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ALMOST HERMITIAN STRUCTURES INDUCED FROM
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HOLOMORPHIC SECTIONAL CURVATURE

TAKUJI SATO

(Communicated by Mohan Ramachandran)

ABSTRACT. We obtain a non-Kéahler almost Hermitian manifold of constant
holomorphic sectional curvature by changing the almost complex structure in
a Kahler manifold of constant holomorphic sectional curvature.

1. INTRODUCTION

Let M = (M, J, g) be an almost Hermitian manifold. The holomorphic sectional
curvature H = H(z) of M can be regarded as a differentiable function on the
unit tangent bundle U(M) of M. If the function H is constant along each fiber,
then M is called a space of pointwise constant holomorphic sectional curvature. In
particular, if H is constant on the whole of U(M), then M is called a space of
constant holomorphic sectional curvature.

It is well known that the complex projective space CP™ and the open unit ball
D?" in C" are equipped with the Kihler structure of constant holomorphic sectional
curvature (e.g. [4]). The 6-dimensional sphere S¢ is known as the nearly Kiihler
manifold of constant holomorphic sectional curvature (in fact, of constant sectional
curvature). For the examples of almost Hermitian manifolds with pointwise con-
stant holomorphic sectional curvature, we refer to A. Gray and L. Vanhecke [2],
P. Nurowski and M. Przanowski [3] and T. Sato [6], [7], [3].

However, it seems to the author that the non-Kéahler examples of almost Hermit-
ian manifolds which have constant holomorphic sectional curvature are not known,
except for the one of constant sectional curvature. The purpose of the present paper
is to provide such examples. Namely, we show that there exist non-Kahler almost
Hermitian manifolds of constant holomorphic sectional curvature which are not of
constant curvature. Our examples are obtained on a coordinate neighborhood of
CP™ or on D?" by changing the almost complex structure. In a similar way, we
can also obtain Einstein and *-Einstein Hermitian surfaces.

2. PRELIMINARIES

Let M = (M, J, g) be an m(= 2n)-dimensional almost Hermitian manifold with
an almost Hermitian structure (J, g). We denote by N the Nijenhuis tensor of M
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defined by N(X,Y) = [JX,JY] - [X,Y] — J[JX,Y] - J[X, JY] for X,Y € X(M),
where X(M) is the Lie algebra of all smooth vector fields on M. The Nijenhuis
tensor N satisfies

(2.1) N(JX,Y)=N(X,JY)=-JN(X,Y), XY € X(M).
Further we denote by V, R, p, 7, p* and 7* the Riemannian connection, the Rie-
mannian curvature tensor, the Ricci tensor, the scalar curvature, the Ricci *-tensor

and the *-scalar curvature of M, respectively. The Ricci #-tensor p* and the *-scalar
curvature are defined by

p*(z,y) = trace of [z — R(x, Jz)Jy],
7" = trace of p*,

where z,y,z € T,M, p€ M.

An almost Hermitian manifold M is called a *-FEinstein manifold if it satisfies
p* = X*g for some constant \* on M.

Now, we define the tensor field G by

(2.2) G(X,Y,Z,W) = R(X,Y,Z,W) - R(X,Y, JZ,JW).

The tensor field G plays an important role in the study of almost Hermitian mani-
folds (cf. A. Gray [1], F. Tricerri-L. Vanhecke [9], T. Sato [5], etc.). For the Kéhler
manifolds, it is obvious that G = 0. It is easy to see that the condition

GX,Y,Z,W)=G(Z,W,X,Y), for X,Y,Z,W € X(M),
is equivalent to the curvature J-invariant condition:
(2.3) R(JX,JY,JZ,JW)=R(X,Y,Z,W),

for X,Y,Z,W € X(M). An almost Hermitian manifold M satisfying (Z3) is called
an RK -manifold.

By using the tensor G, we have obtained the following characterization of almost
Hermitian manifolds of pointwise constant holomorphic sectional curvature:

Proposition 2.1 ([5]). Let M be an RK-manifold of pointwise constant holo-
morphic sectional curvature ¢ = ¢(p) (p € M). Then
(

(2.4) R(z,y, z,w) = CTp)Ro(a:, y,z,w) + P(x,y, z,w),

where
Ro(x,y,2,w) = g(z, w)g(y, 2) — g(x, 2)g(y, w)
+ gz, Jw)g(y, J2) — g(x, J2)g(y, Jw) = 2g(x, Jy)g(z, Jw),
P(z,y,z,w)
= 2—14{10G(:v, y,z,w) + 5G(x, z,y,w) — 5G(z,w,y, z)
+2G(z, Jy, z, Jw) + G(z, Jz,y, Jw) — Gz, Jw,y, Jz)}.

In an RK-manifold of constant holomorphic sectional curvature, from (Z4) we

have
(2.5) p(z,y) +3p™(z,y) = (m + 2)c(p)g(z, y),
(2.6) T4 37" =m(m + 2)c(p).
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3. EXAMPLES OF ALMOST HERMITIAN MANIFOLD
WITH CONSTANT HOLOMORPHIC SECTIONAL CURVATURE

We first show the following

Theorem 3.1. Let (M, Jy, g) be a Kdhler manifold of constant holomorphic sec-
tional curvature c. If (J,g) is an almost Hermitian structure on M satisfying
JJo = —JoJ, then (M, J,g) is an RK-manifold of constant holomorphic sectional
curvature ¢/4 and p* = 0.

Proof. Tt is well known that the curvature tensor of (M, Jy, g) is given by

(31) R(l’, Y, =, w) = Z{g(xﬂ w)g(yv Z) - g(x’ Z)g(yv ’U)) + g(xv Jow)g(yv JOZ)
= g(x, Joz)g(y, Jow) — 29(x, Joy)g(z, Jow)},

for any x,y,z,w € T,M ([4]). Since (J,g) is almost Hermitian and J is anti-
commuting with Jp, it is easy to see that R(Jz, Jy, Jz, Jw) = R(z,y, z,w), hence
(M, J,g) is an RK-manifold.

By (1), we have

(3.2) R(zyy, Jz, Jw)
c
= g(z, JoJ2)g(y, JoJw) + 2g(x, Joy)g(z, Jow)}

and
(3.3)

G(z,y,z,w) = R(z,y, z,w) — R(z,y, Jz, Jw)

c
= 1oz, w)g(y, 2) = g(z, 2)g(y, w) + g(z, Jow)g(y, Joz)

—g(z, Joz)g(y, Jow) — g(x, Jw)g(y, Jz) + g(x, Jz)g(y, Jw)
—g(x, JoJw)g(y, JoJz) + g(x, JoJ2)g(y, JoJw) — 4g(z, Joy)g(z, Jow)}.

From (B33), we obtain
(3.4) 10G(z,y, z,w) + 5G(z, z,y, w) — 5G(z, w, y, 2)
+2G(x, Jy, z, Jw) + Gz, Jz,y, Jw) — G(x, Jw,y, Jz)
= 2 439(r,w)g(y. 2) ~ By, 2)g(y, w) + Ag . Tow)g(y, Jo?)
—4g(z, Joz)g(y, Jow) — 8g(x, Joy)g(z, Jow)
—g(@, Jw)g(y, J2) + g(z, J2)g(y, Jw) + 29(x, Jy)g(z, Jw)}.
This can be written as
(3.5) P(z,y,z,w) = R(z,y, z,w)
- %{g(ﬂz w)g(y, 2) — g(z, 2)g(y, w) + g(x, Jw)g(y, Jz)
—g(z,J2)g(y, Jw) — 29(x, Jy)g(z, Jw)}.

Therefore (M, J, g) is an RK-manifold of constant holomorphic sectional curvature
¢/4 by virtue of Proposition Z11
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Next, we shall show that the Ricci #-tensor p* of (M, J, g) vanishes. Let {e;} be
an orthonormal basis of T, M. By definition and (3.I)), we have

m

(36)  p(y,2) =Y Rleiy, Iz, Je;)

i=1

= 2D {glew Jeg(y. J2) — gles T2)g(v. o)

+ g(eia J()J@z)g(y, JOJZ) - g(ei7 JOJZ)g(y7 JO']ei)
- 29(61‘7 Joy)g(‘]za JOJe’i)}

m
C
=1 Z{g(ei, J2)g(Jy,ei) + g(ei, JoJ2)g(Jo Sy, €:)

i=1
+2g(ei, Joy)g(z, Joei) }
c
= Z{Q(Jy, Jz) + g(JoJy, JoJz) — 29(Joy, Joz)} = 0.
O
Now, we shall provide an example of an almost Hermitian manifold which has

constant holomorphic sectional curvature. Let M = R?" with the coordinate system
(x1,22, "+ ,T2,). We define a natural complex structure Jy by

B) B 9 9
(3.7) Wgm) = (5e) = s

and a Riemannian metric g = (g;) by

4
cA?

(3.8) 9y = —3 (Adij — mixj — w5),
where ¢ > 0, A =1+ Zf:l xf and we denote x3;—7 = ¥9;,T3; = —%2;—1. The
metric of (3:8)) is nothing but the real representation of the Fubini-Study metric on
a coordinate neighborhood of CP™. Therefore (R?", Jy, g) is a Kéhler manifold of
constant holomorphic sectional curvature ¢ (cf. [4]).

Let {e1,ea = Joe1, - ,€an—1,€2n = Jo€2,—1} be a unitary frame on M with
respect to (Jy, g). If we adopt the notation eg;—1 = eq;, e5; = —eg;_1, then it can
be written as Jpe; = e;. We define a new almost complex structure J by

2n
(3.9) Jei=> J e,
k=1

where the coefficients J,* satisfy

2n

(3.10) > kgl ==,
k=1
2n

(3.11) S JkE =6,
k=1

(3.12) J k="
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From (BI0) and BII), (J, g) is almost Hermitian and (8I2) implies that J anti-
commutes with Jy. Indeed,

2n 2n 2n
JoJe; = JQ(Z Ji kek) = Z JikJOek = Z Ji kel_c
k=1 k=1 k=1
2n B 2n
= _ZJikek = _ZJgkek = —Jeg
k=1 k=1
= —JJoei.

For example, the matrices (J,*) are given by the following form: when n = 2,

0= (a0,

where Ag = (Z _ba> and a? + b% = 1, and when n = 3,
0 —A1 _A2
JH=14 0 —Az],
Ay As 0
ai b 2,12 _1
where A; = b —a and af + b7 = 5 (1 =1,2,3).

Thus we can conclude that (M, J, g) is an almost Hermitian manifold of constant
holomorphic sectional curvature ¢/4 (> 0) by virtue of Theorem B11
Moreover, we have

1
] r=n(n+ e (=mm+2)7),
=0

p:
pr =0, .

Since 7 # 7, we see that (M, J, g) is non-Kéhler.

Next, let D?" = {(x1,72, + ,T2,_1,T2,) € R?" | 212:1 x? < 1} be the unit
ball in R?", and let Jy be the natural complex structure. We define a Riemannian
metric g = (gi;) on D?" by

(3.13) Gij = —04?(14(5” +xir; + J);Jﬁi),

where ¢ < 0 and A =1 — 2321 x?. Then it is well known that (D", Jo,g) is a
Kéhler manifold of constant holomorphic sectional curvature ¢ (cf. [4]). In the same
way as above, if we define a new almost complex structure J by E3) ~ (BI2),
then (D?",.J,g) is a non-Kihler RK-manifold of constant holomorphic sectional
curvature ¢/4 (< 0) and p* vanishes. Consequently, we have the following

Theorem 3.2. (1) For any positive number ¢, R®" admits a non-Kdihler almost
Hermitian structure (J,g) of constant holomorphic sectional curvature c/4, which
is Finstein and Ricci x-flat, but not constant curvature.

(2) For any negative number c, the open unit ball D** in R®*" admits a non-
Kahler almost Hermitian structure (J, g) of constant holomorphic sectional curva-
ture ¢/4, which is Einstein and Ricci x-flat, but not constant curvature.
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4. EXAMPLES OF EINSTEIN AND %-KEINSTEIN HERMITIAN SURFACES

In this section, we shall give an example of an Einstein and *-Einstein Hermitian
surface which is not Kéhlerian.

Let (R*, Jo,g), (D*, Jo,g) be the Kihler surfaces of constant holomorphic sec-
tional curvature in §3. We denote by M* the manifold R* or D* We obtain a
unitary frame {e;} on (M4, Jo, g) as follows:

_ VEcA 0
=3B o

2B Oxa’
= \gi——\/ch {i(mlmg + xixg)a;zl + (woxs3 + xgxg)aixz + Ba%;} ,
_vEeA
~ 2VB

(4.1) €1

€3

0 0 0
ey4 {i(mlm + zirg)=— *+ (xox4 + x325)=— + B } ,

89c1 axQ 8—x4

where A =1+ Z?Zl 2?2, B=1+ 2?13 2? and the =+ sign corresponds respectively
to the R* and D* cases.
By straightforward computations, we have

G

(4.2) [61, 62] =4 (—33261 + 33162),

B

2VB
VEe
2VB
[ea, €3] = :|:2—\/\j2_§0(x4\/Zel + x9e3),
VEe
2VB
VEe
les, e4] = i

le1,e3] =+ (—xaVAes + x103),

le1,e4] = £ (z3VAes + z104),

le2, e4] = £ (—z3VAer + a2e4),
+ (—x9e1 + x1e2 —:L'4\/Z€3+(E3\/Z€4).

Now, we define a new almost complex structure J on M* by
(4.3) Jey = eq, Jeg = —eq, Jez = —eyq, Jeq = e3.

Then it is obvious that (J, g) is almost Hermitian. Further we see that the Nijenhuis
tensor Ny of J vanishes. Indeed, by (2) and {3)

NJ(el,eg) = [.]61,J€3] — [61,63] — J[Jel,eg] - J[el,.]eg]

—lez, eq] — [e1,e3] — J[ea, e3] + Jle1, eq] = 0.

It follows that Nj(e;,e;) = 0 for all 4, j from ().
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The curvature tensor of (M*%,J, g) is given by (3.1) and g is an Einstein metric.
By considering that JyJ = J.Jy and Z?Zl gles, JoJe;) =0, we have

(4.4) P (y,z) = ZR(ei,y,Jz,Jei)

i=1

4
z Z{g(ei, Jei)g(y, Jz) — glei, J2)g(y, Jei)

+g(ei, JoJei)g(y, JoJz) — g(ei, JoJ2)g(y, JoJe;)
- 29(@1‘, Joy)g(‘]za JOJe’i)}

4
C
=1 Z{Q(ei, Jz)g(Jy, ei) — g(ei, JoJ2)g(JoJy, €i)
i=1

—2g(eq, Joy)g(z, Joei) }
C
= Z{Q(J% Jz) = g(JoJy, JoJ z) + 29(Joy, Joz)}

C
= 59(@/73)-
Since
3
P =59 T = 6c,
p* = 597 " = 2,

(M*, ], g) is non-Kéhler, Einstein and *-Einstein.
Summing up the above arguments, we obtain the following

Theorem 4.1.  The Euclidean 4-space R* and the open unit ball D* admit a
non-Kdhler Hermitian structure (J, g), which is Einstein and x-Finstein.
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