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ABSTRACT. In this note we define the measure of holomorphicness u(M) of
a compact real submanifold M of an almost Hermitian manifold (M, J,g).
The number (M) € [0, 1] verifies the following properties: M is a complex
submanifold iff u(M) = 1; if dim M is odd, then u(M) = 0. Explicit examples
of surfaces in C? are obtained, showing that u(S?) = % and that 0 < p(T) < 3,
T being the Clifford torus.

1. INTRODUCTION

Let M be a compact submanifold of an almost Hermitian manifold (M, J,3).
We are looking for a number associated to M which measures the holomorphicness
of the submanifold M. We shall obtain such a number u(M) € [0, 1] verifying the
following properties:

(a) If dim(M) is odd, then u(M) = 0 (odd-dimensional manifolds are never
holomorphic). If M is a totally real submanifold, then u(M) = 0.

(b) M is a holomorphic submanifold of (M, J,g) iff u(M) = 1.

(c) If ¢ : (M,J,g) — (M,J,g) is an automorphism and M’ = ¢(M), then
u(M) = u(M"),

Moreover, we shall compute this number in some cases. For example, we shall
consider the canonical embedding of the 2-sphere S? C C? = (R%,J,g) defined by
S2 = {2¥+ 23+ 2% = 1; 24 = 0}, showing that S? is not a generic submanifold (this
fact is relevant: almost every result about real submanifolds of an almost Hermitian
manifold is stated for generic submanifolds—see the definition below), and showing
that 11(SZ) = £, i.e., this sphere is, in some sense, a (20%)-holomorphic submanifold
of C2. Moreover, this is the general case: for all isometries ¢ of (R*,7), we shall
prove that the measure of holomorphicness of ¢(S3) is also 1.

On the other hand, we shall check the measure of holomorphicness of the Clifford
torus T” = (cos a, sin av, cos 3, sin 3), proving u(7T") = % and that 0 < p(p(T")) < %,
for all isometries ¢ of (R*, 7).
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2912 FERNANDO ETAYO

Pliicker coordinates in the Grassmann manifold of 2-planes of R* will play an
essential role in the study of the measure of holomorphicness of compact surfaces
embedded in C2.

2. BASIC CONSTRUCTIONS

Taking into account the almost complex structure .J of M one can define some
classes of submanifolds, such as:

e almost complex or holomorphic (see, e.g., [9)): J(T.M) = T, M, for all
r € M,

e totally real or anti-invariant (see, e.g., [T1]): J(T.M) C T; M, for all
r € M,

e Cauchy-Riemann (see, e.g., [1], [2]): there exists a differentiable distribution
D :x — D, on M satisfying the following conditions: (i) D is holomor-
phic, i.e., J(D;) = D,, for all x € M; (ii) the complementary orthogonal
distribution D+ : x +— D} C T, M is anti-invariant, i.e., J(D}) C T M,
for all x € M,

e slant (see, e.g., [4]): the angle between J(X) and T,,M is constant for every
vector X € T,M and every x € M. This angle is called the Wirtinger
angle.

All of these are generic submanifolds, i.e., the holomorphic spaces H, =J(T,,M)N
T, M define a differentiable distribution on M (see, e.g., [3]), and almost all works
about submanifolds of an almost Hermitian manifold are focused on generic sub-
manifolds of some of the above types. But one can easily find submanifolds which
are not generic:

Example 1. Let C? = (R%,J,g) be the complex plane, endowed with the complex
structure given by J(0/0z%) = (0/0z'+?), J(0/0x"*2) = —(0/0z"), i € {1,2}, and
with the usual metric g = da’/ @ da?, j € {1,...,4}. The canonical embedding of
the 2-sphere S2 C C? defined by {z? + 23 + 22 = 1; 24 = 0} does not give a generic
submanifold, because taking p = (0,0,1,0) and ¢ = (0,1,0,0) one observes that
dim(H,) = 0 whereas dim(H,) = 2.

Remark 2. Moreover, if M is any surface embedded in R? ¢ R* = C? and =z € M,
then J(T,M) = T;-M (vesp. J(T,M) = T, M) iff T,,M is parallel to the direction
generated by % (resp. T, M is orthogonal to the direction generated by %) In
particular, if M is compact, then there exist points in M in both situations, thus
proving that such a surface M is a non-generic submanifold of C2. Non-generic is
a more general situation than the generic one.

One can wonder what properties have the function d : x — dim(H,) when
x € M, M being a real submanifold of (M, J,g). Obviously, M being connected,
the following assertions are equivalent: d is continuous; d is constant; M is a generic
submanifold. The general answer is the following:

Theorem 3 (see [7]). Let M be a real submanifold of an almost complex man-
ifold (M,J). The function d : M — R given by d(x) = dim(H,) is upper-
semicontinuous, i.e., the sets {x € M/ d(x) < n} are open subsets of M.

Remark 4. Taking into account the above theorem and the fact that a compact
manifold cannot be immersed in C™ as a holomorphic submanifold (see [I0], Corol-
lary 1.12) one can deduce that if M is an n-dimensional real compact submanifold
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MEASURE OF HOLOMORPHICNESS 2913

of C™, for some m, then the set {z € M/dim(H;) < n} is a non-empty open subset
of M, and thus the condition J(T,M) = T, M fails in more that one point z € M.

Let (M, .J,g) be an almost Hermitian manifold and let M be a real submanifold of
M. Then, the tangent space T, M of M at x € M may be decomposed as the direct
and normal sum T, M = T, M & T;M, where T, M (resp. T;-M) is the tangent
space (resp. the normal space) of M at x. On the other hand, J(T,M) C T, M
is a vector space with dim(J(T,M)) = dim(T,M). We shall use the following
projectors:

(a) p1 : TuM — T, M and po : T,M — T;-M, the orthogonal projections given
by the decomposition Ty M = T, M & T:M;

(b) 7 : TyM — J(T,,M), the orthogonal projection;
and the following maps:

(C) P1 = D1 07|TwM : TEM — TxM and P2 = P2 07|TIM : TxM — TILM, which
allows us to write J(X) = Py(X) + P2(X), for all X € T, M;

(d) Qe =ProP,: T, M — T, M;

(e) Fy =prompm : TuaM — T, M.

The maps defined in (c) and (d) have been introduced by Chen in [4], where
some properties are also proved. We summarize them together with others in the
following lemma. Observe that M inherits from (M, J,g) the Riemannian metric
9 = §lm, and, if M is holomorphic, also the almost complex structure, but, in any
case one can consider the tangent component of .J, which is the map P;.

Lemma 5. Using the above notation, one has:

(1) g(Pi(X),Y)+g(X, P (Y)) =0 and then Q is self-adjoint: G(Q.(X),Y) =
9(X,Q.(Y)). Therefore T,M may be decomposed as an orthogonal direct sum of
eigenspaces of Qy, i.e., TeM =DL®...® Dlg,f(x), Each eigenspace D:, associated
to the eigenvalue \;, is Pi-invariant and is even-dimensional if \; # 0. Finally,
each eigenvalue \; € [—1,0].

(2) Fr = —Q., and then X is an eigenvalue of F, iff —)\ is an eigenvalue of Q.
In particular, if dim(M) is odd, then 0 is an eigenvalue of F.

(3) The eigenspace of Fy associated to the eigenvalue 1 coincides with H, =
J(T,M)NT,M.

The spectrum of F,, i.e., the set of eigenvalues of F,;, will be denoted by Spec(F,),
for all z € M. If dim(M) = n and z € M, then, by the above lemma, one has
Spec(Fy) = { A1, A1, ..., Ak, Ag, 0,..., 0}, with 2k < n, A\; # 0 (A\; = A; is possible,
with i # j), and det(F,) € [0,1]. If dim(M) is odd, then det(F) = 0.

Remark 6. Some classes of submanifolds shown in the above section can be char-
acterized by their spectra. If dim(M) = n, one has:

(a) M is an almost complex submanifold iff Spec(F;)={1,...,1}, for all z € M;

(b) M is a totally real submanifold iff Spec(F;)={0,...,0}, for all z € M;

(c) M is a CR-submanifold iff Spec(F,)={1, 2%.,1,0,...0}, for all x € M;

(d) M is a slant submanifold iff Spec(F,)={cos®>¥,... ,cos? ¥} (as one can show
as a consequence of Proposition [§);

(e) M is a generic submanifold iff Spec(Fy)={1, 25,1, Aak41, - - , An}, With Aok
# 1, for all z € M.
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2914 FERNANDO ETAYO

Now, we shall recall a class of real submanifolds of an almost Hermitian manifold,
introduced by us in [6], which contains examples of both generic and non-generic
submanifolds:

Definition 7. A submanifold M of an almost Hermitian manifold (M, J,3) is said
to be quasi-slant if, for each x € M, the angle ¥(X) between J(X) and T,M is
a constant, for all non-zero vectors X € T, M, i.e., it does not depend on the
choice of X € T, M, but it depends on the choice of the point x € M. Then, the
angle function can be defined on the submanifold M and it will be denoted by
VM —[0,5], d(x) = Jq.

Proposition 8 (see [6], Theorem 2.3). Let M be a submanifold of an almost Her-
mitian manifold (M,.J,g). Then, M is a quasi-slant submanifold iff there exists a
function f on M with values in [0,1], such that Spec(Fy) = {f(z),..., f(z)}. In
this case, f(x) = cos?¥,, Vo € M.

Taking into account the above proposition and Lemma (1) one has:

Corollary 9. A surface M embedded in an almost Hermitian manifold (M,.J,7)
is always a quasi-slant submanifold.

3. MEASURE OF HOLOMORPHICNESS

Let M be a compact submanifold of an almost Hermitian manifold (M, .J,3).
We shall define the number p(M):

Definition 10. Let M be a compact submanifold of an almost Hermitian manifold
(M, J,g) and let w be the volume element associated to the metric g =G|y on M.

Then I de(F)
et w
M)y=M ——"—
wM) = =0an
where vol(M) denotes the Riemannian volume of (M, g).

Obviously, one has 0 < pu(M) < 1. On the other hand, taking into account
Lemma [5[(2) one can check that if dim(M) is odd, then u(M) = 0. If M is to-
tally real, u(M) = 0, by Remark [6[(b). An easy exercise proves that if ¢ is an
automorphism of (M, J,g), i.e., if ¢ is an isometry verifying ¢, o J = J o ¢, then
Spec(Fy) at @ € M and Spec(F,,)) at ¢(z) € M’ coincide (F' and F’ denoting
the endomorphisms of M and M), thus showing that (M) = u(M’). Finally, the
desired property (b) can be obtained as a consequence of Theorem Bt

Proposition 11. Let M be a compact submanifold of an almost Hermitian mani-
fold (M, J,g). Then, M is a holomorphic submanifold of (M, J,q) iff u(M) = 1.

Proof. The implication = is trivial, by Remark B(a). On the other hand, let us
assume that M is not a holomorphic submanifold of (M,.J,5). Then Theorem [3
proves that the set A = {x € M/ d(z) < dim(M)} is a non-empty open subset of
M, and, by Lemma [B5(3), one has that det(F,) < 1, for all z € A, thus showing
that [, det(F)w < vol(M), and then p(M) < 1. O

In order to obtain some explicit examples of the calculus of p(M), when M
is a surface immersed in C2 = (R*,J,g), we shall need a useful way of checking
the Wirtinger angle of the tangent plane of M at any point. This will be made by
means of Pliicker coordinates in the Grassmann manifold G(2,4) of vector planes in
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MEASURE OF HOLOMORPHICNESS 2915

R?*. One can immerse G(2,4) in P5(R) by using Pliicker coordinates: if the vectors
a = (a1, a2,as3,a4) and b = (b1, ba, b3, by) define a basis of the plane IT , then one can
a; Gy
b b;
the plane IT the homogeneous coordinates (p12 : P13 : P14 : P23 : P24 : P3a) € P5(R).
As is well known, under a change of the basis in the plane I, the Pliicker coordinates
are multiplied by the determinant of the transformation matrix and G(2,4) can be
identified with the quadric {p12pss — p13p24 + pP1ap2s = 0} C P5(R). The complex
structure J in R* is given by J(ay,az,as, as) = (—as, —a4, a1, az).

We can obtain the expression of the function W : G(2,4) — R, which maps each
plane II to cosd, ¥ being the Wirtinger angle:

define the numbers p;; = , with 1 <4 < j <4, and one can associate to

Proposition 12. Let IT € G(2,4) and let {a = (a1, a2, a3,a4), b = (b1, b2,b3,b4)}
be an orthonormal basis of II. Then,

W(II) = W(p12 : p13 : P14 : P23 : P24 : P3a) = |P13 + Paal.

In particular, if 11 is a complex (resp. totally real) submanifold of C2, then |pi3 +
paal = 1 (resp. =0).

Proof. As Pi(a) € 11, one can write Pi(a) = aa + Bb. Taking into account that
a L b, J() L aand (J(a) — Pi(a)) L a one can prove that a = 0. Then,

9 =2/(J(a),1T) = £(J(a), Pi(a)) = Z(J(a),b)+em, withe =0 (resp. e =1)if 8 >0

(resp. 8 < 0). On the other hand, cos Z(J(a),b) = J(a) - b = (—a3, —a4,a1,asz) -
(b1, b2, b3, by) = p13 + po4, thus proving the result. O

Then, taking into account Proposition [§, Corollary @ and the above Proposi-
tion [[2 we obtain the following result which will allow us to check the measure of
holomorphicness of a surface in C2.

. 2 f (p13+p24)4w
Corollary 13. If M is a compact surface M C C?, then pu(M) = MG
where p13 and pay are the correspondent Pliicker coordinates of the tangent planes
to M.

We shall end this section with the following

Remark 14. If M is a compact surface M C C? with u(M) = 0, then M is a totally
real submanifold of C?: if there exists x € M such that 9, # 5, then there exists
a neighbourhood of x verifying 9 # %, and thus [, det(F)w > 0.

4. EXAMPLES

We shall obtain explicit calculus for the measure of holomorphicness of surfaces in
C?%: We shall begin by checking the number ;(S?) for the embedding S2 C R? C C?
defined in Example [T}

Example 15. Let C? = (R*,J,3) be the complex plane endowed with the Kihler
structure given in Example[1. We consider the embedding of the 2-sphere S2 C
R* = C? defined by {22 + 22 + 23 = 1;24 = 0}. Let us recall that the points
(0,41,0,0) € S2 are the “complex points” (i.e., their tangent planes are J-invari-
ant), whereas the points of the circle {z2 = 0} N S2 are the “totally real ones” (in
the sense that their tangent planes are totally real).
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2916 FERNANDO ETAYO
If ¢ = (q1,92,q3,0) € SZ, with ¢ # (0,+1,0,0), then {v,w} is an orthonormal
basis of the tangent plane 7,52, where

v — q1492 —Q% — q% q243 ) w = ( —q3 0 q1 0)
- b b b - ) b )
Vi+ad Vaid+a@d VE+4d Vi+a@d  Vaid+a

Then, we can compute the Wirtinger angle of the plane 7,53 taking into account

2 2
PropositionI2: cos¥ = |p13 + pas| = |qlg§igiq + 0| = |gz|, thus showing that, for
1 3

each ¥ € (0, 5], the points whose tangent plane have Wirtinger angle 9 define a
pair of circles S3 N {|z2| = cosV}.

Finally, we can compute x(S3). In this case, taking into account Proposition ]
the function det(F) : S2 — R is given by det(F)(x1, 2, x3,0) = 25. We choose the
following spherical coordinates for S3:

. ) T
X1 = COSVCOSUu; Ty = sinv; x3 = cosvsinu; u € [0,27), v € [—5, 5]
Then the differential of area is /detg du dv = cosv du dv, thus leading us to:
fsg det(F) = ffio f:7% sinv cosv du dv = 4, and one can conclude that
an/5
u(SH) =455 = 4.

‘We shall show two different Clifford flat torus:

Example 16. (a) If one considers the torus

T = {f(a, ) = (cosa, cos 3,sin a, sin )} C C?
one easily checks that the partial derivatives f,, fg define an orthonormal basis of
the tangent plane at any point of T', verifying |p13 + p24| = 0, thus showing that T

is a totally real compact surface in C2.
(b) On the other hand, let us consider the torus

T = {f(a, ) = (cosa,sina, cos 3,sin )} € C2.
Then, f, and fg at ¢ € T’ also define an orthonormal basis of T,7”, and the
Wirtinger angle 9 of this tangent plane is given by: cos¥ = |p13+p24| = sin asin G+
cos o cos 3, and then

1 372 3

1 2m 2w
w(Th) = m/aO/ﬁO(Sinasinﬂ+cosacosﬂ)4dadﬂ =173 — g

Observe that there exists a global isometry ¢ : (R*,5) — (R*g) such that
T = o(T).

5. THE MEASURE OF HOLOMORPHICNESS OF DIFFERENT ISOMETRIC
EMBEDDINGS OF A COMPACT SURFACE INTO C2

Let My be a compact 2-dimensional submanifold of the Kihler manifold C? =
(R*,J,3). We want to study the values u(p(Mp)), when ¢ : (R*,g) — (R*,7) is
an isometry. If ¢ is a translation, then p(p(Mp)) = p(Mp). Then, we can assume
that ¢ € O(4), and then we can define a bijection between the set

{(My), ¢ isometry of (R*,7)}

and the Lie group of orthogonal matrices O(4). This bijection allows us to define
the function p : O(4) — [0,1] given by u(p) = p(e(Mp)). As O(4) is a compact
manifold the maximum and the minimum of y are reached. Taking into account
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MEASURE OF HOLOMORPHICNESS 2917

that a compact manifold cannot be immersed in C™ as a holomorphic submanifold
(see [10], Corollary 1.12), one has u(y) < 1, for all ¢ € O(4), and one can asso-
ciate to My the numbers a(Mp) = min(u(p(My))) and B(Mp) = max(u(p(Mo))),
corresponding to the “less” and “more” holomorphic immersions of (Mg, g = G| )-

Thus, for each compact surface one has 0 < a(Mp) < u(p(My)) < B(Mo) < 1,
for all ¢ € O(4). It is easily shown that for all € > 0 one can find a compact surface
My such that S(Mp) > 1 —e.

Let us recall the above two examples. In the case of the sphere, we have obtained
1(S2) = . This is the situation for all the spheres ¢(SZ), where ¢ is an isometry
of (R*,g), as we shall see in the following:

Proposition 17. Let Sz C C? be the sphere given in Example[Id. Then u(p(S32)) =
L. for all isometries ¢ of (R*,7), i.e., a(SZ) = B(S3) = &
Proof. The isometry ¢ moves the hyperplane {4 = 0} onto another hyperplane
H, through the origin, and then ¢(S3) = S® N H, where S? is the unit sphere in
R*. Taking into account that any hyperplane can be decomposed as an orthogonal
direct sum of a J-invariant plane and a line, one can easily prove that there exists
an automorphism ¢ of (R*,.J,g) carrying the hyperplane {z, = 0} onto H, and
then carrying S® N {z4 = 0} onto S N H, i.e., the sphere S3 onto ¢(S?), thus
proving u(p(S3)) = p(¥(S3)) = u(S3) = - O
As is well known, there are no slant immersions of the sphere S? into C? with

¥ €[0,%) (cf. [5]). Now we shall prove that a compact surface embedded in a real
hyperplane of C2 is not a totally real submanifold.

Proposition 18. Let M be a compact surface embedded in a real hyperplane H of
C2. Then, p(M) > 0.

Proof. If H = {x4 = 0}, then the result is obvious by Remark 2] and then u(M) >
0. Then, for all hyperplanes H one can consider an automorphism 9 of (R*,.J,9)
carrying the hyperplane H onto {z4 = 0} and then u(M) = p(y(M)) > 0. O

In the case of the Clifford torus we have obtained two isometric immersions T’
and T” (see Example [[G) with 4(7") = 0 and p(T”) = 2. We shall prove that these
are the minimum and the maximum values. First of all, we shall need the following
results:

a; aj

Lemma 19. If {a,b} is an orthonormal basis of a plane II and p;; = b b
i Uj

Proof. Let a = (a1,a2,as,a4) and b = (b1, b, b, by). Then
Z(pij)Q = (a%b% + a%b% — 2a1agblb2) + (a%bg + agb% — 2a1a3b1b3)

i<j

+ (a0 + afb] — 2a1a4b1bs) + (a3b3 + azbs — 2aza3babs)

+ (a2b3 + a3b? — 2aga4boby) + (aZb3 + a2b3 — 2aza4bsby)
= af(1 - b7) +a3(1 — b3) + a3(1 — b3) + aj(1 - bj)
— 2(a1a2b1by + arazbibs + a1a4b1by + azazbabs + azasbaby + azasbsby)
1 — (a1b1 + agbs + asbs + a4b4)2 =1.

O
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2918 FERNANDO ETAYO

Lemma 20. Let II € G(2,4) be a plane with Plicker coordinates (qiz : q13 :
G4 : Qo3 ¢ Q24 : q34). Then, the orthogonal plane Tt has Plicker coordinates
(¢34 : —Q24 : G23 : qua * —q13 : q12).

Proof. Two planes IT and I’ in R* are orthogonal iff the real projective lines P(II)
and P(IT') are dual in P(R*) = P3(R). As is well known the Pliicker coordinates of
IT coincide with those of P(II). The Pliicker coordinates (rig : 713 : 714 : T23 : T24 :
r34) of the dual space P(IT") of P(II) satisfy 7i i, = Eiyinigis Qisis (cf. [8], pp. 294
and 297), where €;,,,:, i the sign of the permutation. O

Then we can obtain:

Proposition 21. Let T C C? be the Clifford torus given in Ezample I8(a). If ¢
is an isometry of (R*,g), then 0 < pu(o(T)) < 2.

Proof. Let A € O(4) be the matrix of ¢. As the partial derivatives f,, fg define
an orthonormal basis of a tangent plane at any point = of T, then v = Af, =
(v1,v2,v3,v4) and w = Afg = (w1, we, ws,ws) define an orthonormal basis of the
tangent plane at the point ¢(x) of (7). Let

U1 U3

and =
w,  ws P24

P13 =

V2 U4
wo Wy ’

We have to compute the maximum and the minimum of

2m 2w
ue®) = [ [ ot pantiaas

when ¢ is an isometry of (R*, 7).
Let A = (a;5) with 1 <4,j < 4 be the matrix of ¢. A direct calculation shows
that

pis = (a11a32 — agraiz)sinasin 8 + (ag1a14 — a11a34) sina cos 8
+(azza12 — ai13azz) cosasin B+ (a13a34 — azzais) cosacos
= q2sinasin 8 — g4 sina cos 8 + go3 cos asin B + ¢34 cos a cos 3,
where ¢;; are the Pliicker coordinates of the plane generated by the first and
third row vectors of A, i.e., by the vectors a; = (a11,a12,a13,a14) and az =
(a31,a32,a33,a34).
A similar argument shows that
P24 = T2 sinasin B — ri4 sinacos B + 193 cos asin B + r34 cos a cos 3,

where 7;; are the Pliicker coordinates of the plane generated by the second and
fourth row vectors of A, i.e., by the vectors as = (as1,a22,a93,a24) and ag =
(a41,a42,a43,a44).

Then, we have

pi3+pu = (g2 +7m2)sinasinf — (qua + ria) sinacos 8
+(g23 + r23) cosasin B + (g34 + r34) cos acos .

Now, taking into account that A is the matrix of an isometry ¢ we can consider
the row vectors of A as an orthonormal basis {a1, az, a3, as} of (R* 7) and then the
planes generated by {ai,as} and {az, a4} are orthogonal. By the above Lemma 20
we have:

P13 + p2g = asinasin B — bsinacos 3 + bcos asin B + a cos a.cos 3,
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where a = q12 + ¢34 and b = g14 + g23. Let us check p(¢(T)) by using the expression
obtained in Corollary [I3}

2 27
u(p(T)) = ﬁ /70 /Bo(p13 + poa)*de d

1 27 27
= p/ / (asinasinﬁ—bsinacosﬁ—l—bcosasinﬁ—l—acoSaCOSg)%a g
T Ja=0J8=0

2
- _(a2 +b2)2 _ g(GQ +b2)2.

When A =id, then a = b = 0 and we have the minimum. When
0
A =

o o o
o O = O
= O O O

0
1
0

we have a? + b = 1, and then ¢(T') = T'. We shall prove that this is the upper
bound.

Let us assume that a? + b2 > 1. Then, developping the expressions of a and b
one obtains:

a? + 0% > 14 (q12)% + (g34)* + (q14)* + (g23)° + 2(q12G34 + q14Go3) > 1

and by Lemma[I9 this is equivalent to

1= (q13)% = (g24)* + 2(q12434 + qrago3) > 1,

and, finally, as (g;;) are Pliicker coordinates verifying g12¢s4 — ¢13924 + q14g23 = 0,
we obtain

0> (q13 — q24)*,

which is not possible, thus finishing the proof. O
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