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ABSTRACT. If B is the open unit ball in the Cartesian product {2 x {2 furnished

with the [P-norm || - ||, where 1 < p < oo and p # 2, then a holomorphic self-
mapping f of B has a fixed point if and only if sup, ¢y [|f™(z)|| < 1 for some
T € B.

1. INTRODUCTION

There is an old problem in the fixed point theory of holomorphic mappings to
find an example of a complex infinite-dimensional Banach space (X, || - ||) such that
its open unit ball B is holomorphically nonequivalent to the Cartesian product of
a finite number of Hilbert balls H;n=1 Bp; and each holomorphic self-mapping f of
B has a fixed point if and only if sup,,cy || f"(2)]| < 1 for some = € B. In this paper
we show that the Cartesian product [ x [? furnished with the [P-norm || - ||, where
1 < p < oo and p # 2, has the claimed properties. Finally, let us recall that the
Hilbert ball By has the same properties [7], [8], [12]. However, if J is an infinite
set of indices,

I*(H)=qx= {xj}jEJ € HH rsup [|lzj|| < oo o,
jes €7
and B$ the open unit ball in I*° (H) with the supremum norm, then B% is not
holomorphically equivalent to the Cartesian product of a finite number of Hilbert
balls H;’;l By, and there exists a holomorphic self-mapping f of By without a
fixed point and with sup,,cy || f™(x)|| < 1 for each x € By [14], [15].

2. PRELIMINARIES

All Banach spaces will be complex. Throughout this paper B denotes an open
unit ball in the Cartesian product [ x [? furnished with the [P-norm || - || (i.e.,

1
1w, )1 = {llwlls + [1[15]"
w,z € 1% and || - ||2 is the standard norm in [?), where 1 < p < oo and p # 2. By
kp we denote the Kobayashi distance on B [10)], [14]. We now recall several useful
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properties of the Kobayashi distance kg, which are common for all bounded and
convex domains in reflexive Banach spaces.

The Kobayashi distance kg is locally equivalent to the norm [9].

If ,y,w,z € B and s € [0,1], then

kp (st + (1 —8)y,sw+ (1 —s)z) <max{kp (z,w),kp (y,2)}.

Hence each open (closed) kp-ball in the metric space (B, kp) is convex [16].

A subset C of B is said to lie strictly inside B if dist|.; (C,0B) > 0.

The basic fact about subsets, which lie strictly inside B, is the following: a subset
C of B is kp-bounded if and only if C lies strictly inside B (Proposition 23 in [9]).

We can say more about linear convexity of balls in (B, kg). Since the open unit
ball B in I? x [? furnished with the [P-norm || - || is strictly convex, then each kp-ball
is also strictly convex in a linear sense [1], [21] (see also [20]).

A mapping f: B — B is kp-nonexpansive if

kg (f(x), f(y)) < ks (z,y)
for all z,y € B. Each holomorphic self-mapping f : B — B is kp-nonexpansive [2],
(5], 7.

If f: B — B is kp-nonexpansive, then for each 0 < ¢t < 1 and a € B the
mapping fi, = (1 —t)a + tf is a contraction and therefore for each z € B the
sequence {f{',(z)} tends to a unique fixed point y; , in B. Additionally, we have
limg - [[ye,e — f(yea)ll =0 [3].

For kp-nonexpansive f : B — B we call a sequence {z,,} C B an approximating
sequence if lim, kg (2, f(z,)) = 0 [1].

The open unit ball By in a Hilbert space is called the Hilbert ball [2], [7], [18].

Finally, we recall the result due to W. Kaup and H. Upmeier [L1].

The complex Banach spaces X; and X5 are isometrically isomorphic if and only
if their open unit balls By and Bs (respectively) are holomorphically equivalent,
i.e., there exists a biholomorphic mapping from the open unit ball B; onto the unit
ball Bs. In the other case we say that the balls By and Bs are holomorphically
nonequivalent.

3. LOCAL UNIFORM CONVEXITY OF kp-BALLS

First we observe that the open unit ball B in the Cartesian product [? x 2
furnished with the [P-norm, where 1 < p < oo and p # 2, is holomorphically
nonequivalent to the Cartesian product of a finite number of Hilbert balls H;nzl By,
[11] (see also [19]). The next important property of B will be stated in the following
theorem.

Theorem 3.1. If B is the open unit ball in the Cartesian product 12 x I furnished
with the IP-norm, where 1 < p < oo and p # 2, then the metric space (B,kg) is
locally linearly uniformly convex, i.e., for each z € B, R > 0 and 0 < € < 2 we have

kg (z,z) <R

1 1
kg (z,y) <R = kp <z,§x+§y> <(1—=6p(z,R,€)R
kg (z,y) > €eR

and
5(R1,R2,R3,61,62) = inf{50 (Z,R,E) 161 < €< e, HZH <Ry R;<RK< Rg} >0
forall0 < R;,0< Ry <R3 and 0 < ¢e; < ey < 2.
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Proof. Choose three points z = (2!,2?), y = (y!,9?) and z = (2%, 22) in B. Let
{e1, €2, ...} be the standard basis in the Hilbert space [?>. Then, it is easy to observe
that there exists a linear isometry 7T : I2 x {2 — [? x {2 such that

Tz, Ty, Tz € lin{(e1,0), (e2,0), (e3,0), (0,e1), (0, e2), (0,e3)} N B.

Put
By = lin{(e1,0), (e2,0), (e3,0), (0, 1), (0, €2), (0,e3)} N B.

The set Bj is the open unit ball in a Cartesian product
X, =C*xC?
furnished with the [P-norm and Bj is strictly convex. Since
kp(u,w) = kg, (u, w)
for all u,w € By, we get
kp(x,z) =kp, (Tx,T=2), kp(y,z) =kp,(Ty,Tz)

and
kp (J?, y) = kBl (TJ?, Ty)

Therefore we may restrict our further considerations to the six-dimensional Banach
space X;. Then each kp,-ball is strictly convex in a linear sense and it is obvious
that, by a compactness argument, the metric space (B1,kp,) is locally linearly
uniformly convex. This implies the same property of (B, kg) . ([

Remark 3.1. The construction (given in Theorem 3.1) of the domain which has the
locally linearly uniformly convex Kobayashi distance can be generalized but the
way of this generalization will be a subject of another paper.

4. FIXED POINTS OF HOLOMORPHIC MAPPINGS

In this section we will use the asymptotic center method [], [6], [7]. Let
{zt}ter be a kp-bounded net in the open unit ball B in the Cartesian prod-
uct {2 x [? furnished with the [P-norm, where 1 < p < oo and p # 2, and let
C be a nonempty, kp-closed and convex subset of B. Consider the functional
r(-,{zt}ter) : B — [0,00) defined by r(x, {x:}ter) = limsup,cp kp(x, 2¢). Recall
that a point z in C' is said to be an asymptotic center of the net {z; }+er with respect
to C if r(z,{zt}ter) = inf{r(z, {zt}ter) : © € C}. The infimum of r(-, {xt}ier)
over C'is called the asymptotic radius of {4 }+er with respect to C and denoted by
r(C, {zt}ter). Let us observe that the function r(-, {xt }rer) is quasi-convex, i.e.,

r((1 = s)x + sy, {@i}rer) < max(r(z, {z¢beer), 7(y, {Tt}rer))
for all x and y in B and 0 < s < 1.

Proposition 4.1. Let B be the open unit ball in the Cartesian product 1? x [?
furnished with the IP-norm, where 1 < p < oo and p # 2. Fvery kp-bounded
net {xi}rer in B has a unique asymptotic center with respect to any nonempty,
kp-closed and convex subset C' of B.
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Proof. Let {xi}+er be a kp-bounded net in B. Hence the net {x;}ier lies strictly
inside B and therefore
sup e [|ze]| + 1 _

R <1
9 <

0<

Next, the sets

Cn = {w € O rla, fadier) < r(C, fredien) + 2}

are nonempty, convex and weakly compact since the function r(-,{z;}er) is con-
tinuous and quasi-convex. Hence r(-, {z;}+ter) attains its minimum in C. Now, all
we have to show is that

(30 + 3 {orher) < max(r(z, {zehier), (v, {aiheer))

for every x # y. To this end, let ro = max(r(z, {x }rer), 7(y, {zt }rer)). Then for
each 0 < € < 1 there exists t. € T such that
kp(z,z) <ro+e and kp(y,z:) <r9+e€

for all ¢t > t.. Since, by Theorem 3.1, the open unit ball B in the Cartesian product
12 x [? (furnished with the [P-norm) has the Kobayashi distance kg which is locally
uniformly convex, we get

kp(z,y) kp(z,y)

3

1 1
kB(—$+—y,l‘t) S (1 —5(Ra7"077”0+1, ))(T0+6)

2 2 ro+1 " ro+1
for all ¢ > t. and finally
1 1 kB(xay) kB(xay)
— — <(1-46(R 1 .
T(2$+ 2y7{xt}tET) = ( ( 7T07T0+ 5 7"0+1 B 7"0+1 ))TO <79
This completes the proof. ([

Theorem 4.1. Let B be the open unit ball in the Cartesian product 12 x 1? furnished
with the IP-norm, where 1 < p < oo and p # 2, and let f : B — B be a kp-
nonezxpansive mapping. Then the following statements are equivalent:
(1) f has a fized point;

(#0) there exists a point x in B such that the sequence of iterates {f"(x)} is
kp-bounded;
) the sequence of iterates {f™(x)} is kp-bounded for all x in B;
(iv) there exists a kp-bounded approximating sequence {x,} for f;
) there exists a closed and f-invariant kpg-ball;

)

there exists a nonempty, closed, convex, kg-bounded and f-invariant subset
C of the ball B.

Proof. To prove this theorem it is sufficient to apply the asymptotic center method
and the following facts:

(1) each nonempty, closed, convex, kp-bounded and f-invariant subset C' of
the ball B contains a kp-bounded approximating sequence for f;
(2) if {z,} is a kp-bounded approximating sequence for f, then

r(f(W),{wn}) <7y, {zn})

for each y € B;
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(3) if € B has the kp-bounded sequence of iterates { f"(z)}, then

r(f(): A" (@)}) < rly, {/"(2)})

for each y € B;

(4) by Proposition 4.1 every kp-bounded sequence {z,} in B has a unique
asymptotic center with respect to any nonempty, kg-closed and convex
subset C of B. ([l

Corollary 4.1. Theorem 4.1 is valid for holomorphic self-mappings of B.

Proof. Each holomorphic self-mapping of B is kp-nonexpansive. O

Remark 4.1. Note that in the case of the open unit ball By of a Hilbert space H
the analogous theorem and corollary are valid [7], [8], [T2], but not in the case of
By [14), [T,

Next we need the following definition.

Definition 4.1. Let B be the open unit ball in the Cartesian product [? x [?
furnished with the I[P-norm, where 1 < p < oo and p # 2. A mapping f: B — B is
said to be asymptotically regular if

lim kg (f"* (z), f*(x)) = 0
for each x € B.

Remark 4.2. In the case of the Hilbert ball By, when we consider averaged kp,, -
nonexpansive self-mappings, the asymptotically regular mappings appear in a nat-
ural way [14], [17].

As a direct consequence of Theorem 4.1 we get

Proposition 4.2. Let B be the open unit ball in the Cartesian product 1* x [?
furnished with the IP-norm, where 1 < p < oo and p # 2 and let a mapping
f: B — B be kp-nonexpansive and asymptotically reqular. If f is fized-point-free,
then limy, || f™(z)|| = 1 for each x € B.

Proof. Assume that there exists a subsequence {f"(z)} of {f™(z)} such that

sup | /" (2)]] < 1.
J

Then {f™i(x)} is a kp-bounded approximating sequence for f and, by Theorem
4.1, the mapping f has a fixed point, contrary to our assumption. Therefore
lim,, || f™(x)|| = 1 for each = € B as claimed. O

Now we will investigate semigroups and their orbits.

Definition 4.2. Let B be the open unit ball in the Cartesian product ? x [?
furnished with the {P-norm, where 1 < p < oo and p # 2. A family S = {F;},
where either t € RT = {s€R:s5>0} or t € NU {0}, of self-mappings of B is
called a (one-parameter) semigroup if Fyy; = Fso0 Fy, s,t € RY (s, € NU{0}), and
Fy = I, where Ip is the identity operator on B. A semigroup S = {F;}, t € R,
is said to be (strongly) continuous if the function F(.) (z) : R — X is continuous
in ¢ for each z € B. If t € NU {0} we say that the semigroup S is discrete.
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Definition 4.3. Let B be the open unit ball in the Cartesian product [ x [?
furnished with the {P-norm, where 1 < p < cc and p # 2. Let S = {F;}, t e Rt =
{s€R:s>0} (ort € NU{0}) be a continuous (or discrete) semigroup acting on
B. A point z € B is said to be a stationary point of S if F} () = z for all t € RT
(or t € N).

Theorem 4.2. Let B be the open unit ball in the Cartesian product 12 x 1? furnished
with the IP-norm, where 1 < p < o0 and p # 2. Let S = {F;} be a continuous or
discrete semigroup of kp-nonexpansive self-mappings of B. Then the following
statements are equivalent:

(1) there is tg > 0 such that Fy, has a fized point in B;
(7i) each Fy has a fized point;
(#i1) there is a stationary point of the semigroup S.

Proof. Tt is clear that (iii) = (i¢) = (i). Therefore it is enough to show that
(1) = (i4i). Indeed, let z € B be a fixed point of Fy, for some tg. Then z is a
periodic point of S, i.e.,

Fiyi, (x) = Fy (Fy, (2)) = Fy ()

for all t. But the set {F; (z):0 <t <tp} is a compact subset of B and therefore
it is kp-bounded. Applying the asymptotic center method to the kp-bounded net
{F}; (z)} and Proposition 4.1 it is easy to show that there exists a common fixed
point of S. (]

Remark 4.3. In the case of the Hilbert ball By the analogous theorem can be found
in [13] (see also [14]).
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