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L? ESTIMATES FOR A CLASS OF OSCILLATORY INTEGRALS

G. SAMPSON

(Communicated by Andreas Seeger)

ABSTRACT. We obtain a simpler proof of Theorem 3.1 of The complete (LP, LP)
mapping properties of some oscillatory integrals in several dimensions, by
G. Sampson and P. Szeptycki (Canad. Math. J. 53 (5) (2001), 1031-1056).

1. INTRODUCTION

The purpose of this article is to obtain simpler arguments to the LP(Ri)—esti—
mates of some of the operators that appear in [SS]. To be more precise, we found
a simpler proof of Theorem 3.1 of [SS] (also see Theorem 1.2 of [SS]). For these
purposes it suffices to consider, with a1, as, b1, by > 1, the operator given by

(1.1) Tf(x)= Z Kpn f(z), where K, f(z) = Femn(z,y) f(y)dy, x € RY,

_ 2
m,n>1 R

with the kernel k., (z,y) = wm(x)wn(y)ema'ybgo(x, YB(x—y), ¢y’ =z19y, " +
222", Un(2) = Yy (21)ny (22) (0 = (n1,n2)), U, (21) = Y2 ")l =1
where 0 < ¢ € C*°(R), supp ¢(t) C [5,1] is so chosen that Y .7, ¥(27"t) =
1 for t > 1. Thus here ny,no > 1. Also we suppose that 0 < §(z) < 1 )
Lif |z| > 2, and B(z) = 0 if |z| < 1 and B(z) € C=(R?).

We suppose that ¢(z,y) in (1.1) satisfies

(1.2) 1020 (2, y)| < Caplz —y| 17171, for all a, 5.

—~

Note the ¢’s that satisfy (1.2) are bounded and so it follows that our LP result
will also hold if in (1.1) we replace 8(x — y) by 1.

We improve Theorem 3.1 of [SS], which we showed in the case p(x,y) = |z—y|", T
real, but here, in Theorem 1.1, we obtain this result for any ¢(x,y) that satisfies

(1.2).
Theorem 1.1. Assume @(x,y) satisfies (1.2). If 1 < b < a;,l =1, 2, (% = 2_27
then
a1 + by
(1.3) ITfllp < Cllfllp,  forp= “a
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For real numbers s, we define § = (s, s), and also for any a,b € R? we say that
a>bif a; > by and ag > by. In this paper, we always assume that a,b > 1. For y =
(y1,y2) € R3 =[0,00) x [0,00), we set y” = 171922, while for a given measurable
function f, we set f(y%) = f(ylﬁwQ%). Also for 1 < p < oo, we take % + i =1.
Finally, we denote by C, indexed if needed, positive constants depending only on
the kernel k, and C' in different places may stand for different constants.

2. THE MAIN RESULT

We begin with the operators given by

L1
(21) Sun (@) = [ (ot ) f(0)dy
=2
where Ky, (z,y) is defined in (1.1).
We begin by obtaining L?-estimates of the operators in (2.1); we apply the Cotlar
and Stein theorem that appears on p. 278 of [Si].

Lemma 2.1. Let a,b > 1,a;-b > 1,1 = 1,2 and ¢(z,y) satisfy (1.2). Then for

some § > 0,
(2.2) ”SmanQ S Cdmn”f”%
with dmn:mv ni, mi,No, My > 1.

Proof. We argue as on pp. 282-285 of [St] (applied to the operator S,,,) and we
consider the kernel

(23) S{j’(fan;mvn) :/af(nv )Gﬁ(& ) 2miz-(n= E)dx;
suppose ny = maz(ny, nz, mi, mg) = m* with € = (e1,0),€; > 0,
a3(6, @) = P (20 Jom (E=)p(€+ 20 ) Bl — £ )p(a'~ = j)p(€1~ — ),

j = (j,j') € Z*. Because of the support restriction imposed by ¢n(§?%)_¢m(y%) to
our operator Sp,,, we get that 2(m—2a(l=¢) < j < g(m+da(l—¢) = on=2)b(1—-¢) < 4/ <
2(n+21)b(1—e).

Case 1. [& —m| >
(2.) (102, PN 27079 = (212 s — &1[2)N €219,
therefore from (2.3) and (2.4)
= [ COu et e 2

Y (2m)m = &l)*NY
First suppose that b; > 1 and take e; =1 — %. It follows that

(26) |(8a:1 )QN[G,;(U, {E)a;(f, {E)” < Cle—QNelwn(x%) < CN2m*(*2Nb161).

(2.5) i2re-(1-6) gy

Next suppose that by = 1 and take e = 1 — i Also assume that [ny —mq| > 3;

therefore (x5 — y«) = 1. For the differentiated term in the integrand of (2.5) we
notice that

(8) 100, g (ah)] < S
(b) [(0a,)*N (& 95%)| <Cy [ — 212", and
(c) I( x1)2N¢( Ime— I < CN|$1| 2Ner,
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Since ny > my + 3, we get from (a), (b), (c) that for by =1

Cn
(2.7) 1(02,)*N [az(n, 2)az (€, 2)]| < SN
Thus, if [ — &| > 279 %, it follows from (2.5), (2.6), and (2.7) that
Tme o dee o 2N
(2.8) |s77] < Ond(E =)o~ — Z)W-

2729

If instead n; < my + 3 and by = 1, then m* — 3 < m; < m* and we note that

I1Smnll2,2 = 11Sknll2,2. We apply our method to the operator S, ;
plays the role of b; and so we argue as we did in (2.6).

Case 2. & —m| <2797,

Using (2.3) with the standard arguments we get

’HL*

X1 = m| < 275 ) (€2 ) (0D = '~ — i)

S| <
i I+ -
in case that ' — j' € Q1, and we get that
1
(29) [l <oyt
e (L R

Therefore from (2.8) and (2.9) and the restriction on 7, j we get that
2%(n1b1+m1a1)612%m*(a1(1—€1)+a2+b1(1—61)+b2)

+ Cn

here a; > 1

> (n+72)(7) <Cn
j
and select N so that Ne; = 2(by + b + a1 + az2) + 8, and therefore

C
< <
2,2 = 248m* = 9§(mi1+ni+ma+nsg)’

gm* N2€1

(2.10) | Smnl

which completes our proof.

Next we set
b
(2.11) Unng(x) = / Fern (2, y)g(y)dy
3
and we study the operator
(2'12) Ug(l‘) = Z Umng(l‘)

m,n>1

Lemma 2.2. With the hypothesis as in Lemma 2.1 we get
(213) [ Want@Pde < Cd, [ 15w)Pay,
+

F

where dpmy is defined below (2.2).

Proof. Now since b > 1 and S,,,g() is supported in x > %, we get that

R
<cd / (g () 2dy,
R?
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and this last estimate follows from Lemma 2.1. We write out the left side of this
estimate to get

1

/ 25 () / In(yh )™ V(e gt )t — yi)g(y)dy2de
RZ R
<cd,, / o ()9 (y) 2y,
=2

and set = v,y = u’. We then get that

/ | (z2) / bn(y)e™ Y (e, y)Blas —y)g(y)y’  dy[2de
R2 R
< Cd?,m/ [ (y?)g(y)[2dy.
]R2

Next set f(y) = g(y?)y?~1; therefore it follows that

/]R2 /]Rz i (2%, ) f (y)dy|*da
<cd,, / o () £ (Y12l
Setting v = y¥,dy = v"~'dv, we get that
< Cdf,m /Rz Wn(v)f(v)vi*bmb*idv
&

<Ci [ o))y
+

and since here b > 1 and y > %, we obtain our result (2.13). O

Next we form the operators

dl‘ldxg

(2.14) Imn f(2) = 212U f(z) with the measure dv(z) = >

LE12{E2

Lemma 2.3. With the hypothesis as in Lemma 2.1, for the operators defined in
(2.14) we get that

(2.15) a2 = / 72U f () P < C2E D FI2
=2
forl<p<2.

Proof. We first show that

C
(2.16) v({{z s [Jmn f(2)] > A}) < Sl £l
Without any loss of generality, we can suppose that f(y) > 0 and || f]|1 > 0. Also
set Ex = {z : |Jmnf(x)] > A} and so obtalnlng (2.16) we need to estimate v(E)).
Set for [ = 1 and 2, I, = [(21”) 1, (2 2’”1)#], and notice that Jp,f(z) is
supported in L, X L. Also, A < |z122Upn f(2)] < wm(x%)ﬂfﬂlxlxg Thus, z2 >

Hfll)\lzcl > (2- 2m2) , then the set Ey = 0 and

: A
and 23 € Im,. Hence if qzro—
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so v(Ey) = 0. We need only concern ourselves with the cases where I fH)\l - <
(2. 2m2)%3
Then we get
(2272) 5
2T Wlhor g a
(@) TATeT “’22de s [FAIRE € Iy,
(2.17) and
1 C gma | 92
) [r,,, mzde2 < e O T < (50)"

Therefore we get from (2.17) that

az
(2272 day
By) = — da
v(Br) /(/ )

m1 Y TiTer
(22m1) 01 p
+/ 72(/ A R
iy () 1y 727 1
1
LIy N PR
A I—ml 1
92 omyy 22 ||f||1 ol
II<C(2m2) (2m2)% sC
Thus we obtain our estimate for (2.16).
Next it follows from Lemma 2.2 that
Q1) Wty = [ Wanf@)Pds < O [ 1Py
T T

Now we shall prove that (2.15) follows from (2.16) and (2.18).
To complete this proof, we take

) = {f( y), if 0 < f(y) < Aa,

0, elsewhere,

and f(y) = f(y) + f3 (y), and we take o = 73—, dy defined below (2.2).
Thus (2.16) and (2.18) imply that

(@) v({[ T [} (@)] > A}) < S
(2.19) and

() v({|Jmnf2 (@) > A}) < S11£2 )1

Now for 1 < p < 2 we get that

fl ||2;

| mnf 2., = 2°p / N ({ [T f ()] > 20} )N

<Gy /0°° N o ({| T (@) > A}) + v({[Jmn f2 ()] > AD)]AA
=I+1II
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Thus (2.19) implies that

0o 2
e[ B 1wk + 3 1Bl

[ [ / TN R )P + ( / TN )| an)ldy)

<y / (02,0 / 3| f (y)[2dN)
R2 {y:0< f(y)<Aa}

+

+( / NP2 £(y)[dA)]dy)
{y:f(y)>ra}

<Gl [, EaliwP([, ooy [ 15[ T v ava)

+ « +

2 p p
<oy dmn/R I /R WP,

- — p—2 — p—1
2p1a plioz

< Cpldpndinin ™™ + d3E)IF 115 < Cpdnit VIIFII,

which completes our proof (note o = —3—). O

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We notice that in case a; = by > 1,1l = 1 or 2, our result
follows from Proposition 4.3 of [SS]. Now to do the remaining cases. It follows
from (2.12) and Lemma 2.3 that

(| 2P 2Uf@)Pde)s < S (| aP 2 |Umnf(@)[Pda)>
/Ri m,zn;T /i

(2.20) B
<Clflly D dim < Clfllp
m,n>1

with d,, defined below (2.2).
Since T'f(z) = U f(x%), then

g 1

171, = ([, 22 I0f @),
+

and if we take p—2 = 2 —Tor p = Z—ll—i—l = Z—z—i—l, then we get the desired

result. Il
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