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ABSTRACT. We prove that for every orthocomplete effect algebra E the center
of E forms a complete Boolean algebra. As a consequence, every orthocomplete
atomic effect algebra is a direct product of irreducible ones.

1. INTRODUCTION

Effect algebras were introduced by Foulis and Bennett in their paper [5] for
the study of logical foundations of quantum mechanics. Independently, Chovanec
and Kopka introduced essentially equivalent structures called D-posets (see [14]).
Another equivalent structure was introduced by Giuntini and Greuling in [6]. For
more information about effect algebras see [4].

The class of effect algebras is a common generalization of several classes of
well-established algebraic structures, in particular orthomodular lattices and MV-
algebras.

In the present paper we prove that in an orthocomplete effect algebra E, the
sums of all orthogonal families of central elements are central elements and that
joins and meets of all families of central elements exist in £ and that they are
central. For finite families, these results were proved in [§]. For countable families,
see [11]. As a consequence, an orthocomplete atomic effect algebra is a direct
product of irreducible effect algebras. In addition, we prove that an effect algebra
is k-orthocomplete iff every chain of cardinality x has a supremum.

2. EFFECT ALGEBRAS

An effect algebra is a partial algebra (E; ®,0,1) with a binary partial operation
@ and two nullary operations 0,1 satisfying the following conditions:

(E1) If a & b is defined, then b & a is defined and a ®b=b P a.

(E2) If a® b and (a ® b) ® ¢ are defined, then b ® ¢ and a ® (b ® ¢) are defined
and (a®b) Dc=a® (bdc).

(E3) For every a € E there is a unique a’ € E such that a ® a’ = 1.

(E4) If a & 1 exists, then a = 0.
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2664 GEJZA JENCA AND SYLVIA PULMANNOVA

In an effect algebra E, we write a < b iff there is ¢ € FE such that a ® ¢ =b. It is
easy to check that < is a partial order on E. In this partial order, 0 is the least and
1 is the greatest element of E. Moreover, it is possible to introduce a new partial
operation ©; b © a is defined iff a < b and then a ® (b & a) = b. It can be proved
that a ® b is defined iff a < b" iff b < a/. Therefore, it is usual to denote the domain
of @ by L. We say that elements a and b in an effect algebra E are orthogonal if
a L b. In what follows, when we write a @ b we mean that a ® b is defined (i.e.,
a L b). Owing to associativity (E2), we may omit parentheses in a; ® as @ ag and
a1 ® az ® -+ - @ ay, the latter term being defined by induction. We will say that
the elements aq,...,a, are orthogonal if the element a1 ® --- $ a,, exists in L.
More generally, we say that {aq}a is an orthogonal family if every finite subfamily
is orthogonal.

An effect algebra need not be lattice-ordered. However, as proved in [19] and
[§], the following relationship between A, V and @ holds: if a V b exists and a L b,
then a A b exists and

(1) a®b=(aAb)®(aVDh).

Moreover, it is easy to check (see [1]) that, for every subset B of an effect algebra
such that VB exists and for every x > B,
(2) xo (VB)=N{zSb:be B}.

Example 2.1. Let (L; A,V, ' ,0,1) be an orthomodular lattice. Write a®b = aVb
iff @ < V', otherwise let @ @ b be undefined. Then (L, ©,0,1) is an effect algebra.
Effect algebras, which are associated with orthomodular lattices in this way, can
be characterized as lattice-ordered effect algebras satisfying the implication

alb — aNnb=0.

Example 2.2. An MV-algebra (cf. [2], [15]) is a commutative semigroup (M; @,
—,0), satisfying identities z ® 0 = z, ~—x =z, + ® =0 = -0 and

@ (@ y) =ye(y e )
There is a natural partial order in an MV-algebra, given by y < z iff z = = &
—(z @ —y). Every MV-algebra (M;®,—,0) can be considered as an effect algebra
(M;®,0,-0) when we restrict the operation @ to the domain L= {(z,y) : © < —y}.
Effect algebras, which are associated with MV-algebras, can be characterized as
lattice-ordered effect algebras satisfying the implication

aANb=0 = a Lb.

(Cf. [17].)
Example 2.3. Let H be a Hilbert space, and let S(H) denote the partially ordered
group of all bounded self-adjoint linear operators on H. Put E(H) = {A € S(H) :
0 < A < 1}; the elements of E(H) are called effects. For a,b € E(H), write
a®b=a-+biff a+b € E(H), otherwise let a®b be undefined. Then (E(H);®,0,1)
is an effect algebra. We remark that for dim(H) > 2, E(H) is not lattice-ordered.

Let F4, Eo be effect algebras. A map ¢ : Fy — FEs is called a morphism iff it
satisfies the following condition:

(H1) ¢(1) =1 and if a L b, then ¢(a) L ¢(b) and ¢(a B b) = ¢(a) & (b).
A morphism ¢ : Ey — Es of effect algebras is called full iff the following condition
is satisfied:
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(H2) If ¢(a) L ¢(b) and ¢(a) ® ¢(b) € ¢(F), then there exist ai,b1 € Fy such
that a1 L b1, ¢(a) = ¢(a1) and ¢(b) = ¢(b1).
A bijective, full morphism is called an isomorphism. A morphism ¢ is an isomor-
phism if it is bijective and ¢! is also a morphism.

Let E; be an effect algebra. A subset Fo C Ej is a subeffect algebra of Ey iff
0,1 € E5, E5 is closed under the ’ operation, and a,b € Fs witha L b = a®be
Es.

Another possibility to create a substructure of an effect algebra E is to restrict
@ to an interval

0,a] ={z € E:0<x<a}
as follows. For z,y € [0,a], z @ y is defined iff z @ y exists in F and x @ y € [0, a.
We can then consider [0, a] as an effect algebra, letting a act as the unit element.
In what follows, we denote such effect algebras by [0, a]g.

Let E be an effect algebra. A subset I of E is called an ideal of E iff the following
condition is satisfied:

ryeElande lyscdyel.

3. ORTHOCOMPLETE EFFECT ALGEBRAS AND CENTRAL ELEMENTS

In this section, we will prove that the center of an orthocomplete effect algebra
is a complete Boolean algebra. This is a generalization of [§] and [TT].

Let E be an effect algebra. Suppose that there is an isomorphism ¢ : E —
E1 x E,. For every such ¢, the elements ¢~'(1,0) and ¢~1(0,1) are called central
elements of E. We write C'(E) for the set of all central elements of an effect algebra
E. We say that an effect algebra E is irreducible iff C(E) = {0, 1}.

Recall that an element a € E is sharp if aAa’ = 0, and a is principal if b, ¢ < a,
b L c implies b@® ¢ < a. It is easy to see that a principal element is sharp;
the opposite implication need not be true, in general. Central elements can be
intrinsically characterized by the following properties: (i) ¢ and ¢’ are principal
and (ii) every element x € E admits a decomposition x = x1 ® xz2 with 21 < ¢,
7o < . It can be proved that this decomposition of x is unique. In fact, z1 = zAc,
z9 = x A /. Moreover, for every central element a, the map x — a A z is a full
morphism, which maps E onto [0,a]g (cf. [12]).

It was proved in [8] that the set of all central elements forms a sub-effect algebra
of E, which is a Boolean algebra. Moreover, the joins and meets of elements of
C(E) exist in F and coincide with their joins and meets in C(E). If a,b € C(E)
are orthogonal, we have a Vb =a ® b and a A b= 0.

Lemma 3.1. Ifz,y € E and a € C(E), then

(3) aN(z®y)=ahzBaly.
Moreover, if a,b € C(E), and x € E, then
(4) zA(a®b)=zNa®zAb.

Proof. Letxz 1y, z,yin E,and a € C(F). Then &y = zAadzAd Byrabyia =
(xAa®yAna)®(zAa’ DyAa'), where the first summand is under a, the second under
a’. Uniqueness of the decomposition of x @y then yields (z@y)ANa=xzAaDyAa.

Ifa,be C(E),a lband z € E, then (a®b)Az=(a®b)A(zAhadaxAd)=
(aVO)AN(xANa)D(aVD)A(xANd)=aANzDbAx. O
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For all a € C(E), the interval [0, a] is an ideal of E. These ideals are called
central ideals. By [3], a central ideal in an effect algebra E can be characterized as
an ideal I satisfying the following conditions:

e [ =[0,a] for some a € E.
e [is a Riesz ideal, i.e.,if i € I and i < a® b, then there exist i1,io € I, such
that i1 < a, io < b, i <11 D is.

Let E be an effect algebra, and {as}, be an orthogonal family. We define
Pl :=VE D (aq : « € F), where the supremum goes over all finite subfamilies F'
of a’s, if the supremum on the right-hand side exists.

We will say that an effect algebra E is m-orthocomplete for an infinite cardinal
m if every orthogonal family of at most m elements has an @-sum in L. We say
that an effect algebra FE is orthocomplete if it is m-orthocomplete for every cardinal
m.

The following theorem is a generalization of [IT} Lemma 3.3]. For analogues in
orthomodular lattices see [L0], in orthoalgebras [9], [L8].

Theorem 3.2. Let E be an effect algebra and let m be a cardinal. The following
are equivalent:

(1) E is m-orthocomplete.
(2) Every chain of at most m elements has a supremum.

Proof. The implication that (1) implies (2) was proved in [13]. We have to prove
that (2) implies (1). Assume that every chain of at most m elements in E has a
supremum. Let X be an orthogonal subset of E and let card(X) < m. We may
assume that X is infinite, and let v be the first ordinal with card(y) = card(X).
We will prove that the ®X exists and it is equal to V3, where

Y= (@a:a<f): <),

(2o : @ < ) being an indexing of X with . We proceed by induction by card(X).
If X is finite, there is nothing to prove. Let X be infinite, card(X) < m, and
card(X) = card(y). The induction hypothesis is that for all orthogonal sets Y,
card(Y) = 8 < v, @Y exists, and

BY =V(@®(zs:0<V):v<f).

Let X = (z4 : @ < %) be an indexing as desired. By induction hypothesis, the
chain

Y= (@(ra:a<f): <)
exists in E. Since card(X) = card(X) < m, the supremum s := V¥ exists in E. Let
Zays-- -3 T, be an arbitrary finite sequence with a1, ..., a, < . Without loss of
generality, we may assume that a; < ag < --- < ay,. Then (zay,. -, %, ) C (Ta :
a < a, + 1) and hence

$SZ2®(Ta:a<an+1)>®(Tayy---rTay, )

This proves that s is an upper bound of all ®(z, : « € F'), F being a finite subset
of the index set (o : @ < 7). To see that s is the desired supremum, let p be an
upper bound of all ®(z, : « € F), where F is a finite subsets of (o : @ < ). Then
for all G <+, p is an upper bound of ®(z, : @ < 8). From this it follows that p is
an upper bound of ¥, hence p > s. O
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Consequently, in every orthocomplete effect algebra, every chain has a supre-
mum.

Lemma 3.3. Let E be an orthocomplete effect algebra. Let (an : @ € ¥) C FE
be an orthogonal family of central elements. Let (zo : a € X) be a family of
elements satisfying xo < aq, for all « € ¥. Then V(x4 : a € X) exists and equals
D(zy :x €Y.

Proof. Obviously, (z, : a € ) is an orthogonal family, so that ®(z, : a € X)
exists in E by orthocompleteness. Let M be a finite subset of X, and let y be any
upper bound of (z, : o € M). Then clearly Voo € M, z,, < y A aq. Therefore

Bra:aeM) < @yANag:aeM)
= yA(®(as:a€ M) <uy.

Thus, ®(z, : « € M) is under every upper bound of (z, : « € M), and we see that
for every finite nonempty M C X, we have ®(xq : a € M) = V(24 : « € M). This
implies that

Bra:a€el) = Vrp@(zq:a€eF)
= VpV(zq:a€F)
= V(zq:a€X),
where Vg runs over all finite subsets F' of X. O

Theorem 3.4. Let E be an orthocomplete effect algebra. Let (aq : o € X) be an
orthogonal family of central elements. Denote a = ®(aq : « € X). Then a is central
and

[Oa a]E =~ H [07 aa]E-

acd

Proof. Define a mapping ¢ : [0,a]z — [[,cx[0, a0z by ¢(2) = ( A aa)acs. We
shall prove that ¢ is an isomorphism.

To prove that ¢ is onto, let (za)aes € [[4ex[0, @a]r. Observe that (z4:a € ¥
is an orthogonal family and put z = ®(z, : a € X). We will prove that ¢(z) =

(xa)an-
We have

(b(x) = (13 A aa)aGZ = ((@(xa HIepS Z)) A aa)aEE-
Fix § € ¥. By associativity of @,
zhag = (Bre:a€X))Nag
= (2@ (B(ra: @ € B\ {B}))) Aag.
Since the family (z, : o € 3\ {3}) satisfies conditions of Lemma B-3], we have
(zs & (B(ra:aeX\{B})))Nas
= (@@ (V(za:a e B\{B}))) Nag

and since ag is a central element,

(g & (V(zq:aeX\{B})) Nag =23 Nag® (V(zq : a € X\ {B}) Nag)

=230 (V(za : a € B\ {B}) Nag).
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Since, for all @ € £\ {8}, zo A ag = 0, we have
(V(a : a € S\ {8}) A ag) = 0.

Thus, for all @ € X, x A ag = T4
To prove that ¢ is one-to-one, it suffices to prove that, for all z € [0, a],

=B Nag:ael).

As

D (xNay:a€X)=Vp(@®@EANay:a€F))

= Vr(@A(Bay: a€F)),
where we used (@) in the last equality, we see that ®(zAa, : « € ¥) < . Moreover,
using (@),

2O (@ ANay:a€X) = 2O (Vp(@rAay:a€F))

xO (Vr(z A (®(aq : @ € F))))
= Ap(zO (xANB(an: a €F))).

Since VF, ®(aq : o € F) is central, we have
(zo(@AB(an:a€F)) = zA(@®ay:aeF))
= zA(V(ag:a €F))
= AN, :a€F)).

Therefore

Arz A (A, : a € F))
Ara A (Aa,, : a € F)
Ar(a© (V(ag : € F)))
= a9 (VpV(aq:a€F))
0.

Ar(x© (z AB(aq : a € F)))

IN

Hence, for all x € [0,a]g, © = ®(x AN ay : o € X), and this implies that ¢ is
one-to-one.

Let us prove that [0, a] is an ideal. Obviously, z @ y € [0,a] implies z L y and
x,y € [0,a]. To prove the opposite implication, assume that x,y € [0,a] and = L y.
By the preceding paragraph, z = ®(z A ay : @ € X), y = D(Yy Aaq : a € ¥). Then

r®y = (@B@ANag:aeX)®(BYANay:ae))
= @®@ANaaDyAMay): a€X).
Since Va, a,, is central,
TN DYN o = (DY) A aa < g
Using Lemma [33]

@By = V@ANaaPyNay:a€l)
= V((z®dy)Nay:aeX) <a.

Therefore, [0, a] is an ideal. To prove that a is central, we need to prove that [0, a]
is a central ideal, i.e. that [0,a] is a Riesz ideal.
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Assume that z < x @y, where z € [0,a], ,y € E. Then z = ®(z Aay : a € X).
ForVa € ¥, 2N aq <2 Naqg BYANag. Put 21 =®(x Nag:a €X), 22 =Dy Aaq :
a € X). Obviously, z < z1 ® 22, 21,22 € [0,a] and 21 < z, 2o < y. This proves that
[0, a] is a central ideal, i.e. a is central. O

Theorem 3.5. Let E be an orthocomplete effect algebra. Then the centre C(E)
of E is a complete Boolean algebra. Moreover, all suprema and infima in C(E)
coincide with those in E.

Proof. Let (aq : @ € X) be a family of elements in C(FE) indexed by a set 3.
We will prove that V(a, : @ € ¥) exists in E and belongs to C(E). The latter
statement is true for any finite set, so we may assume that ¥ is infinite. Let o
be the least ordinal corresponding to card(X). We may assume that o is a limit
ordinal, and replace the set ¥ by the set (a : a < o), so that we are dealing with
an ordinal-indexed family. Further we proceed by a transfinite induction. Assume
that yo = V(z, : p < a) exists and belongs to C'(E) for every a < o. This family
(Ya : & < 0) is nondecreasing, and (ya41 © Yo : @+ 1 < 0) is an orthogonal family.
Indeed, choose a finite subset a; < as < --- < a;, with a,, + 1 < 0. We then have
Ya, S Yaq1+1 S Yay S Yas+1 S e S Ya, S Yo, +1- Then
(ya1+1 o yoq) D (ya2 o yOqul) DD (ya'rL+1 o yan)
= Ya,+1 O Yar = (Yat1 O Yar) © -+ @ (Ya,+1 © Ya,,)-
Hence
2=BYat19Ya:a+1<0)

exists and belongs to C(E) by Theorem B4 We will prove that z is the desired
join V(z, : p < o).

First, we note that if z is an upper bound of the set (z, : p < o), then it is the
least one. For if w > z, for all p < o, then for alla+1 < o,

w > \/(.13,, ip<a+1)=yat1 > Yat1 © Ya-

By Lemma B3l z = V(Yat+1 © Yo : @ + 1 < p), which yields w > z. Hence it is
enough to show that z > zg for every 5 < 0.
If B < 0, 0 being a limit ordinal, we have 8 + 2 < o, whence

tp < Vi, p<BH1) =ysn
= VYo:a<f8+2) =019y, p+1<8+2) <z
This proves the theorem. O

4. ORTHOCOMPLETE AND ATOMIC EFFECT ALGEBRAS

Recall that an element a # 0 in an effect algebra FE is called an atom if x < a
implies © = a or z = 0. An effect algebra E is atomic if every element in F
majorizes an atom.

Theorem 4.1. Let E be an orthocomplete effect algebra and let x € E be an atom.
Then N(z € C(E) : z > x) is an atom in C(E).

Proof. Put ¢(z) = A(z € C(E) : z > z). By Theorem [3.5] the element ¢(z) exists
and belongs to C(E). To prove that ¢(x) is an atom of C'(F), assume that d € C(FE),
d < c¢(z). Then ¢(z) =d® (d' A c(z)), and

r=xAc(x)=xANd®xA(d Ac(x)).
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If x # d, then zAd = 0, because z is an atom, and hence < d’Ac(z). Since d'Ac(x)
belongs to C(E), we obtain, by the definition of ¢(x), that c¢(z) < d' Ac(z) < d'.
Then we obtain d < ¢(z), d < ¢(z)" hence d = 0. This concludes the proof. O

Lemma 4.2. Let ¢ be a central element of an effect algebra E. The centre of the
effect algebra [0, c|g consists of elements z A ¢, z € C(E).

Proof. Since c is central in E, we may write E ~ [0,c|g x [0,']g. If d is central in
[0, c]g, then E ~ [0,d]g x [0,d Ac]g % [0,c]|g, so that d € C(FE). If z € C(E), then
z A e, z' A c are orthogonal elements of C'(F) with z A c® 2’ A ¢ = ¢, and therefore
[0,c]g =[0,cAz]g X [0,c¢ A 2|, hence z A ¢ is central in [0, ¢|g. O

Theorem 4.3. Every orthocomplete atomic effect algebra is a direct product of
irreducible effect algebras.

Proof. Since E is atomic, under every element ¢ in the centre C(E) of E there is
an atom z of E. Theorem El implies that the element c(z) = A(z € C : z < 2)
is an atom of C(FE). Clearly, ¢(x) < c. It follows that C(FE) is an atomic Boolean
algebra, and by Theorem B8] C(F) is complete. Let (¢, : @ € X) denote the set of
all atoms of C(F). Then (¢, : @ € ¥) is an orthogonal set, and by Theorem [B.4]

we have
E~ []0,cale.
ael
By Lemmal[Z2 the centre of [0, ¢o] g consists of {0, ¢, }, hence [0, ¢, ] g is irreducible.
(]
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