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ABSTRACT. Hardy’s uncertainty principle states that it is impossible for a
function and its Fourier transform to be simultaneously very rapidly decreas-
ing. In this paper we prove LP versions of this principle for the Jacobi trans-
form and for the Fourier transform on real hyperbolic spaces.

1. INTRODUCTION

The uncertainty principles roughly state that a non-zero function f and its
Fourier transform fcannot both be sharply localised. This is already evident in
the Paley—Wiener theorem; the Fourier transform of a compactly supported smooth
function extends to an entire function, hence it cannot have compact support. The
Fourier transform of a rapidly decreasing function, i.e.,a Schwartz function, is on
the other hand again a rapidly decreasing function. Hardy’s uncertainty principle
(see [8]) tells us, however, that they cannot both be very rapidly decreasing. Gener-
alisations to a L? set-up have been studied and proved by, among others, Beurling
([2]) and Cowling—Price:

Theorem 1.1 (Cowling—Price []). Let f be a measurable function on R. If
ea|'|2f € LP(R) and eﬁ\-\2f € LY(R), with min(p,q) < co and af > %, then f = 0.

The case p =g = 00, aff > % is Hardy’s uncertainty principle.

Analogues of Hardy’s uncertainty principle and its LP versions for the Fourier
transform on (semisimple) Lie groups have been the object of interest in several
recent papers; see [5], [I5] and the references therein. The Riemannian symmetric
spaces of the non-compact type have also been studied; see [17] and [I8].

The aim of this paper is to prove a version of Theorem [[.1] for the Jacobi trans-
form and for the Fourier transform on the real hyperbolic spaces

SO,(m,n)/SO,(m — 1,n), m,n € N.

The proof of the latter case is based on the observation that the Fourier transform
of functions of fixed K-type can be expressed in terms of modified Jacobi functions.
This approach can be expanded to cover all hyperbolic spaces.
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2798 NILS BYRIAL ANDERSEN

2. JACOBI FUNCTIONS AND THE JACOBI TRANSFORM

Let a,b, A € C and 0 < t < co. We consider the differential equation

W <Nwwy4i(A”uﬂ““)=—@?+&m@,

dt dt
where p = a+b+1and A%®(¢) = (2sinh ¢)221(2 cosh )?**1. Using the substitution
z = —sinh?¢, we can rewrite (@ as a hypergeometric differential equation with

parameters 1 (p+14)), 3(p—i)) and a+1 (see [6, 2.1.1]). Let 2} denote the GauB
hypergeometric function. The Jacobi function (of order (a,b)),

1 1
@i’b(t) =9l (5(0 +1iN), E(P —iA),a + 1; — sinh?® t) )

is for a ¢ —N the unique solution to (I) satisfying ¢§"(0) = 1 and 4 l,—o 3t =0.
The Jacobi functions satisfy the following growth estimates:
Lemma 2.1. There exists for each a,b € C a constant C > 0 such that

D@+ 1) 63 ()] < L+ ADF(1 + e,
for all A € C and all t > 0, where k =0 if Ra > —% and k = [%—%a] if Ra < —%.
Proof. See [13, Lemma 2.3].

O

Here [-] denotes the integer part. We note that I'(a + 1)~ !¢}’ ®(t) is an entire

function in the variables a,b and A € C (also for a € —N). The Jacobi transform
(of order (a,b)) is defined by

FWM:IRNW$%M“®%

for all even functions f and all complex numbers A for which the right-hand side
is well-defined. The Paley—Wiener theorem for the Jacobi transform, [13] Theorem
3.4], states that the (normalised) application f — I'(a+ 1)*11?‘“’ is a bijection from
C2®°(R)even onto H(C)even, the space of even entire rapidly decreasing functions of
exponential type, for all a,b € C.
The Jacobi functions of the second kind
VP (t) = (2cosh )Py Fy (%(p — i), 5
defines for A ¢ —iN another solution of (), characterised by the property that
PVP(t) ~ AP for t — oco. We remark that ¢$” is singular if and only if
A € —iN, with simple poles. Define the meromorphic Jacobi c-functions as

T'(a+ 1)T(i))

1
—(a—b+1—1i)),1 —i/\;cosh_2t> ,

a,b L —A
(2) (X)) =27 TGN+ p) P3N +a—b+1))
Then
(3) PR = P NB” + (=N

as a meromorphic identity; see [14], (2.15-18)]. The inversion formula for the Jacobi
transform can be written as (with 4 >0, p > —R(a £ b+ 1))

. d\
(4) = 3= / PN +ip) ¢A+w( )m (t>0)
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L? VERSIONS OF HARDY’S UNCERTAINTY PRINCIPLE 2799

for f € C°(R)even; see [14] Theorem 2.2]. Using residual calculus we can rewrite
@) as follows:

Theorem 2.2. Assume that a ¢ —N. Let D, denote the finite set of zeroes for
c@P(=X) with SX > 0. Let =0 if Doy NR = {0} and otherwise choose 0 < n < %
such that c®*(£X) # 0 for S\ € [-n,n]\{0}. Then

L[ PO e, () . Fr N (1)
10= 55 |, ot m® 2 e | Enet)

for f € CP(R)eyen, where ky, :=1/2 if v € INUR and k, := 1 otherwise.

Proof. The set D, is determined by the poles of the I'-functions of (2). It follows
that D, consists of those elements v # 0, with Sv > 0, which are of the form
v=i(tb—a—1-2m), m e NU{0}.

Let v € Dgy, that is, c**(—v) = 0. Assume first that v ¢ iN; then ¢**(v) # 0
by the condition a ¢ —N, and

Aa,b a,b a,b
ey {7f cfﬁgf&)(”} = Resaoy {f“”( >(cfz =i Cab:ti )}

ab t
_ReS)\—y{ ™ ab }
A)c

by (@), since ¢(i’§(t)/c“’b(/\) is regular at A\ = v.

Now assume v € iNN D, ;. Then v is a zero for ¢**(—\) of order 1; a double
pole in the denominator of ¢*®(—\) at v € iN would imply a € —N, which we
have excluded. The c-function ¢*®()\) is regular and non-zero at A\ = v, as the
poles arising from the I-functions in (@) cancel each other (we have excluded the
cases with double poles in the denominator). We also note that ¢i’b(t) is regular
at A =wv.

Write v = i(£b—a — 1 — 2m). Fix a and m, and define, for A in some small
neighbourhood of v, a continuous function b(A) by the condition

A=1i(£b(A) —a—1-2m).

It follows that c®*™ (=) = 0 and ¢}’ b )‘)( t) = PN (N)g5 b()‘)( t), for A\ # v, by
@), and b(v) = b. Since limy_.,, "

Ty = /2 = 2 forn € —NU {0}, it can be seen

from that limy_, c»*M () = 21limy_,, ¢**()\), and thus, by continuity of the
Jacobi functions in all the variables,

frNe @ | 1 F e (1)
Resy=y { ——F—-+—= = zResh = { —F——""F5 7
= { cab(—N) g A=) Cab(Z N )b ()
a,b(X) ‘L b(X) a,
snee 2054(1) =2ima 63 () =2 Sl = i S = o,
Let 0 < n < 1 and let § > 0. We can extend the estimates in [I3, Lemma2.1]
(for A > 0) as follows. There exists a positive constant C' such that
65 (0)] < Cem N

for all t > ¢ and all A € C with S\ > —n; see [3] for details. The polynomial
estimates on |c*?(—\)~!| away from the poles given by [[3| Lemma 2.2] can also be
extended to SA > —n.
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2800 NILS BYRIAL ANDERSEN

Now choose 7 as in the theorem. By the above estimates and since f“?b satisfies
the usual Paley—Wiener growth estimates, we can shift the contour toward the real
axis, and (4)) becomes

f(t) =o— . / e b()‘ + ”7)%3?1‘7; (ﬂ% + Residual terms
dA
/fab )\+Z7] ¢)\+’W]( )m

dA
a . a,b .
—i——ﬂ /R f 7b(_/\ — Z77)¢,)\,in(t)m + Residual terms,

where we have moved half the integral across the real axis if D, NR # {0} and

made a sign change A — —A\ in the integral over the line A = —7. Since f"’b is
even, we get our inversion formula from the identity (B]). O

Remark 2.3. Theorem and its proof were communicated to us by H. Schlicht-
krull. For a > —1,b € R (which implies n = 0), it is due to [7, Appendix 1] (a
minor error has been corrected with the introduction of the constant k).

Our proof of the LP-version of Hardy’s uncertainty principle for the Jacobi trans-
form is inspired by the proof of the semisimple Lie group case; see [I5]. The fol-

lowing lemma is crucial:

Lemma 2.4. Let 1 < q < oco. Assume that h is an entire function on C such that
Ih(V)] < Ce™N (14 |SA)Y, A eC  and / |h(\)]%d\ < oo
R

for positive constants v, N and C. Then h = 0.

Proof. See [15, Lemma 2.3]. O

Theorem 2.5. Let a,b € C, a ¢ —N, and suppose that 1 < p < 00,1 < g < 0.
Assume that f is an even measurable function on R satisfying

el Pe0=20%l p ¢ IP(R|AYY@®)))  and 71T o0 e LI(R),
for positive constants o, B such that o > i. Then f =0 almost everywhere.
Proof. Let f be an even measurable function satisfying the above growth conditions.
The very rapid decay implies that f € LY(R, |A%?(¢)|dt) N L2 (R4, |A%b(¢)|dt) and

that f“?b(/\) defines an analytic function in A € C for all a,b € C. We note that it
suffices to prove the theorem for a8 = %. First let p < co. Using Lemma 2T] we
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L? VERSIONS OF HARDY’S UNCERTAINTY PRINCIPLE 2801

get the following estimates on f“’b(/\) (for different constants C, N > 0):

F) <o / [FOI+ DL+ el A (1) db

<C(1+ |AI)’“/ |F ()]t e 2IRet (1 4 4)el SAlLg—at? (520t Aasb (1) |t
R
1

< C+ A </ ((1+t)e‘$*lfe*at26—5“"t)p |A“’b(t)|dt>
R+

< C+ )¢ ( [ oa+ t)p/e”/%we_p/“tzdt)
R+

L
Pl

= C(1 + |\|)FelSM/ae (/ (1 +t)p’e—p’a<t—wl/2a>2dt>
R4

1
o7

—|SA]/2a

= O(1 + |A|) kel S /1a (/ (1+t+ |%>\|/2a)p'ep'at2dt>

< O(1+ ANl /e
for A € C, using translation invariance of dt, the Holder inequality (with %—i— ﬁ =1)

and the inequality |3A| < |A]. For p = oo, we have | f(£)| < Ce=! =%l for some
positive constant C, and we get

|fa’b()\)| <C e—atze—éﬁp\t|(1+ |)\|)k(1+t)e(\gx\l—%p)tlAa,b(t”dt

R+
<c(+ |A|)ke|%2/4a/ (1+ t)e—alt=I9N/20" gy
Ry
E_|SN? /4 > ~ —at?
<C(1+|A)%e (T4t 4+ |SA/2a)e™ " dt
—|SA| /2

< C(1 + |A|) Vel /4e

Define g(\) := favb()\)e(k,k)/m. Then
9] < 1+ PV EITe < 01+ [SA) Y

for some 0 < o/ < . Furthermore we see that
Jlauian= [ (17 0jes™) " ix < o
R R

so Lemma [Z4] implies that g, and hence also f“’b, is identically zero on C.
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2802 NILS BYRIAL ANDERSEN

Using (the proof of) Theorem 2.2 we see that

. . ab dAANA® (t)dt
sopoatoa = 5o | [ oo+ ind, o0 5Ty

-~a,b
mm DO+ in)
A®
// @b (=X —in)cwb(\ + in ) (£)dtdA

: Jo, F@QS (OR“P (V) A ()t
_Vg;hbzkyResA—u{ cab( A)eb(A) }

1 O+ iR (A + i)
CArm Jg @b (=X —in)crb (N + in)

. Frt)he ()
-y ZkVReSAV{m}

vED,

R

is identically zero for any h € C2°(R)even, and we conclude that f is zero almost
everywhere. [l

3. THE FOURIER TRANSFORM ON REAL HYPERBOLIC SPACES
Let m > 1 and n > 2 be two integers and consider the bilinear form (-,-) on
R™*™ given by
(T,y) = 211 + - + TmYm — T 1Ymt1 = — TmgnYmin, T,y € RTH

Let G = SO,(m,n) denote the connected group of (m + n) X (m + n) matrices
preserving (-,-) and let H = SO,(m — 1,n) C G denote the isotropy subgroup of
the point (1,0,...,0) € R™*". Let K = SO(m) x SO(n) C G be the (maximal
compact) subgroup of elements fixed by the classical Cartan involution on G: 6(g) =

(g)

The space X := G/H is a semisimple symmetric space (an involution 7 of G
fixing H is given by 7(9) = JgJ, where J is the diagonal matrix with entries
(1,-1,...,—1)). The map g — g-(1,0,...,0) induces an embedding of X in R™*"

as the hypersurface (with z; > 0if m =1)
X = {x e R"""|(z,z) = 1}.
Let Y := S™~! x "=, We introduce spherical coordinates on X as
x(t,y) = (veosht,wsinht), t e Ry, y = (v,w) € Y.

The map is injective, continuous and maps onto a dense subset of X. The (K-
invariant) metric distance from a € X to the origin is given by |z| = |z(t,y)| = [t].
The unique (up to a constant) G-invariant measure on X is in spherical coordi-

nates given by
[ f@a= [ fatt)@iay
X R4 XY

(see [9, Part I, Example2.3]), where J(t) = cosh™ ' tsinh™ ' ¢ is the Jacobian, dt
the Lebesgue measure on R and dy an invariant measure on Y, normalised such
that [, 1dy = 1.

The action of SO(m) on C°°(S™~1) decomposes into irreducible representations
‘H" of spherical harmonics of degree |r| (see [IU, Introduction]) characterised as
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L? VERSIONS OF HARDY’S UNCERTAINTY PRINCIPLE 2803

the eigenfunctions of the Laplace-Beltrami operator A,, on S™~! with eigenvalue
—r(r+m—2). Herer =0if m=1,r € Z for m =2 and r € NU {0} for m > 2.

Let H™* = H" ® H® and denote the representation of K on H"™* by 4, s. Let
d, s = dim H"™* and X, s denote the dimension and the character of §, ;. A function
in L?(X) is said to be of K-type (r,s) if its translates under the left regular action
of K span a vector space which is equivalent to H™*® as a K-module. We write
L2(X)™* for the collection of functions of K-type (r,s). The projection P™* of
L?(X) onto L?(X)™* is given by

P f(x) = dr,S/KX,,,S(lfl)f(k-x)dk, f € L*(X),

for z € X; see [10, ChapterV,§3] and [11], Chapter III, §5]. There are similar def-
initions and results for functions in L?(Y) and also for functions in C°°(X) and
C>(Y).

The algebra of left-G-invariant differential operators on X is generated by the
Laplace-Beltrami operator Ax (see [9, PartIl, Example4.1]), which in spherical
coordinates is given by

10 of 1 1 *(X):
AXf— m& (J(t)a) - mAmJC“‘mAn.ﬂ fEC (X)7

see [16, p. 455]. It reduces to a differential operator AY® in the t-variable when
acting on functions of K-type (r, s):

Ay®f = Axf
1 0 of r(r+m—2) s(s+n—2)
=< | /)57 - , € C®(X)™s,
J(t) at( ()8t> Ay f sinh? ¢ f f X)
Consider the differential equation
(5) Axf=Ay"f=N=p))f,  feC>®X)"*

where p = %(m + n — 2). Altering the proof of [11], ChapterI, Proposition 2.7] to
fit our setup, we see that we can write any function f € C*°(X)™* in spherical
coordinates as

(6) fz(t,y) = Z Fi()e7° (),

where {¢;°} = {¢" ®¢*}; is a (finite) basis for H™*, and f; is a function of the form
fi(t) = t13!f; o (), with fi , even. Let & = —sinh®*t and g = (1—z)~I"1/2(—z)~IsI/2 ;.
Then g is a solution to the hypergeometric differential equation with parameters
1/2(A+p+|r|+]s]), 1/2(=A+p+|r|+|s|) and ¢/2+|s|. Let @\ denote the regular
(for generic \) solution to this hypergeometric differential equation satisfying the
asymptotic condition ®Y°(t) ~ e~ for t — oo (for RA > 0 and when defined).
Then

PY(t) = oA=p=Irl=lsl coshl™l ¢ sinh!®! ¢
DGO p+ Irl 4 [sDIPGO —p+n = || + )
FANL(5 + )

1 1 n
x oI} <§(>\ +p+r|+1s]), 5(—>\ +p+r|+1s)); 5 + |sl; — sinh? t) ,
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2804 NILS BYRIAL ANDERSEN

for ®A > 0; see [I, pp.72 and 76]. We also note that the function z(t,y) —
D% (t)¢(y) extends to a solution of (@) on X for any ¢ € H"™*.

Let € € {0,1} and define C°(Y) = {¢ € C=(Y)|p(—y) = (—1)¢(y)}. The
Poisson transform, F; y : C*(Y) — C*°(X)), is defined as

Ford(e) = / (@, )| Psign (w, yb(y)dy, &€ CR(Y),

when —RA > p.

Lemma 3.1. Let ¢ € C(Y). The (meromorphic extension of the) function Fe x¢
is an eigenfunction of the Laplace-Beltrami operator Ax with eigenvalue \*> — p?
(when defined), i.e.,

AXFE,)\¢ = (>\2 - pQ)Fe,)\¢ .
The asymptotic behaviour of Fe x¢ for t — oo is given by (when defined)
Foxd(x(t,y)) ~ e Pe(e, \)g(y)
for RA > 0, where c(e, A) is the so-called c-function for X given by

_ 220710 () T (2)  T()) { tan (3 (A+p+e€)) if mis even,

c(e, A) T T(A+p) 1 if m is odd.

Proof. The function F ¢ extends meromorphically to C by distribution theory; see
[16, Lemma5(a)]. Differentiating under the integral sign for (A + p) very negative
and then using meromorphic continuation shows that it is an eigenfunction of the
Laplace-Beltrami operator Ax with eigenvalue A\* — p2. The asymptotic behaviour
is computed in [16, Appendix A]; see also [16, Lemma4 and Lemma 5]. O

We define the (normalised) Fourier transform Ff of any function f € C°(X) as

Ffle,\y) :=cle,=\)"" /X |{z, y>|()‘_”)sign6 (x,y) f(x)dz,

for e € {0,1}, RA>pand y € Y. Let f € C*(X)"* for some fixed K-type (r,s).
We can (re)write the Fourier transform of f as (with e =r + s mod 2)

Fean) = [ 9505l 0t
+

using spherical coordinates, Schur’s Lemma and properties of the Poisson transform;

see [I, pp.74-76] for details. We see that Ff(e, A,y) extends to a meromorphic

function in the A-variable, with zeros and poles completely determined by the above

expression for @Y. Due to the factor I'(A) in the denominator there are no poles

for purely imaginary A.

Theorem 3.2. Let 1 < p < 00,1 < g < oo. Assume that f is a measurable
function on X satisfying

elPe=2ellp e Ip(X)  and PP Ffe L9{0,1} x iR x V)
for positive constants «, 8 such that of > %, Then f =0 almost everywhere.

Proof. Let f be a measurable function satisfying the above growth conditions. The
very rapid decay again implies that f € L'(X) N L?(X) and that the Fourier trans-
form Ff is well-defined.
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L? VERSIONS OF HARDY’S UNCERTAINTY PRINCIPLE 2805
Define p=p+|r|+|sl,a=|s|+ 5 —1land b= |r|+ 5 —1 (ie,p=a+b+1).
Then

T+ A)TEA = p+n+20s) o,
T(% + [s)C(V) i

OL(t) =227 cosh! ¢sinh!*! ¢

(t).

Let f,s(t,y) := P f(x(t,y))/ cosh!" tsinh!*/ t. By (@) and continuity of the pro-
jection P™® we see that f, s is a measurable function on Rx Y, even in the ¢-variable.

Also let
DA+ PG~ 5+ n+2[s))
s A) = 2)\ 3p 2 2
Qrs() (@ + DT
Then
Fol(idy) = | frs(t,y)@B (A (£)dE = Qps(\)TLFP f(e, A, y).

R4

We note that A,‘,f’sb()\, y) is well-defined for all A € C. Using spherical coordinates

and the definition of P"*, we get the following estimates of f, ; and :‘ftsb:
PP f (y) € PR AP @) and  |Qrs(i)|e” T 0 y) € LU(R),

for y € Y. We now note that |Q, s(\)| is bounded away from zero for [SA| > 0 (see
[0, 1.18]), which implies that

0= p (Ly) € LP(R, A (1)) and  PIUFRb( ) € LUR),

for y € Y. It follows from Theorem that f®? is zero almost everywhere, and

T,

thus also that P™* f is zero almost everywhere. We conclude the theorem since

F=3,, P 0

4. REMARKS AND FURTHER RESULTS

Hardy’s uncertainty principle (the p = ¢ = o0, af > % case) for the Jacobi

transform and for the Fourier transform on real hyperbolic spaces was proved by
the author in [2].

The space X = SO,(m,n)/SO,(m—1,n) is a semisimple Riemannian symmetric
space of the non-compact type when m = 1 and of the non-Riemannian type when
m > 1. Our statement and proof generalise to all rank 1 Riemannian symmetric
spaces of the non-compact type, using the fact that the Fourier transform of K-finite
functions can be expressed by Jacobi functions.

Versions of Theorem B.2 for Riemannian symmetric spaces were proved by J. Sen-
gupta (see [I7] Theorem 2]) and by E. K. Narayanan and S. K. Ray; see [T5] The-
orem 3.2 (as a corollary of this theorem, valid for functions on semisimple Lie
groups). The former result does not have the e =271l factor in the estimate for
the function f and is only valid for a8 > %. The latter result is stated using the
Harish-Chandra function instead of the factor e~?I*!, and thus by [15, Proposition
2.1iii)] differs from our result by a factor (1 + |¢|).

Leta=0b= %, i.e., p = 2. In this case the Jacobi transform can be viewed as the
spherical Helgason—Fourier transform on SL(2,C). Let af = % and assume that

2 < p < oo. Following [I5], it can be shown that the =221 factor is optimal;
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2806 NILS BYRIAL ANDERSEN

there exists for any number s such that 0 < s <1 — % a non-zero even function f
such that

/R(|f(t)|ea‘t|2652|t‘)p|A“’b(t)|dt<oo and A(|f“’b(A)|eﬁ|A‘2)qu<m.

Let F be either C or H and let « — & be the standard (anti)-involution of F. Let
m and n be two positive integers and let [, | be the Hermitian form on F™*" given
by

[x,y] =x1Y1+ -+ ToYm — Tm4+1Ym+1 — ° — TotnYmtn,

for z,y € F™*". Let G = U(m, n;F) denote the group of all (m+n) x (m-+n) matri-
ces over F preserving [, |. Thus U(m,n;C) = U(m,n) and U(m,n;H) = Sp(m,n)
in standard notation. Let H be the subgroup of G stabilising the line F(1,0,...,0)
in F™*t". We can identify H with U(1,0;F) x U(m —1,n;F) and the homogeneous
space G/H (which is a reductive symmetric space) with the projective image of
the space {z € F™*"|[z,z] = 1}. The statement and proof of the LP version of
Hardy’s uncertainty principle for the Fourier transform on G/H follows from above,
either embedding G/H into SO,(dm,dn)/SO,(dm — 1,dn), with d = dimgF, or
again expressing the Fourier transform of K-finite functions using modified Jacobi
functions. See [I], p. 117] for more details.
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