl lEAp kEI;
< NéJr(yQ(NQ)' “92 3 (N2)s E) ZZIal )|P2) 72

leAg kel
— N 4 N-2estad) Npz 4 N—-(A-2)(astastas) Nog
This contradicts ||T']] < 1 since
ITyll = 1QsTyl =1 Y QsTal > 3N *N7s.
leAy

Arguing similarly for Q4T'y; and Q5Ty; we obtain the conclusion. O

Remark. Proposition 2.1] will still be true if we consider X N, as a subspace of
lpy ®qlp, Bq ... Bq lp,, for some ¢ > 1 (note that, in this case, Xy, is the same
vector space as before endowed with an equivalent norm).
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3. SUBSPACES OF L,, 1 < p <2, WITH AT LEAST TWO NON-ISOMORPHIC
COMPLEX STRUCTURES

Theorem 3.1. Let (ry)n>1 be a strictly decreasing sequence of real numbers, with
rn > 1 for all n, and let ¢ € [1,lim, oo 1y]. There exists a subspace X of
(> 51 D lr, )1, which is not isomorphic to its complex conjugate. Furthermore,
we can construct the subspace X such that, as a real space, it has continuum non-
isomorphic complex structures.

Proof. For each m = 1,2,... we will define X,,, as one of the spaces Xy, dis-
cussed before for the following choice of the parameters involved. Let 7, =

(T5m41,T5m42s -+ Tsm4s) € . Set

. 1 1 1 1
Qy, = min — ey - .
Tsm+2 Tsm+1 s5m+5 Ts5m+4

(This definition of ay, corresponds to « from the main construction in Section 2,

and it hopefully will not get confused with the notation as,...,as used there.)
Finally, fix a natural number N,, > (560 - m)2/a"". Now, let X, = Xn,, .. be the
space defined in Section 2, treated as a subspace of I, ., Dqlrs,io Bg - Dglrs s
(see the Remark after Proof of Proposition 2.1]).

We will show that the space X = (3, -, ®X,y,);, is not isomorphic to its complex
conjugate X = (3°,,~; ®Xm)i, -

Suppose that T : X — X is an isomorphism with ||7]| < 1/4. Denote by
a=|T~! and by P; : X — X the projection of X onto its j-th term.

Let m > 1 be arbitrarily fixed. Recall that X,,, = Span|[Zg]x>1.

Let s > m. We will show that

VL C {1,2,...} infinite set Ve, > 0 3k € L such that
|1 PsT || < esllzill, Yz € Zy.

(%)

If not we can find €, > 0, an infinite set {k;};>1 and, for each j > 1, normalized
elements z; € Zy, satisfying

1
e SIPT5l (= (IQUPT= 7 + .o+ [QsPT2 )} )

By passing to a subsequence (apply Proposition [[-1] to PST|W[Z,€,]7.>1) we may
jiI=

assume that (PsT'z;);>1 are successive in X, and also
|Q1PsT %5 > ;—‘5, for all j > 1.
The contradiction occurs when we observe that, for all positive integers M,
. M M M . )
M 2 1Y 2lx, 2 IPT( %)y, 2 1@u(3 PT2)l = S
J=1 j=1 j=1

Relation (x), applied successively, now easily implies, for s > m,

VL C {1,2,...} infinite set Ve; > 0 3L C L infinite set such that
|1 PsTx|| < el Vo € span|Zk|keL, -

()
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Applying (#*) inductively we obtain that for every sequence €5 \, 0 there exist
infinite sets of positive integers Ly,+1 D Lmt+2 D ... D Lg D ... such that

| PsT | spanzifucs, || < €5, for all s >m.
Denoting by I = {k;};>m+1 the diagonal sequence we have
| PsT | W[ij]jst < €5, forall s>m.

By a perturbation argument we obtain a subspace of X,,,, namely Y,,, = Span|Z|ker,
and an operator (denoted again by) T :Y,, — X satisfying

PsT | span(zy,);», = 0, forall s >m,

x| < ||T| < 4|, for all z € Y.

Let us denote by Ry, : X — (3., ®X,);, the natural projection.
Suppose that we can find § > 0, an infinite set L C I and, for each k € L,
normalized elements z € Z; such that

||RmTZkH > 0.

By passing to a subsequence (and perturbing the operator R,,T, similarly as in
Proposition ) we may assume that (Rn,Tzy)rer are succesive in (3, &X,),
(with respect to the decomposition {X }ssm). Since rsmi1 > ... > Tsmas > q
it is now clear that we can find real scalars {ax}rer such that z = >, agpzy is
convergent in X,,, while R,,,Tz =) kel ax Ry T 2y, is divergent in 7, showing that
the above assumption is false. Hence, for all 6 > 0 and every infinite set L C I we
can find k € L with the property

|RmTzk|| < 0|2k, forall zx € Z.
Thus there exists a subsequence I of I such that, after some perturbations, we
get an operator (denoted again by) 7' : span|Z], .; — X satisfying
BT span(zi),c; = 0
wllzl <N Ta) < =), for all » € Span(Z.c
together with the following properties (by applying succesively Proposition 1.1):

P T: span[Zk]keI~ — X is block-diagonal,
(12)
P,T: span[Zk]keI~ — X, is block-diagonal.

Applying Proposition 2Z11ii) to P,T : span[Zi,.; — X, we find Iy C I,
|Io| = N,, with the property that, considering y = Zkelo Yk,
1
| P Tyll < TON,, " Ny "5tz < TONp, N, ==
Thus we can write

1 _am 1
[P+ et P )Tyl Tyl — [Pyl > (- — TON7 F )N, e

Assume 1/(8a) — 70N, *" > 0. There exists s € {1,...,m — 1} such that

1
P, P,,_)T _ —N T5m+2
H( 1+...+ 1) y||7 ~1 3a

15Tyl = —

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SUBSPACES OF L, WITH COMPLEX STRUCTURES 2827

Since 1/(m — 1) > Ny, * and, by our assumption, 1/(8a) > 70N, ° , the last
quantity from above is larger than or equal to 70N,,/">m+1 This is a contradiction
since

1Pyl

I Pyl < 1> QuPTyill + -+ 1D Qs Pyl
kel kel kel
1 1

< 2N, 01 4 ...+ 2N, Eets
where, at the last inequality, we used ([[2)) and
QP Tyx|l < [|1PsTyxll < llykll <2, Vk € lo, VI=1,5.

Hence we must have a > 1/560 Nﬁ;”"/2 > m, for all m > 1, proving that X is
not isomorphic to its complex conjugate.

We will indicate how we can obtain continuum non-isomorphic complex struc-
tures on X. For a set A C {1,2,...} denote by X (4) the Banach space defined by
XM = Ot @)A(:m)lq where )A(:m =X, ifmeA, or )Z'm =X, if m ¢ A.

It is well known that there exists a family of infinite sets of positive integers
{A;}ter such that |A; N Ag| < oo, for ¢t # s. Indeed, identifying N with the set of
all rational numbers, we let A; be an arbitrarily fixed infinite sequence of rational
numbers converging to ¢, for every ¢t € R.

It should be noted that any two Banach spaces from the family {X (A‘)}teR are
not isomorphic. Indeed, let A, B € {A:}1cr and let T be an isomorphism between
X and XB). Denoting A° N B = {ni,na,...,n;,...} we can repeat the whole
argument for T'| x, and get T > ny, for all I > 1. O

Corollary 3.2. For 1 < p < 2, the space L, contains a real subspace having
continuum non-isomorphic complex structures.

Proof. Let {rp}n>1 be a strictly decreasing sequence of real numbers such that
p < r, < 2, for all n. Since, in this setting, L, contains an isomorphic copy of
(>n>1® lr, )1, the conclusion follows from Theorem 3.1. g

4. ANOTHER BANACH SPACE WITH AT LEAST TWO
NON-ISOMORPHIC COMPLEX STRUCTURES

The following fact will be used in the proof of Theorem 4.1: if {g,}n>1 is a
sequence of real numbers such that 1 < ¢, < oo, for all n, and E is an M-
dimensional subspace of (3, -, ®ly, )i,, then d(E,151) < M suPn [1/an=1/2],

Indeed, denoting by P; the natural projection of (3", -, ®l,, ), onto its j-th
term, we have E C (3, -, ®P,E);, and, by the result of Lewis [9],

1

d(P,E,18™ PPy < (dim P, E) a2 < Mlar =2l forall n > 1.
Thus
d(E, 13" < d(Y &P, E),, l2) < M™Pnlan =21,
n>1
We can now prove the main result of this section.
Theorem 4.1. There exists a sequence ry, / 2 such that the space (Zn>0 @lrn)

l2
contains a real subspace with continuum non-isomorphic complex structures.
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Proof. The sequence {7, }n>o will be defined inductively. We will also construct in-
ductively a sequence of positive integers { Ny, };m>1. Denoting 7, = (rsm—1, "sm—2,
..., Tsm—5) for all m > 1, we will then define Xy, ., as one of the spaces discussed
in Section 2l Set ay, = min{1/rsm—2 — 1/rsm—1,---,1/Ts5m—5 — 1/T5m_4} (this
definition of a,, corresponds to « from the construction in Section [J).

We start the inductive construction with n1 = (r4,73,...,70) such that 2 > ry >
...>1g > 1. Having defined n1, N1, ..., Nm—1, Nim—1 and 0y, = (Fsm—1,T5m—2, - - -
Tsm—5) we take N, € {1,2,...} such that

(13) [N&m]m=2 2 > 100m.

Denoting by M, = [N2m] we can then choose 941 = (Fsm+4, - - -, T'5m) such that
2> T5mya >0 > T5m > Tsm—1 > ... > T5m—5 and

1 1

(14) My 2 <2

Let X,, = Xn,,.n,. be the space defined in Section Pland treated as a subspace of
Lrs_y ®2lrs,_o ®2... @21y, . We will show that the space X = (3, <, ®Xom)i,
is not isomorphic to its complex conjugate. B

Suppose that T : X — X is an isomorphism with ||7]| < 1/2. Denote by
a=|T7! and by P; : X — X the projection of X onto its j-th term.

Let m > 1 be arbitrarily fixed. Recall that X,,, = Span[Zy]x>1. Arguing similarly
as in Theorem 3.1 (see (x%)) we can find an infinite set of positive integers I(= I,;,)

and an operator (denoted again by) T :Y,, =Span[Zj]re; — X such that

PT =0, Vs=1,m-—1,
asllell < 1Tl < flzfl, V€ Vi,

We may also assume that P,,T : 8pan|Zi)rer — X, is a block-diagonal operator
(see Proposition [[T]). By Proposition 2Z1)i) we get a set K C I,|K| = M,, such
that

|1 P Tyi| < 24N,,“™, forall k € K.

Let us denote by Ry, : X — (3.,
choice of signs {e }rex we can write

®X,);, the natural projection. For every

1
BT exwll > ool D exwell = [PnT (Y exu)|
keK keK keK
1 _
(15) > ol Y well = 24M N
keK

We have two cases. Assume first that 1/4al| Y, cp vkl = 24M,, N, %™, Since

any M,,-dimensional subspace E of (3 ®X), C (X s>5m ®l,, )1, satisfies

s>m
(B, 13 = d(E,1,"™) < Myom % <2,

using the paralelogramic identity in I3, estimate ([H) and our assumption we obtain

1 1 1
ST IRn Tyl > 1 9 ST BTy > 1l > unl®.

keK (ex)kerx keEK keK
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Since || Ry Tyk| < [|Tyx| < [lyll <2 for all k € K, we get

2

1 1 a2
AM.. > 2 > M'5m—2.
el kez;(y’“” = 64a2 "

Thus, by (I3),
1 i
a > —M 5m—2 > m.
In the other case, that is, 1/4a|| D, cx yxll < 24M,,, N ;™ < 24Mm]\f,;a’”/27 we
have
1 —1 a7 "'511%,—2 1 "'5;—2 —3
The fact that X, as a real space, has continuum non-isomorphic complex struc-
tures follows in the same manner as in Theorem 3.1. O
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