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ABSTRACT. Extensions of two classical results about polynomials, one due to
W. Markov and the other due to Duffin and Schaeffer, are obtained in this
paper. An interesting result of S. Bernstein, which went unnoticed until it was
rediscovered by P. Erdés, 34 years later, is also generalized. Our results are
especially amenable to numerical calculations, and may, therefore, be of some
practical importance.

1. INTRODUCTION

We shall show how a simple result, contained in Theorem 1 below, leads to some
striking conclusions giving extensions and generalizations of the following two well-
known results. The first one is a classical result of Wladimir Markoff (|8, §17, §23];
see also [6] and [9, p. 56]), and the second one is a famous result of Duffin and
Schaeffer [4].

Theorem A. As usual, let

m 22 (m—p—1)!
T (z) := 0 ; (—1)“m (22)™ % = cos (m arccos )
be the Chebyshev polynomial of the first kind of degree m. In addition, let f(x) :=
S _savx” be a polynomial of degree at most n such that |f(z)|< 1 for —1 <z <
1. Then, |an—2,| is bounded above by the modulus of the corresponding coefficient
of T, for p=0,...,|n/2], and |an—1-2,| is bounded above by the modulus of the
corresponding coefficient of Ty,—1 for p=0,...,[(n—1)/2].

Theorem B. Let T, be the Chebyshev polynomial of the first kind of degree n. In
addition, let f be a polynomial of degree at most n such that |f(x)| <1 at the zeros
of the polynomial (1 — x2)T)(x). Then, for 1 <k <n, we have

[P @ +ig < ITP (A +iy)]  (-1<z<1,yeR).
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We start with the following simple observation.

Lemma 1. Let tg < --- < ty, and define P(z) = Hl],V:O(x —ty,). Then, for any

polynomial f of degree at most N and any & such that P'(§) = 0, we have

N
’ v 1
1) ro=-roy H)

Proof. By the Lagrange interpolation formula

N
_ ft,) 1
f(xz) = P(x) -
27,

x—t,

Differentiating the two sides of this identity with respect to z and then replacing
x by &, we obtain

N N
ey f(t) 1 / f) 1
PO =-PO 2 ey ap PO L pa e
which is simply (1), since P’(§) = 0. d

With this, we are ready to prove the following result.

Theorem 1. Let tg < --- <ty be an increasing sequence of N +1 real numbers,
and let yo,...,yn be a set of N + 1 non-negative numbers, not all zero. Let
& < -+ < &N be the critical points of P(x) := Hivzo(a: —t,), and denote by wn
the unique polynomial of degree at most N, which has the property that wn(t,) =
(=1)N=vy, for 0 <v < N. Furthermore, let f be any polynomial of degree at most
N such that |f(t,)] <y, for 0 <v < N. Then

(2) [F/(€)] < Imy (&)l = (L)Y #ay(€) (A <p<N),
unless f(x) := ey (x) for some real 7.
Proof. Note that
P(&) = (-1)" " PE)] (1<p<N),
and that P'(t,) = (=1)N=*|P'(t,)| for 0 <v < N. Hence, (1) implies that

N
’ v—p v 1
® 76 =1PE) e i

Since mn(t,) = (=1)N~?y, for 0 < v < N, we see, in particular, that

(I1<p<N).

1

w—t)?

N
1) ele) = DY IPE X i A<u<N).

From (3) and (4), it readily follows that for any &,
IF Gl <lmn(@E)l  I<p<N),

unless f(z) := e"my(x) for some real ~. O
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CERTAIN EXTREMAL PROBLEMS FOR POLYNOMIALS 2743

2. APPLICATIONS

Theorems 2a and 2b are two parts of the same theorem. They are stated sepa-
rately for the sake of clarity. Together, they constitute a multifaceted generalization
of Theorem A. Theorem 3 also says a great deal more than Theorem A does. They
all hold under much weaker assumptions, except Theorem 3 does not apply to
polynomials with non-real coefficients.

Theorem 2a. Let tg < --- < to,, be a sequence of 2m+1 real numbers, such that
ty = —tom—y for 0 < p < m. In addition, let yo,...,Y2m be a set of 2m+1 non-
negative numbers, not all zero, and subject to the requirement that v, = Yam—p
for 0 < p < m. Furthermore, let F(x) = Zi:o Asy " be the unique (even)
polynomial of degree 2m such that F(t,) = (=1)*""#y, for 0 < u < 2m. Then,
for any polynomial p(x) := 2523_1 a, ¥ of degree at most 2m + 1 such that
Ip(t)| <y, for 0 < p<2m, we have

1 " 1
P00 < G

unless p(x) + p(—z) = 2eVF(z) for some real 7.

(5)  lazu| = FED)] = |2 (1< p<m),

Proof. Clearly, t,, = 0. Note that f(z) := (p(z) +p(—=)) /2 = 3" az, x> is an
even polynomial of degree not exceeding 2m such that

(6) ft) <y  (O<p<2m).

Let t(()l), . ,télw)b_l be the critical points of P, o(z) := Hiﬂio (x —t,), where
(1)

t(()l) < -+ <ty 1. Then, Theorem 1 applied with N = 2m shows that
(7)

unless f(z) := e7F(z) for some real 7. Now, set P, 1(z) := Hizal(x - tl(})) and
denote its critical points by t(()z) << t(QZW)L_Q. It may be noted that tfi)_l =0.In
view of (7), Theorem 1 may be applied to conclude that if f(z) # e F(x) for all

real v, then

(8)
in particular,

(9) LF7 )] < [F"(0)].

Comparing (8) with (6) and noting that y, = |F(x,)| for 0 < p < 2m, we see
that if |f(x)] < |F(z)| at the zeros of Ppg, then |f"(z)| < |F"(z)| at the zeros
of Py, unless f(x) = eV F(x) for some real . Repeated use of the preceding
argument shows that if f(x) # €7 F(z) for all real v, then, at each of the 2(m—u)+1

2
zeros of P,(L o, we have
;

(10) [fE @) < [FEI (@) (1< p<m);

FED| < |FEh] 0<p<am-1),

] < [F" (2 0<pu<2m-—2);
1 13

in particular,

(11) P 0) = [fE(0)] < [FP(0)]  (1<p<m). O
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Theorem 2b. Let 19 < -+ < Tom—1 be 2m real numbers, and let yo, ..., Yom—1
be 2m non-negative numbers, not all zero, such that 7, = Tgm 1—p and y, =
Yom—1—p for 0 < p < m — 1. In addition, let G(z) = Zu 0 BQM+1 x2HFL pe
the unique (odd) polynomial of degree 2m — 1 such that G(,) = (—1)*™"Hy,, for
0 < u < 2m — 1. Furthermore, let p(x) := 212,20 a, ¥ be a polynomial of degree at
most 2m such that |p(1,)| <y, for 0 < p <2m —1. Then, for 0 <p<m—1, we
have

1 1
(12)  azus| =

2u+1) 2u+ 1) ‘
unless p(x) — p(—x) = 2e7G(x) for some real 7.

: ‘p(2u+1)(0)‘ < G(2u+1)(0)‘ = |Bopsal ,

Proof. Note that g(z) := (p(z) — p(—x)) /2 = Zu _0 agu+1 2?1 is an odd poly-
nomial of degree at most 2m — 1 such that

l9(T)| <y (0<p<2m-—1).

Let T(gl), 7'2(,1,2 5 be the critical points of Q,o(x) := Himo e — 7,), where
7_(51) < o<l )1 =0<- - < 72(1172 5. Then, Theorem 1 may be applied with

N = 2m — 1 to conclude that if g(z) # e7G(x) for all real ~, then

(13)

g <@ O<p<om-2);

in particular,
lg'(0)] < |G"(0)].

Now, let us compare (13) with (8). Like f” and F”, the polynomials ¢’ and G’
are of degree at most 2m — 2. Just as |f”(x)| < |F"(x)| at the critical points of a
polynomial of degree 2m, namely P, 1, the inequality |¢'(z)| < |G’(z)| holds at the
critical points of a polynomial of degree 2m, namely (), 0. Like the critical points of
P, 1, those of @, o are real and lie symmetrically with respect to the origin. Hence,
in the same way as (8) leads to (5), inequality (13) implies (12). O

Remark 1. Theorem A is contained in Theorems 2a and 2b put together. To see
this, let f(z) :=Y_,_,ayz” be as in Theorem A. Depending on whether n is even
or odd, we may apply Theorem 2a or Theorem 2b, respectively, to the polynomial
p(z) = V+é a,z’, where a,+1 = 0, to obtain the first part of Theorem A. In

order to obtain the second part, we may write f(x) as p(z) := ZE,HZBI)H

then use Theorem 2a or Theorem 2b, depending on the parity of n — 1.

a,x¥, and

Remark 2. By a standard argument, the polynomial p in Theorems 2a and 2b may
be allowed to have non-real coefficients. The following result seems to be more
interesting, if we were to restrict ourselves to real polynomials.

Theorem 3. Letty < --- < t, be n+1 real numbers, and let yg, - . .,y be a sequence
of n+1 non-negative numbers, where we suppose thatt, = —t,_, andy, = Yn—, for
v=0,...,n, and that ¥,._y, > 0. In addition, let F(z) := ZLH/QJ Aoy "M
be the unique polynomial of degree n such that F(t,) = (=1)" "y, forv=0,...,n
Furthermore, let p(z) := ZZ:O ay x¥ be a real polynomial of degree at most n, whose
modulus does not exceed that of F' at the points tg, ..., t,, that is,

pt) <y =[F(t)] (0<v<n).
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Then,
n—1
1) el el Seal (000 5]
Proof. First, let n be even and write n = 2m. Note that both
1 m
fiz) = S {0+ 2)p(z) + (1 —2)p(-2)} = Z azy + agu—1)
and
1 m
fo(z) = 5 {1 —2)p(z) + (1 + 2)p(=2)} = ao + > (a2 — azu—1) 2
p=1

satisfy the conditions of Theorem 2a, and so for 1 < p < m, we have
lagy + azp—1] < |Azul , faz, — azu—1| < Az
Since the coefficients ay, . .., a, are all real,
lazu| + |agu—1] = max {[az, + azu—1], a2y — azu-1l},

and so (14) holds.
Next, let n be odd and write n = 2m — 1. In this case the functions

m—1

fo(a) 2= 5 {0+ @)p(a) — (L= p(—a)} = 3 (azurs +az) 2!
and
falz) = % (1 - 2)p(z) - (L+2)p Z o — any) 22

satisfy the conditions of Theorem 2a, and so for 0 § uw<m—1, we have
laout1 + agu| < |Aopvi| » lagusr — azu| < |A2ut1]-
Since the coefficients ay, . .., a, are all real,
|au41] + |azyu| = max {[ag.t1 + azul, lazu41 — azul}

and so, once again, (14) holds. O

Remark 3. It is known [5, p. 1176] that if p(z) :== >_p_, axz" has real coefficients
and |p(z)| <1 for =1 <z <1, then Y ,_,|ax| is mazimal for p(z) := £T, ().
According to an oral communication to Erdés (see [Bl p. 1176]), G. Szego could
even prove that |agx| + |agk+1| s mazimal for p(z) :== £T,(2). It may be noted
that this result of Szég6 is a very special case of Theorem 3. It also fully covers
Theorem A.

The following result is due to Bernstein [I]. It remained unknown until it was
rediscovered by Erdés [5, Theorem 7).

Theorem C. Let f be a polynomial of degree n with real coefficients, such that
|f(x)| <1 for =1 <a<1. Then

R <Ta(z)] (2] =1).
FEquality holds only for f(z) = £T,(z).
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As an extension of Theorem C we prove the following result.

Theorem 4. Let ty < --- < ty be an arbitrary set of N + 1 real numbers, and
let yo,...,yn be any set of N + 1 non-negative numbers, not all zero. Denote by
7n the unique polynomial of degree at most N such that wn(t,) = (—1)N "%y, for
0 <v < N. Furthermore, let f be a real polynomial of degree at most N such that
lf& )| <wyy for 0 <v < N. Then,

) el <im@l (|- 05 2 B e o)

unless f(z) = tan(z).

Proof. Without loss of generality we may suppose that tg = —1 and ty = 1. Now,
let z # +1be any point such that |z| > 1. Introducing the fundamental functions

z—1t;
fzk(z);:Ht_t? (k=0,...,N),
j=0 "k
J#k

we may use the Lagrange interpolation formula to write

N

(16) Zf (t)l(2) = Y (=DFf () - (=) e (2).
k=0

Note that for 0 < p # v < N, we have

(17) (—D"u(2) _ (DY u(2) b=z

()"0 (z)  (CONE,(z) - M, =z

where ¢, > 0. Since the angle subtended by [to, tn] at the point z does not
exceed /2, the vectors t, — z, t, — z, which are non-zero, lie in a sector of opening
at most /2 for 0 < p # v < N. So, from (17), it follows that all the vectors
(—=1)%(2),...,(=1)Nlx(2) must also lie in some sector of opening not exceeding
w/2. Hence, for any z & {to, tx} outside the open disk with diameter [to, tn],
there exists a real number [ such that

wp =R ((—1) 0, (2) e*iﬁ) >0 and v =S ((—1)"k(z) e*iﬁ) <0
for k=0,...,N. Hence,

N

Z (up +ivg)

fEP = [f(z)e )7 =

Il
S
I0~]=

=
~
=
z
~_—
[\v]
+
N
[~]=
|
=
S
kﬁ
=
z
<
ES
~—
[\v]

2

N
D (=DFyti(z)] = [mn ()],

k=0

IN
/Eﬁ\
<
ol
<
ol
~
[V}
_|_
N
[~]=
<
ol
<
ol
[\v]
Il

where the inequality is strict unless (—1)°f(to) o, - - -, (=1)Y f(tn)yn are all of the
same sign. This is not possible unless f(z) = £7wn(2). O
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CERTAIN EXTREMAL PROBLEMS FOR POLYNOMIALS 2747

Using Theorem 1 in conjunction with Theorem 4, we deduce the following result.

Theorem 5. Let ty < --- < ty be an arbitrary set of N + 1 real numbers, and
let Pyo(z) = Hivzo(z — t,). In addition, let yo,...,yn be any set of N + 1
non-negative numbers, not all zero, and denote by wn the unique polynomial of

degree at most N such that mwn(t,) = (=1)N vy, for 0 < v < N. Finally, let
tor <+ <tn_px be the zeros of P](\;%. Then for any real polynomial f of degree
at most N such that |f(t,)| <y, for 0 <v < N, the inequality

(18) FPE < 7P (k=1,...,N)
holds for all z & {tok, tN—kk} Such that

_ tok TEN-kE > tN—kk — Lok
2 - 2 ’

unless f(z) = £an(z).

Proof. Let f # +mn. By Theorem 1, |f'(tv1)] < |7 (tn1)| for 0 < v < N —1,
which in turn implies that |f”(ty2)| < |78 (ty2)] for 0 < v < N — 2. In fact, for
1 <k <N, we have

IO ()] < 7§ (0] 0<v <N —k).

Hence, by Theorem 4,
|f'(2)] < |7y (2)]
for all z & {to,1, tn—1,1} such that

‘ to,1 Hin—1,1
T 2

More generally, if 1 < k < N, then
PO < 7)) k=18

tn—1,1 —to1
- 2 .

for any z outside the open disk

2 2 ’

other than to 5 and tn—. . O

‘z _tok TIN—kk tN—kk — tok

Remark 4. Theorem 5 says in particular that if f is as in Theorem B and t,_j
is the largest zero of the polynomial

—{(1 —2®)T!(x)}, thatis, of 2T M (z)+ (n?+k—1)TFV(x),
x

then |f®) (2)| < |TF (2)] for |2] > tn_.k.

An addendum to Theorem 4. It is clear that in Theorem 4 we cannot expect
|f(2)] to be less than |mn(2)|, at least at those points of the open disk © of radius
(tn — to)/2 centred at (to + tn)/2, where 7y (z) vanishes. It is an interesting
problem to find the sharp estimate for |f(z)| at any point of © if f satisfies the
conditions of Theorem 4. Instead of dealing with the problem in its full generality,
we shall give just one result, which shows how the extremals may change from one
point to the other.
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Theorem 6. Let ty < --- <ty be an arbitrary set of N + 1 real numbers, and let
Yo, - - -, YN be any set of N + 1 non-negative numbers, not all zero. For any m in
{0,1,... ,N—1}, let mnm be the unique polynomial of degree at most N such that
TN m(ty) = (=1)"y, for 0 <v <m and inm(t,) = (-1)" "1y, for m+1<v < N.
Furthermore, let f be a real polynomial of degree at most N such that |f(t,)| < y,
for 0 <v < N. Then,

(19) |F(2)| < lmw,m(2)]

unless f(z) = £mnm(2).

Proof. Let us denote the points t,, ‘and fm1 by A and B, respectively, and the
closed disk with AB as diameter by ©,,,. We have to show that if C is any point of
D, other than A and B, then |f(C)| < |7nm(C)|, unless f(z) = £y .m(z). As

before, let P(z) = H,],V:()(Z —t,). Then, by the Lagrange interpolation formula

P(z) — (_)V1p(s (DY f() (1
Zf Seony - U PU{Z ) <Z_tu)

(‘Z . tm + thrl
2

thrl
S 2 ¢ {tma m+1}>

v=0
N
(D" 'f) 1
T2 TP z—tu}‘

Let C represent the number zj, and first let zp > 0. Extend the directed segment
BC and take a point L on the extended part. Denote by S the open sector deter-

mined by the line segments CA and CL and note that the angle ZACL is at most
90°. Let a, B and ~y represent the radian measures of the internal angles of the trian-
gle ABC at A, B and C, respectively. It is easily seen that the vectors —1/(z9 — t,),
where v =0, ... ,m, and the vectors 1/(z9 — t,,), where v = m+1, ..., N, all lie in
the sector {z =zo+rel? : r> O, r—a<f<rm+ B} whose opening is the same
as that of S, that is, o+ = 71—+ < 7/2. Hence, | f(20)| is maximized by & f, where
f is the unique polynomial 7y ,,, of degree at most N for which (—1)"f(t,) = yu
forv=0,...,m,and (-1)"f(t,) = —y, for v =m+1,...,N. For any other poly-
nomial, the value of |f(zo)| must be smaller. By symmetry, the same is true when
Szp < 0. The argument easily extends to cover the case where ¢, < zg < typy1. U

An integral inequality. If f is a real polynomial of degree at most n such
that |f(cos(vm/n))| <1 for v =0,...,n, then, clearly, |f(z)| may be larger than
|T(2)| at certain points of the unit disk, for example at points which are close to
the zeros of T),. It therefore seems interesting that if € denotes the ellipse whose
foci lie at 1, —1 and the sum of whose semi-axes is R, where R > /2 + 1/22773,
then the integral

In=1nlf) = | 170 "%1‘

is maximized by T, if simply

(20) M(f) = - {§|f<1>|2 F30 | (s D) 4 §|f<—1>|2} <1-m(T).
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whether the coefficients of f are all real or not. The following result contains the
sharp estimate for Ir for every R > 1, under the assumption that (20) holds. Note
that (20) is certainly satisfied if | f(cos (vw/n))| <1 for v =0,...,n.

Theorem 7. Let f be a polynomial of degree at most n such that (20) holds, and
let R, be the only root of the equation
(21) pAn _gpdn=2 9.2 1 _

in (1, 00). Furthermore, let €r denote the ellipse whose foci lie at 1, —1 and the
sum of whose semi-axes is R. Then

R?™ 4+ R™2") /2 if R> Ry,

22) Ir(f):= 2 lde] g

@) 1a(f)= [ 1) VT Sttty g 12nen,
Proof. If ( = (z+271)/2, then f(¢) = F(z):= " b,z", where b_, = b, for

vV=—n

v=0,£1,...,4+n. Hence, for any R > 1, we have

1—272 |dz] T NP
Igp=Ig(f) = / |F(2)|? - = / F (Re)|” do
iz 2| ez~ ) )]
= 2t Y |b[PR¥=2r {|b0|2 +> (R +R™%) |bl,|2} .
v=—n v=1
Thus, we obtain a representation for I in terms of |bg|?, ..., |b,|?. Next, we inter-

pret (20) as a condition on these parameters. For this we first note that

(23) |f(cosB)|? = f(cosh) f(cosB) = |b,|?e* ™ 4.+ Z |2+ - |y |?e™E0

v=—n

Remarking that Zizgl (e%”i/%)u =0 forv==41,...,£(2n — 1), and
2n—1 op  2n—1 o 2n—1 —2n
Z (erwi/Qn) _ Z (erTri/Qn) _ Z (Qkai/2n> — o,
k=0 k=0 k=0

we conclude that

2n—1 e\ |2 n
R~ _ 2 2 2
S| <cos ” ) 2nlba|® +2n > [by|* + 2n[b,|?.
k=0 v=—n
Hence,
n—1 n
Albal* +2) " baul* + [bol* = 20bal* + D [0 = M(f) < 1.
v=1 v=—n
Writing ¢, = |b,|? for v = 0,...,n, our problem reduces to maximization of the

objective function

B(to, ... tn) =27 {to +> (R +R™%) tu}

v=1
subject to the condition that ¢, > 0 for v =0, ..., n, and that

n—1

Ay +2) taytto=a<1.

v=1
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The Fundamental Theorem of Linear Programming [5] applies to this problem and
readily shows that for any R > 1, the quantity ®(to,...,t,) cannot be larger than

R2n_’_R72n . (2 B
max{ﬂf,ﬂQRQ 24+ R 2)),...,7T(R2+R 2),27r}.

This gives us the desired result.
The upper bound for Ig, given in (22), is attained for VT, v € R, or for
el \/iTn_l, v € R, according as R > R, or R, > R > 1, respectively. O

Remark 5. Instead of using the properties of the 2n-th roots of unity as we have
done in the above proof, we could have used the Lobatto—Chebyshev quadrature
from the theory of numerical integration.

Another pointwise condition. Even if | f(z)| was bounded by 1, not only at the
extrema of T},, but at all the points of the unit interval, the integral Ir would not
be maximized by T, for all R > 1. In fact, the value of Iy, corresponding to the

constant polynomial 1, is larger than 7(R?" +R~2")/2for 1 < R < ((2 + \/3))1/%.
It therefore seems interesting to mention a pointwise condition under which the
functional Ir is maximized by T, for all R > 1.

Theorem 8. Let f be a polynomial of degree at most n such that | f(x)| is bounded
by |Tn(x)| at the points x = cos (2kw/(2n + 1)) for k =0,...,n, or at least

2km
f (cos o+ 1)

Then, for any R > 1, the functional Ir(f) of (22) is mazimized only by polynomials
of the form e T,,, where v is real.

1) W)= {If(1)|2 +2)
k=1

2} S mQ(Tn) .

Proof. We recall that I = 27 {|bo|* + >, _, (R* + R™2") |b,|?}, where by, ..., by,
are as in the proof of Theorem 7. In order to display their dependence on f, let
us write b, = b,(f) for v = 0,+£1,...,+n . Note that R?” + R~2" is an increasing
function of v, and so, Ir(f) < 7 (R*™ +R™2")>""__|b,(f)|? for all R > 1, where
equality holds for any R only if all the coefficients except b,, and b_,, are zero.
Since (2” +27%)/2 = T, ((z 4+ 2z71)/2), this would mean that f ((z+271)/2) is
equal to 2b,T), ((z + z_l)/Z) for any z # 0, but then f must be the same as 2b,,T),.
Here, for an obvious reason, 2b, must be of the form e for some real . Since

Yoo (e%’ri/@”*l))y =0forv==1,...,£2n, it follows from (23) in conjunction
with (24) that 3 [b, (/)% = Ma(f) < Ma(Ty) = S0, by (Ty)[2. Hence,
n
RQn R—Qn .
In(f) <7 (B + B2 S (TP == B (o)
V= 2 O

Remark 6. If we did not care to keep the proof self-contained, we could have used
the Radau—Chebyshev rule, instead of a property of the (2n + 1)-th roots of unity.

Remark 7. Although we quote here only two of their papers, namely [2] and [3],
similar results appear in several papers of B. D. Bojanov and his students.
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