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ABSTRACT. A family of pseudovarieties of solvable groups is constructed, each
of which has decidable membership and undecidable extension problem for
partial permutations. Included are a pseudovariety U satisfying no non-trivial
group identity and a metabelian pseudovariety Q. For each of these pseudova-
rieties V, the inverse monoid pseudovariety S1%V has undecidable membership
problem. As a consequence, it is proved that the pseudovariety operators x*,
*k, @), &, On, and P do not preserve decidability. In addition, several joins,
including A V U, are shown to be undecidable.

1. INTRODUCTION

A fundamental question in mathematics is the following: given a mathematical
structure X and a set of partial automorphisms S of X, is it possible to find
a superstructure Y 2O X and a set of automorphisms 7 extending the partial
automorphisms of &, possibly subject to some constraints on Y and 7. As an
example of the ubiquity of this problem, consider group theory: given a group G
and a collection {y; | ¢ € I'} of partial automorphisms of G, Higman, Neumann and
Neumann [I1] constructed a larger group H in which these partial automorphisms
are induced by (inner) automorphisms of H. The construction is now known as an
HNN-extension. A variation of the problem is especially important in finite model
theory. Hrushovski [12] studied this problem for the class of all finite graphs with
the constraint that Y be finite and showed that appropriate Y and 7 can always
be found. This was later generalized to exclusion classes of arbitrary relational
structures by Herwig and Lascar [10]. Further examples can be found in the book
of Lawson [14].

In the present paper, we shall deal with the following variant. Let H be a
pseudovariety of groups (that is, a class of finite groups closed under taking finite
direct products, subgroups and quotients) with decidable membership problem.
The extension problem for partial permutations for H (also called the extension
problem for H, for short) asks for an algorithm to determine, given a finite set
X and a set S of partial permutations of X, whether there exists a finite superset
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2694 K. AUINGER AND B. STEINBERG

Y D X and a set 7 of permutations of Y extending those of S such that 7 generates
a group in H. Equivalently, one asks for an algorithm to determine whether a
finite inverse automaton [33] can be embedded in a permutation automaton with
transition group in H. Note that, if H has decidable membership then the set of
these automata is recursively enumerable.

For the pseudovariety G of all finite groups, the problem is trivial since one can
always take Y = X and extend the partial permutations to total permutations;
this is used implicitly by Stallings [32] and McAlister [17]. Margolis, Sapir, and
Weil studied this problem systematically in [15] for more general pseudovarieties.
In particular, they showed that the extension problem for H is decidable if there
exists a uniform algorithm to determine membership for the closure of a finitely
generated subgroup of a free group F in the pro-H topology. Ribes and Zalesskii [21]
provided such an algorithm for the pro-p topology (refined to polynomial time
in [15]); therefore the extension problem is decidable for the pseudovariety of all
finite p-groups G,. By the analogous result for the pseudovariety of all finite
nilpotent groups G;; [15], the extension problem is decidable for G,;. It follows
from results of the second author [26] that the extension problem is decidable for
each pseudovariety of Abelian groups H with decidable membership. The extension
problem for the pseudovariety of all finite solvable groups is open and is considered
to be one of the most important open questions in finite monoid theory. A solution
would have important consequences in logic; see Straubing and Thérien [34].

Our main result is the construction of a family of pseudovarieties of solvable
groups, each of which has decidable membership problem but undecidable extension
problem. Among these are: a pseudovariety U which does not satisfy any non-
trivial group identity; a metabelian pseudovariety Q C U — this is in marked
contrast to the aforementioned situation for Abelian pseudovarieties; for each n > 3
a pseudovariety Q,, consisting of solvable groups of derived length at most n (and
containing a group of derived length equal to n). As an application, we obtain many
undecidability results for the theory of finite monoid pseudovarieties, including
that virtually all frequently considered pseudovariety operators do not preserve
decidability. Let us put this result in context.

In [I], Albert, Baldinger and Rhodes presented a striking example of a finite set
of identities E for which the join [E]V Com of [E], the pseudovariety defined by E,
with the pseudovariety Com of all commutative monoids has undecidable member-
ship — clearly, Com and [E] do have decidable membership. Some generalizations
have been obtained by Sapir; the reader is referred to the interesting survey on al-
gorithmic problems in algebra by Kharlampovich and Sapir [13]. Similar examples
(with slightly different choices of E) have been constructed by Rhodes [22] showing
that the semidirect, the two-sided semidirect, and the Mal’cev products of two pseu-
dovarieties with decidable membership may no longer be decidable. Also, Rhodes
proved [22] that the 2-fold Schiitzenberger product operator {4 applied to a decid-
able pseudovariety (of the above sort) can yield an undecidable pseudovariety (see
Pin [19] 20] for relevant definitions). Rhodes and the second author [23] showed
that [E] also has undecidable pointlike sets. All these examples use the fact that
it is undecidable which identities are satisfied by the members of [E]. None of the
pseudovarieties in the above undecidability results are pseudovarieties of groups.

For the decidable pseudovariety U, we shall find plenty of examples of decidable
pseudovarieties of monoids [semigroups| V for which V«U =V xx U, V @ U,
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and V VU are undecidable. Amongst these are: S1xU, JxU, J @ U, RxU, LxU,
DA % U (note that, for the latter three, the semidirect product * may be replaced
with the Mal’cev product, but J « U # J @ U by [6]), Com VvV U and A v U. For
the monoid Co1 = (a |a® =0) = {1,a,a* = 0}, we also show that (Cy1) V U is
undecidable. Moreover, all the pseudovarieties {»,,U are undecidable as is the full
Schiitzenberger product $U (for relevant definitions, consult [19, 20]). The same
results hold for U replaced with Q or Q,,. The results imply, in particular, that it
is hopeless to attempt to establish the decidability of the dot depth hierarchy via
a general result on the preservation of decidability by the Schiitzenberger operator
& (see [19) 20] for more information on this open problem in language theory).
In addition, the power pseudovariety PU is undecidable (see Almeida [2] for the
relevant definitions). Analogous results are obtained replacing U with LU.

2. THE CONSTRUCTION

Let us first state two straightforward facts. (With the exception of free groups,
all semigroups and groups in this paper are finite.)

Lemma 2.1. Let G and H be groups of co-prime order; then, for each (g,h) €
G x H, there is a positive integer n such that g" = g and h™ = 1.

This implies that each subgroup K of G x H (including each normal one) is of
the form K = Gy x Hy with G; < G and H; < H. In particular, each quotient of
G x H is of the form G/G; x H/H;. An immediate consequence is the following.

Lemma 2.2. Let H,, n € N, be pseudovarieties of groups with pairwise trivial
intersection. Then the join
V H,

neN
consists of all finite direct products H,, x Hyp, x --- x Hy, with H,, € H,,, and
{n1,...,nk} a finite subset of N.

Let Gcom be the pseudovariety of all Abelian groups; for a prime p, let G, be
the pseudovariety of all p-groups, Gy, com = Gp N Geom and Ab,, the pseudovariety
of all Abelian groups of exponent p. For two pseudovarieties of groups K, L, let
K x L denote the pseudovariety generated by all semidirect products of members
of K by members of L. By the theorem of Kaloujnine-Krasner (see Eilenberg [8]),
K % L is the class of all groups which are extensions of a group in K by a group in
L. In particular, if K and L have decidable membership, then so does K * L.

We observe that the existence of a recursively enumerable subset of N which
is not recursive is the same as asserting that there exists a computable injective
function f: N — N for which the image of f is not recursive.

Let p1 < pa < --- be the sequence of all primes in increasing order. Let A consist
of the primes with odd index and B the primes with even index. Since A and B are
isomorphic to N by computable isomorphisms, there exists an injective recursive
function f : A — B whose range C = f(A) is not recursive. Set D = B\ C.
Observe that AU C' is recursively enumerable, but not recursive, and that D is not
recursively enumerable and therefore not recursive.

Define the pseudovariety U by

U= \/ Gp * Gf(p),com v \/ Gp,com-
pEA peD
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2696 K. AUINGER AND B. STEINBERG

For convenience, set U, = Gy, * G () com and V,, = (ZpZ ZpZ, ZpZ 2 Z/f(p)Z)
for p € A, and put
Q=\/V,v\/ Ab,.
peA peD

Note that V,, C U, and V,, has decidable membership since it is finitely generated.
If in the definition of Q, each V,, is replaced with Ab, *---x Ab, * Ab(,) (Ab,
taken n — 1 times), then one gets a pseudovariety Q,, of groups of derived length
at most n (containing groups with derived length equal to n), and Q C Q,, C U
for all n > 3. All results stated in this paper about Q,, assume n > 3.

Proposition 2.3. The pseudovarieties U, Q and Q,, have decidable membership.

Proof. We handle the case of U, the others being analogous. Let G be a group and

let aq,...,ax be those prime divisors of |G| which are in A, and dy,...,d, those
which are in B\ {f(a1),..., f(ax)}. Then, by Lemma 2.2, G € U if and only if
k n
Ge\/ UuV\ Gacom
i=1 j=1

and the latter has decidable membership, again by Lemma 221 (or using [28, Corol-
lary 14.3]). O

The intuition behind this construction is that, although each of these pseudovari-
eties has decidable membership, it is undecidable whether a given group G admits
a “good” co-extension within the respective pseudovariety. More precisely, this
means the following.

Lemma 2.4. Let V be any of U, Q,, or Q.

(1) For each p € AUC there exists a prime q so that each co-extension of Z/pZ
by an elementary Abelian q-group is in V.

(2) For each p € D, if G is an Abelian p-group in V, then each co-extension of
G in 'V is of the form K x H where H is an Abelian p-group co-extending
G and |K]| is co-prime with p.

Notice also that the set of quasi-identities of the form
2" =1—-ay=yxr (neN)

satisfied by all members of U [respectively, Q, Q,] is not recursive.

3. THE EXTENSION PROBLEM

The main result of the paper is the following.
Theorem 3.1. The extension problems for U, Q and Q,, are undecidable.

Proof. For each prime p we construct a finite inverse automaton A, as follows.
The state set consists of the elements qo,...,qp—1,70,...,7p—1,5. There are edges
labeled by a from ¢; to ¢;+1 and r; to r;11 (the indices taken mod p). In addition,
there are two edges labeled by b: one from ¢y to g, the other from ¢; to s. All
edges are reversible to get an inverse automaton: one can traverse them backward
by application of the appropriate letter from {a=!,b=1}. See Figure [l for the case
p=>5.
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FIGURE 1. The inverse automaton As.

We prove that if p € AU C, then A, embeds in a permutation automaton over
V,, for some ¢, while if p € D, then A, does not embed in a permutation automaton
over U.

Suppose that p € AU C. Then there exists ¢ € A such that ZpZ € V. Indeed,
if p € A, then we may take p = ¢; if p € C, then p = f(q) for some ¢ € A
and so ZpZ € V4. Let C, = (x | 2P = 1) be a cyclic group of order p, written
multiplicatively, and V' be the additive group of the group ring

Z/qZ Cp = {/\0 + Mz + -+ /\p_la:p_l | Ai € Z/qZ}

Let G =V x C), be the semidirect product with respect to the natural left action of
Cp on V. Then G is isomorphic to the wreath product Z/qZ { Z/pZ and so G € V.
Consider the subgroup H = (a,b) of G generated by a = (0,z) and b = (1,1).
Then, for n = 0,...,p — 1, all the elements a™, ba™ and ab are distinct from each
other since a™ = (0,z™), ba™ = (1,1)(0,2)" = (1,2") and ab = (0,2)(1,1) = (z, );
moreover, a? = (0, 1), the identity of H. It follows that A, embeds in the Cayley
graph of H with respect to {a,b}. This graph is a permutation automaton with
transition group H € V.

Now let p € D; we show that A, does not embed in a permutation automa-
ton with transition group in U. Suppose, by contrast, that A, does embed in a
permutation automaton P with transition group G € U. We may assume that G
is generated by a and b. Then, by Lemma Z2, G = K x H with H an Abelian
p-group and the order of K co-prime with p. Suppose that a = (k,h). Since a
labels a circuit of length p in A, and hence in P, the order ordg(a) of a in G must
be a non-zero multiple of p; therefore h # 1.

By Lemma [ZI] there exists an integer [ such that k' = 1 and h! = h. Conse-
quently, a' = (1, k) is central in G and therefore a' commutes with b in G. On the
other hand, from h! = h it follows that [ = 1 mod p", where p" = ordg (h), whence
I = 1 mod p. Therefore, when reading a'b from ¢o in Ap, one ends up at s while
qoba' = ry. Since s # rq this is a contradiction. O

According to [15, [30], to say that an inverse automaton A embeds in a permuta-
tion automaton over a group G in a pseudovariety H of groups is the same as saying
that the transition inverse monoid I of A is in the inverse monoid pseudovariety
Sl H (that is the class of all inverse monoids which have an E-unitary cover over
H). We have thus proved the following.

Theorem 3.2. Each inverse monoid pseudovariety in the interval [S1x Q, Sl U]
has undecidable membership problem.
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Taking into account that Q is metabelian, this is in marked contrast to the
results of [26] which imply that, for each decidable pseudovariety of Abelian groups
H, the extension problem for H is decidable (and thus membership in Sl H, as
well).

Let A be a connected finite inverse automaton over an alphabet X and ¢ a vertex
of A. Then the fundamental group 71 (A4, ¢) is a finitely generated subgroup of the
free group on X. If, for a pseudovariety of groups H, one can effectively determine
membership in the pro-H closure of 71 (A, ¢), then one can decide whether A embeds
in a permutation automaton with transition group in H [30, Theorem 5.12] (which
extends the case of reduced automata considered in [15]). One easily computes
m1(Ap, qo) = (aP, baPb™ 1), leading to the following result.

Corollary 3.3. Let F' be a free group on at least two generators. Then there is
no algorithm which, given as input a finite subset W of F and an element w of

F, decides if w is in the pro-U [pro-Q, pro-Q.,/J closure (W). In fact, no such
algorithm exists even when W is restricted to consist of two (conjugate) elements.

4. APPLICATIONS TO UNDECIDABILITY OF PSEUDOVARIETIES

We now prepare to prove several undecidabilty results for pseudovarieties of
monoids. The reader is referred to [2, 8] for basic definitions from monoid theory.
If V is a pseudovariety of monoids [semigroups| and H is a pseudovariety of groups,
then V @ H is the pseudovariety generated by all monoids [semigroups| S for which
there is a morphism ¢ : S — G € H such that ¢=1(1) € V. On the other hand,
V x H is the pseudovariety generated by all semidirect products of members in V
by members in H. Hence V+«H C V @ H. If V is local in the sense of Tilson [35],
then equality holds (cf. Henckell, Margolis, Pin and Rhodes [9]).

Recall that for a pseudovariety V of monoids, LV is the pseudovariety of all
semigroups whose submonoids belong to V. Clearly the membership problems for
V and LV are equivalent. A result of Tilson [35] shows that V' # I is local if and only
if LV = VLI (here I is the trivial pseudovariety). In general, V+LI C LV [8, 35].

Let DA be the pseudovariety of all monoids [semigroups] whose regular D-classes
are aperiodic semigroups. It is easy to verify that the inverse monoids in DA are
precisely the semilattices. We also mention that S1 and DA are local (see Brzo-
zowski and Simon [7] and Almeida [3]). In fact, if H is a pseudovariety of groups,
then S1x H = Sl @ H even holds if both sides are interpreted as pseudovarieties
of inverse monoids or inverse semigroups (cf. [14]). It follows that for an inverse
monoid I, I € Sl + H if and only if I € DA @ H = DA x H. Denote by J the
pseudovariety of all J-trivial monoids.

Theorem 4.1. Every monoid pseudovariety in the interval [\/peASI*Vp, DA®mU]
has undecidable membership problem. In particular, $U, $,U, and PU have
undecidable membership problems.

Proof. Let 'V be in the interval. Denote by I, the transition inverse monoid of
Ap. Then I, € V if and only if p € AUC. It is shown in [31] that OH = J « H
for any pseudovariety of groups H and hence U is in the interval. On the other
hand, {2 W = Sl #x W for any pseudovariety W — see Rhodes and Tilson [24] for
the definition of the two-sided semidirect product *x, Tilson [35] for the statement
of the result, and Weil [36, Corollary 3.4] for a complete proof. Since, for any
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pseudovariety of groups H, Sl s« H = Sl H [24], we see that {,, U belongs to this
interval for n > 2.

For the remaining assertion, we use the following two results of [31]: for any
pseudovariety of groups H, one has PH C J % H; see also Pin [18]; if H = G, * H
for some prime p, then PH = J « H. In particular, for p € A, G, * U, = U, so
PU, = J * U,. It follows that PU is in the interval considered. O

Amongst the pseudovarieties contained in the interval are L« U = L @ U,
RxU=R ® U, J«Uand J @ U; here R and L denote the pseudovarieties of
all R-, respectively, L-trivial monoids. The inequality J * U # J @ U has been
established in [6]. The same results hold for U replaced with Q or Q,,.

The reader is refered to [0 [9, [30] for the definitions of the H-kernel and H-
pointlike pairs [sets]. Since the inverse monoid pseudovariety S1* U is undecidable,
it follows that the U-kernel of an inverse monoid is not computable. If I is an
inverse monoid and m € I, then m is in the U-kernel of I if and only if {1, m} is U-
pointlike. Hence the U-pointlike pairs are not decidable for inverse monoids. As far
as we know, this is the first example of a decidable pseudovariety satisfying no non-
trivial identities and having undecidable pointlike pairs (cf. [29]). We summarize
as follows.

Theorem 4.2. The U-kernel and the U-pointlike pairs [sets] of a monoid [an
inverse monoid] are not computable. The same holds for Q and Q.

Now we consider the situation for semigroup pseudovarieties.

Theorem 4.3. FEvery semigroup pseudovariety in the interval
[\/ 81+ V,,L(DA @ U)|
peEA

has undecidable membership problem. In particular, S1x LU, DA « LU, DA@LU,
OLU, $,LU, and PLU are undecidable.

Proof. The first statement follows immediately from Theorem 1l Since any pseu-
dovariety of groups H is local [35], setting H = U gives

V+LU=Vx«U=xLI CL(V % U).
It follows that S1*LU and DA «LU are in the interval. Next, from the proof of [16]
Proposition 6.1] (where only a special case is explicitly stated) we get that, for any
pseudovarieties V and W (where W is a pseudovariety of monoids), VLW C
L(V@®W). Hence DA @ LU is in the interval.

For the remaining part, Pin shows in [20] that, for any pseudovariety W of
monoids, (QW) *x LI = $(W x LI). Setting W = U, we see that

OGLU=(QU)«LI=J«UxLI=J«LU
proving that GLU belongs to the interval. Since
$oLU = Sl #x LU D Sl * LU,

$n LU belongs to the interval for n > 2.

For the power operator P, it is shown in [16] that for any pseudovariety of groups
H, PLH C ¢LH = J x« LH; moreover, if G, + H = H, then PLH = ¢LH. In
particular, for p € A, PLU, = ¢LU, = J x* LU,, so PLU is in the interval
considered. O
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It was shown in [29] that if V is a non-trivial pseudovariety of monoids, then
the decidability of pointlike pairs [sets] for V and V % LI are equivalent. Hence the
decidability of the pointlike pairs [sets] of U and LU are equivalent. This gives the
following result.

Theorem 4.4. The LU-pointlike pairs [sets] of a semigroup are undecidable.

Note that we have shown that the semidirect, two-sided semidirect, Mal'cev,
and Schiitzenberger products do not preserve decidability. As mentioned earlier,
the semidirect (= Mal’cev = two-sided semidirect product) on the lattice of group
pseudovarieties does preserve decidability.

5. JOINS

By a different construction we prove that various joins with U and Q are not
decidable. Let C21 = {1,a,a® = 0} be the cyclic monoid with index 2 and period
1 and A be the pseudovariety of aperiodic monoids [semigroups].

Theorem 5.1. Each monoid pseudovariety in the interval [(C21) V Q, A V U]
has undecidable membership problem. In particular, Com V U has undecidable
membership problem.

Proof. Let p be a prime and C,, a cyclic group of order p; put
Sy, =CpU(C, x Cp)U{0}

endowed with the following multiplication: (C, x C},)U{0} forms a null semigroup
and an ideal of Sy, and C,, is the group of units of S}, acting on C,, x C), via

2(y, 2) = (zvy, 2) and (z,y)z = (x,y2).
Thus, S, is an ideal extension of the null semigroup C, x C, U {0} by the cyclic
group Cp,. We show that if pe AUC, then S, € (C21) V'V, .4 Vq while if p € D,
then S, ¢ AV U.

Let p € AUC and ¢ be defined by ¢ = p if p € A and f(q) = p if p € C; then
each co-extension of Cj, by an elementary Abelian ¢g-group is in V, (cf. [6]). Let Cp
act on the left of the set C, x C), by ¥y, z) = (zy, 2z~ ') and let V be the additive
group of the Z/qZ-vector space with basis C}, x Cp. The semidirect product V x Cp
(with respect to the induced action) is in V.

Consider the following subsets of C 1 x (V x C)):

Up = {(1,(0,u)) [u e Cp}a
I, = {(a, ((v,w),u)) [ u,v,w € Cp} U ({0} x (V x Cp)).

It is easy to see that N, = U, U I, is a submonoid of Cs 1 x (V x Cp) with group of
units U, and that I, is an ideal. The reader can readily verify that the assignment
(1,(0,u)) — u, (a,((v,w),u)) — (v,wu), {0} x (VxCp)—0 (u,v,weC’,)
is a well-defined surjective morphism ¢ : N, — S, (cf. [5 Theorem 2.2]). Conse-

quently S, € (C21) V Q.

Suppose now that p € D and assume that S, € A vV U; we shall arrive at a
contradiction. Let M € A and K € U be such that S, divides M x K. The
group K is of the form H x G with G € Gy com and |H| co-prime with p. By

assumption there is a subsemigroup N of M x H x GG and a surjective morphism
©0: N — Sy Let 1 # 2 € Cp, a= (m,h,g) € o *(z) and b € p~1((1,1)). Let

qeA
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t be a positive integer for which h* = 1 and 2! = z as per Lemma [ZIl For each
k > 0 we also have htt**? = 1 and z!***? = 2. Now choose k large enough so
that m!** " is an idempotent (M is aperiodic). Then we have x!***? = z and
attthe = (mtFthe 1 gttty Set ¢ = 't P, Then p(c) = x and c has central group
component and idempotent aperiodic component. It follows that in M x G x H
the equation c?bc = cbc? holds. Applying ¢ then gives 22(1,1)z = x(1,1)z%. But
(22, ) # (x,2?%), so we have obtained a contradiction.

The remaining statement follows since Geoy, € U and Com = ACom V Gop,
(see [2]) implies that Com V U = ACom V U, where ACom is the pseudovariety
of all aperiodic commutative monoids. O

The question as to the decidability of A V G is a long-standing open question
of Schiitzenberger. Our result shows that the operator A V _ need not preserve
decidability when applied to group pseudovarieties.

Note that, by Theorem ET] (Cs,1) V U is undecidable. This is the first example
(as far as we know) of the join of a one-generated pseudovariety (or even a locally
finite pseudovariety) with a decidable pseudovariety being undecidable. This is in
marked contrast to the case of group pseudovarieties. It is shown in [28] that the
join of any locally finite pseudovariety of groups with a decidable pseudovariety of
groups is again decidable. By the results in [25][27, [4], the join of any locally finite
pseudovariety of monoids [semigroups| whose free objects are computable with a
pseudovariety having decidable pointlike pairs is decidable; moreover, in [25] 27]
many pseudovarieties V € [(Cq1),J] are given such that joins of the form V vV H
with H a group pseudovariety with decidable pointlike pairs are decidable. By
Theorem [5.1] 'V V U is undecidable for such V. Thus, in some sense, the results
of [25] 27] are sharp.

We also have the following semigroup analog.

Theorem 5.2. Fach semigroup pseudovariety in the interval
[<C2’1> VvV Q, L(A \Y U)]

has undecidable membership problem. In particular, ANV LU has undecidable mem-
bership problem.

Proof. The first statement is clear since .S}, is a monoid; for the other statement
one has to take into account that LV VLW C L(V V W) and that A =LA. O
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