PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 131, Number 10, Pages 3143-3154

S 0002-9939(03)06859-X

Article electronically published on February 12, 2003

ON VON NEUMANN’S PROBLEM IN EXTENSION THEORY
OF NONNEGATIVE OPERATORS

YURY ARLINSKII AND EDUARD TSEKANOVSKII

(Communicated by Joseph A. Ball)

ABSTRACT. The solution of von Neumann’s problem about parametrization of
all nonegative selfadjoint extensions of a nonnegative densely defined operator
in terms of his formulas is obtained.

1.

John von Neumann [I8] formulated a problem about existence and description
(parametrization) of all selfadjoint extensions preserving the lower bound of a given
densely defined symmetric operator bounded from below acting on some Hilbert
space. The existing descriptions of all nonnegative self-adjoint extensions of a
nonnegative densely defined operator are not in terms of von Neumann’s classical
formulas. They have been obtained indirectly by M.Krein [15], [16] in terms of his
theory of self-adjoint contractive extensions of non-densely defined Hermitian con-
tractions and by M.Birman [6] for a symmetric operator with strictly positive lower
bound using the M.Vishik approach [20] (see [1]). In terms of abstract boundary
conditions [13] and the Weyl-Titchmarsh functions [8], [11], [12], descriptions of
the domains of all nonnegative self-adjoint and proper m-sectorial extensions were
obtained in [9].

In this paper, taking into account methods and approaches in [3], [4], [I7], we
establish new formulas (Theorem 2) which provide a parametrization of all nonneg-
ative self-adjoint extensions of a nonnegative symmetric operator with, generally
speaking, zero lower bound under the assumption that the so-called Friedrichs ex-
tension [15] of this operator is known. As a result of this approach we obtain a
solution of von Neumann’s problem about parametrization of all nonnegative self-
adjoint extensions in terms of his formulas. Since the Friedrichs extension can be
found independently of the above-mentioned methods, it turns out that the pre-
sented approach is efficient. An example of an operator with zero lower bound
is considered. We plan to consider applications to canonical resolvents, point-
interactions in R with m-points of interaction, perturbation theory and the theory
of Krein-Langer Q-functions in a future paper.

We shall use the following notations: L£(H;, H2) denotes the Banach space of
all continuous linear operators acting from the Hilbert space H; into the Hilbert
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space Ho, L(H) = L(H, H), and D(T'), R(T), Ker T, p(T') denote the domain, the
range, the null-space and the resolvent set of a linear operator T', respectively.

2.

Let H be a complex Hilbert space and let H? be the Hilbert space of all pairs
<u1, uz>, u1,us € H, with the inner product defined by

(<UJ17UJ2>7 <'U17U2>) = (u1,v1) + (uz,ve).

As is well known [7], a closed subspace T C H? is called a linear relation (L.r.) in
H. We denote by D(T) the domain of a linear relation T and by T(u) the set of
all v such that <u, v> € T. By definition

D(T) = {u1 € H: there exists wug € H such that <u1,u2> IS T} ,
R(T) = {uQ € H: thereexists w; € H such that <u1,u2> S T} ,

T ! = {<uQ,u1> : <u1,uQ> S T}.

An arbitrary L.r. T has the decomposition T = Gr(T) @ (0,T(0)), where T
is a linear operator (the operator part of T), Gr(T):<u,Tu>, u € D(T), and
D(T) = D(T). It is evident that T(u) = Tu & T(0) for all u € D(T) and R(T) =
R(T) ® T(0). An Lr. T is called Hermitian if the form (T(u),u) is real for all
u € D(T). If T is Hermitian, then the subspace T(0) is orthogonal to D(T) [19]. An
Lr. T is called self-adjoint if it is Hermitian and has no Hermitian extensions. In this
case the operator part T' [7] is self-adjoint in the subspace D(T) and T(0)®D(T) =
H. An lr. T is called nonnegative if (T(u),u) > 0 for all w € D(T). Let 7[, -] be
a sesquilinear, symmetric and nonnegative form in a Hilbert space H defined on a
linear manifold D[], i.e. T[u,v] = 7[v,u] and 7[u] := T[u,u] > 0 for all u, v € D[7].
A sequence {u,} is called 7-converging to the vector v € H if [I4]

lim u, =wand lim 7[u, —u,]=0.
n—oo n,m—oo
The form 7 is called closed if for every sequence {u,} T-converging to a vector
u, it follows that v € D[r] and lim 7[u — u,] = 0. A form 7 is closed if and
n—oo

only if the linear manifold D[7] is a Hilbert space with the inner product (u,v), =
Tlu, v]+ (u,v) [I4]. If 7 is a closed densely defined nonnegative form, then according
to the first representation theorem [14] there exists a unique nonnegative self-adjoint
operator T in H, associated with 7 in the following sense: (T'u,v) = T[u,v] for all
u € D(T) and for all v € D[r]. By the second representation theorem [14] the
identities hold:

Dlr] = D(T*?), rlu,v] = (T*?u, T"?v), u,v € Dl7].
If 7 is a closed nonnegative but nondensely defined form, then we will associate
with 7 the nonnegative self-adjoint linear relation [19]

T = {<u,Tu—|—h>7 u € D(T), hEH@W},

where T is a nonnegative self-adjoint operator (the operator part of T) associated

with 7 in the subspace D[r]. Clearly, T(0) = H © D[r]. The inverse linear relation
T~ is associated with the form

Tﬁl[f_’_ hlag+ hQ] = (f71/2f7 f71/2g)7 fag € R(Tl/Q)a h17h2 € T(O)a
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ON VON NEUMANN’S PARAMETRIZATION 3145
where T-1/2 = (Tl/Q[R(Tl/Q))fl. We will denote by R[T] the linear manifold
R(T'/?) @ T(0). The form 7 is called closable if it has a closed extension; in this
case the closure of 7 is the smallest closed extension of 7. If S is a nonnegative
Hermitian operator ((Su,u) > 0 for all v € D(S)), then the form 7[u,v] := (Su,v)
is closable. Following the notations of M.G. Krein we denote by S|, -] the closure
of the form 7 and by D[S] its domain. By definition S[u] = S[u, ] for all u € D[S].
We use the same notations for the case of a nonnegative linear relation. Note that
if T is a nonnegative linear relation with the operator part 7', then D[T| = D[T]
and T[u,v] = T'[u,v] for all u,v € D[T].

Let T; and T5 be two nonnegative self-adjoint linear relations. We shall write
T > Ty if D[T4] C D[T2] and T4[u] > Tafu] for all u € D[T4]. In order to prove
our main results we need the following propositions which can be proved by passing
to the operator part of the Lr.

Proposition 1. Let T1 and Ty be two nonnegative self-adjoint linear relations in
a Hilbert space H. Then the following conditions are equivalent:

1. Tl 2 TQ;'

2. T < T, Y

3. R(T2) C R[T1] and T [Ta(u)] < (Ta(u),u) for all u € D(Ts).

Note that the equivalence 1. <= 2. is well known for linear operators [I4].

Proposition 2. Let Ty and Ts be two nonnegative self-adjoint l.r.’s such that
Ty, > Ty. Then the closure of the form (Tl(f),g) —Talf,9], f,9 € D(T1), in the
Hilbert space D[T2] coincides with the form

T [u,v] — Talu,v], u,v € D[T4].
Proof. The form ¢ [u,v] := T1[u,v] — Ta[u,v], u,v € D[t] = D[T4] is nonnegative

and closed in the Hilbert space D[T3]. Let v € D[T;]. Then there exists a sequence
{fn} € D(Ty)suchthat lim f, =wand lim (T1(fn — fm), fn — fm)=0.Then
n—oo m,n— oo

lim Ta[fn, — fm] = 0, therefore, the sequence {f,} converges to u in the space
m,n— o0

D[T2] and lim {Tl[fn —u] — Ta[fn — u]} = 0. Thus, the form ¢ is the closure of
the form (T1(f),g) — T2[f,g] in the Hilbert space D[Ts]. d

3.

Let S be a closed densely defined symmetric and nonnegative operator in a
Hilbert space H and let S* be its adjoint. As is well known [14], the extension Sg
of S obtained by K.Friedrichs [L10] is defined as a nonnegative self-adjoint extension
associated with the form S[-,-]. Clearly, D(Sr) = D[S]ND(S*), Sp = S*| D(SF).
If M, = Ker(S* — zI) are the defect subspaces, then D[S] N, = {0}, z € p(SF)
and

W) RS = {ne Hisw||(h, NP /(S1 1), feDS)] < oo}
In addition, |[S"/*Al[2 = sup [(h, £)[*/(S1, 1), | € D(S)|.
As was established by M.G.Krein [15], [16], a nonnegative symmetric operator S

has a minimal nonnegative self-adjoint extension which coincides with the extension
obtained by J.von Neumann [I8] (in the case of a positive lower bound of S). This
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extension we call the Krein-von Neumann extension Sy. The operator Sy can be
defined as follows [2], [7]: Sy = ((S_l)p)_l , where S™! denotes in this context
the inverse L.r. to the Gr(S). Thus, for every nonnegative self-adjoint extension S
of S, the inequality Sy < .S < Sp holds. In addition,

(2) S[f,u] = (f,5™w), f € D[S], u € D[S]ND[S"],

(3) DIS] = D[S] + M. N D[S].

We will use the following relations (see [2]):
(4) Dlsn] = {u e H:sup ||, S))*/(S1, ), | € DS)| < o0}

and Sy[u] = sup U(u,Sf)|2/(Sf, f), [€ D(S)} , u € D[Sy]. From @) and () we

see the equivalence

(5) ueD(S*)ND[Sy] < S*uecR(SH?)
and the equality

(6) Snlu] = Szt [S*u], u € D(S*) N D[Sy].
In particular,

(7) M. NDIS] = N N R(SH?)

and for ¢, € M, N D[Sy]| we have

(8) Snlp:] = 2S5 -]

From (@), @) and (§) and the polarization identity we obtain for all f,g € D[S],
0z, V. €N, mD[SN] and z € p(SF)

(9) SN[f + @, 9+ wz] = (511:'/2f + Z§;1/2§0z7 S;?‘/Qg + Z§;1/2¢z) .

The next theorem gives a description of all closed forms associated with nonnegative
self-adjoint extensions of S.

Theorem 1 ([3], [5]). Let S be a nonnegative self-adjoint extension of S. Then
the form (Su,v) — Sn[u,v], u,v € D(S), is nonnegative and closable in the Hilbert
space D[Sn]. Moreover, the formulas

S[u,v] = Sn[u,v] + 7u, v], u,v € D[S] = DI[r]
give a one-to-one correspondence between all closed forms §[,] associated with

nonnegative self-adjoint extensions S of S and all nonnegative forms Tl-,-] which
are closed in the Hilbert space D[Sy| and such that 7[f] =0 for all f € D[S].

Recall that two self-adjoint e)itensions~§1 and §2 of a symmetric operator S are
disjoint (relatively prime) if D(S1) N D(S2) = D(S) and transversal if in addition
D(S1)+D(S,) = D(S*). The necessary and sufficient condition for transversality of
the Friedrichs and Krein-von Neumann extensions is the following: 91, C D[Sy] for
some (and then for all) z € p(Sr). This condition is equivalent to M, C R[SF] for
some (and then for all) z € p(Sr). M.G.Krein established criterion for uniqueness
of nonnegative self-adjoint extensions of a nonnegative densely defined operator S.
Below we present an equivalent condition for uniqueness.
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Consider the domain D(S*) of the adjoint operator S* to a closed densely defined
nonnegative symmetric operator S as a Hilbert space Hy with the inner product
(f,9)+ = (f,9) + (S*f,5%g). The (+)-orthogonal decomposition holds: H; =
D(S) & M; & N_;. Denote

Np =D(Sr) ©D(S), Mr = Hy ©D(SF)
((+)-orthogonal complements of D(S) in D(Sr) and of D(Sp) in Hy). Note that
Mep = SepNp, Ny = (SF + iI)mF, H+ = D(S) DONEp O Mp.

Proposition 3. A necessary and sufficient condition for the uniqueness of a non-
negative self-adjoint extension of S is the equality R(S;/Q) NNg = {0}.

Suppose that
(10) Ny = R(SK?) NNp # {0}

According to Proposition 3 an operator S has nonunique nonnegative self-adjoint
extensions. In the following we give a parametrization of all of them. First of all

we describe the closed form, associated with the Krein-von Neumann extension Sy
of S.

Proposition 4. The following equalities hold:
D[Sn] = D[S] + SrMNo,
(11) g T al/2 a-1/2 12
NUf + Spel = [ISY2 = 55 %¢|2, £ € DS, e € M.

Proof. From Sp > 0 and the equality S*Spe = —e for all e € Mp it follows that
D[S] N SpMNp = {0}. From N; = (Sp + i)Np, @) and (@), we have D[Sy] =
D|S] + R(SI{P) NN;. Hence, we get that D[Sy] = DI[S] + SrpMy. From @) it
follows for all f € D[S] and all e € 91y that

SNIf + Sre] = Sn[f —ie+ (Sp +il)e]
= I1SH2(f —ie) + i85 (S + il)e|? = ||S2f — 8|2 O

Proposition 5. Suppose that condition (AQ) is fulfilled and define a nonnegative
sesquilinear form

(12) wole, g] = (S;;/Qe, S}/zg) + (§;1/2€, §;1/2g), e,g € No.
Then the form wq is closed in the Hilbert space Hy and
wole] > 2||e||? for all e € No.
Denote by My° the Hilbert space with the inner product
(e, h)w, = wole, h] + (e, h)+, e, h € No.

Then the operator Sg is an isomorphism of the Hilbert space MG° and the subspace
SrMNo of the Hilbert space D[SN].
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Proof. From (I2) it follows that

o 2 G-
wole] = ||/ %e = S5 2e|*+2le||* = [IS} %e & iS5 %el 2.
Therefore, wole] > 2|le||? for all ¢ € MNo. Let lim e, = e in Hy, and let
: B _ : o 1/2 a-1/2
n}rllriloowo[en em] = 0. Then nllrrgo e, = e in H and {SF en}, {SF en} are

Cauchy sequences. Since the operators S;/ % and §;1/ % are closed, we get that
/2 . 1/2 1/2 a-1/2 . —1/2
SF e—nILIEOSF en, e € R(SE") and Sp e—nllngoSF en.
Thus e € M and lim wyle — e,] = 0. This implies that the form wy is closed in
n—oo

H . From the inequality ||[A*~%u|| < |[Au|[*~?||u||? for all u € D(A), which is true
for an arbitrary nonnegative self-adjoint operator A and an arbitrary 6 € [0, 1], we

obtain, for all e € D(SF) N R(S},/Q),
a-1/2 12/ 1/2 a-1/2 111/
lel| < l|Srell/3(1S5 " 2ell3, 1155 el| < [|Srel /3185 2l /2.
Therefore, statement 2. follows from (I0) and (II). O

Let Wy be a (+)-nonnegative self-adjoint linear relation in My associated with
wo. In view of wo[f] > 0 for all f # 0 € Ny, the inverse L.r. W' is densely defined
in M and therefore is the graph of a (+)-self-adjoint nonnegative operator. We
denote this operator by W, . Clearly, Ker Wy ' = W(0) = N © Ny (the (+)-
orthogonal complement).

The next theorem gives a description of all nonnegative self-adjoint extensions of
S and their associated closed forms in terms of VVO_1 and some auxiliary operators
in mp

Theorem 2. The formulas

(13) D(S) =D(S) & (I + SpU)D(U),
S(fo+e+ SrUe) = Sp(fo+e€) — Ue, fo € D(S), e € D(U),
DIS] = DIS|+SFR(UY?),
(14) SIf +Seh) = |ISE*f = S5"/*hl|? + T[] — wo[],
feDIS], he R(U?)
give a one-to-one correspondence between all nonnegative self-adjoint extensions S

of S, their associated closed forms and all (4)-nonnegative self-adjoint operators U
in Np satisfying the condition

(15) U<w;t

An extension S coincides with Sy if U= Wofl. The extensions Sg and Sy are
disjoint if and only if Ny is dense in Ng, and are transversal if and only if Ng = Np.

Proof. For every h € Mg we have (S*Sph, Sph) = —(h, Sph) < 0. It follows that,
if S = S* is a nonnegative extension of S, then D(S) N SpMp = {0}. Therefore,
we obtain D(S) = D(S) & (I + SpU)D(U), where U is a closed linear operator in
the subspace Mp with the domain D(U). Let us show that U is a (+)-self-adjoint
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operator in My and satisfies condition (IH). Consider an arbitrary vector f € D(S)
of the form f = h+ SpUh, h € D(U). Then Sf = S*f = Sph — Uh and

(Sf.f) = (Sph—Uh,h+ SpUh)
= (Sph,h) — (Uh, SpUR) + (h,UR); — 2Re(Uh, h).

Since Im(Sf, f) = 0, we get that Im(h, Uh)4 = 0. This means that U is a (+)-
symmetric operator in 9g. Since Sisa nonnegative self-adjoint extension of .S,
then for every vector f € D(g) the inequality (gf, f) = Sn[f] holds. Again let
f=h+SpUh, h € D(U). Then (B) implies Uh € R(S}?) for all h € D(U) and
from (6) we obtain

SnIf] = (Sph.h) + ||Sp "2 Uh||> 2 Re(h, Uh).
Thus, the inequality (§f, f) > Sn|f] yields
(Sphyh) — (Uh, SpUR) + (h,Uh)4+ — 2Re(Uh, h)
> (Sphyh) + ||Sp*Uh||*~2 Re(h, Uh).

Finally we have ||S5"/2Uh||*+(Uh, SpUh) < (h,Uh). Tt follows that wo[Uh] <
(Uh, h)4 for all h € D(U).
In particular, U is a (+)-nonnegative operator in Mp. It follows that U has a

(4)-self-adjoint extension U in MNpr. One can check that the operator S given by
D(S) =D(S)® (I +SpU)DU), S = S*‘D(g) is a symmetric extension of S in H.
Since S is self-adjoint, we get U=U. Thus, Uisa (+)-self-adjoint and nonnegative
operator in Mp. According to Proposition 1 the inequality wo[Uh] < (Uh,h)4,
h € D(U), is equivalent to U < W;!.

Conversely, let U be a (+)-self-adjoint nonnegative operator in Mp satisfying the

condition U < Wy . Then also wyg [Uh) < (Uh,h) for all h € D(U). It follows
that

(S*f.f) > Sy|f] for all f = h+ Sgh, h € D(U),
and from (@) we obtain |(Sg, f)|* < (S, )(S*f, f). Hence,
2Re(Sp, ) = = (S, ) = (S*f, f).
Further for g = ¢ + f, where ¢ € D(S), we have
(S*9,9) = (Sp+ 5" f, o+ f) = (Sp,) + (S f, f) + 2Re(Sp, f) > 0.

Thus, the operator S = S*‘(D(S) @+ SF[})D(&)) is a self-adjoint nonnegative
extension of S. Define a nonnegative self-adjoint extension

So =81 (D(S) @ (I + SpWg ')My).

Let us prove that §0~ coincides with the Kreln-von Neumann extension Sy. We will
show the equality (Sou,v) = Syu,v] for all u € D(Sp) and all v € D[Sy]. Let u =
f4+ I+ SpWi e, v =g+ Sph, where f € D(S),e € D(Wy '), g € D[S], h € No.
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Then from (II)
Swluv] = (Si2(f +€) = 5P te, 53/ - 821/%n)
= (Sp(f +€) = Wgle,g) = (f +e.h) + (S 2wy le, 8p1°n)
= (Sr(f+e)— WO eg) (Sr(f +e),Srh) = (f +e,h),
+ (Se 12 Wi e, S 2h) = (Se(f + €)= Wi le g+ Seh) = (e.h),
+ (S‘”QW‘ SoY7h) + (Wy e, Sph)
= (Sou,v) = (e,h), + (¢ *Wg e, 85 /%h) + (Wg e, Srh).

Put ¢ = W, 'e. Then e € Wy(q) and (Wo(q),h)1 = (e, h) for all h € Dlw,] =
MNo. By the definition of the form wgy we have
(§;1/2W0716’ §;1/29) = wO[Qv h] - (SFQ7 h)
= (Wolg),h), — (Srq,h) = (e, )1 — (SeWg e, h).

Thus, (§0u, v) = Sn[u,v]. In accordance with the first representation theorem
we obtain go = Sy.
Let us prove ([4). Let u = f1 + Sph1, v = fo + Sphe, where fi, fo € D[S],
hi,hy € R(UY?). Define the form 7[u,v] in D[Sx]:
7lu,v] = U~ A, ha] — wolha, ha).

Proposmon 1 implies nonnegativity of 7. According to Proposition 2, the form
Yhy, ho] — wolh1, ho] is closed in the Hilbert space 95° = Dlwo] and is the
closure of the form (eq, U62)+ — wo[Uel, Ueg] e, es € D(U) Using Propositions 4
and 5 we get that 7 is closed in the Hilbert space D[Sy].
Foru=¢1+ (I + SFU)el, v=o+ I+ SFU)eQ, ©1,02 € D(S), e1,e2 € D((NI)
from (I3) and (II]) we have the equality

(§u,v) — Sn[u,v] = (eq, (762)+ — wo[ﬁel, 1762].
Therefore, Theorem [[] yields equalities (4. O

As a consequence of this theorem we get

Theorem 3. Let P;' be the orthogonal projection onto M; in Hy and D(Sp) =
D(S) + (I + Vg)N,. Then the operator

VPYh = —VpPH(U +il)(U —il)"'h, h € Np,

defines D(S) by the von Neumann formula D(S) = D(S) + (I + V)N, where U is
a (+)-self-adjoint operator in Mg satisfying the condition 0 < U< VV0

Proof. Let U be a (4)-selfadjoint operator in the subspace 9t which satisfies the
~ ~ ~ ~ -1
condition 0 < U < I/V(;1 and let Z = (U + iI) (U — iI) be the Cayley transform
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of U. Then Z is a (4)-unitary operator in Mp and U can be defined as follows:
e =il = 2)h, Ue = (I + Z)h, h € Np. Since Ny = (I + V&), and Vp is
a (+)-isometry from 9; onto MN_,, we get that if h = (I + Vr)g, g € N;, then
Zh = (I + Vp)Kg, where K is a (4)-unitary operator in 91;. This implies that
Pth =g, P"Zh = Kg, and e = i(I + Vr)(g — Kg), Ue = (I +Vr)(g + Kg),
SpUe = (I = Vr)(g + K)g,
(I+SpU)e=i(I+Ve)(g—Kg)+i(I—Ve)(g+ Kg)
= 2ig — 2iVpKg.

Hence, for a self-adjoint extension S given by (I3) we get

D(S) = D(S) + (I — Ve K)N,. 0

5.
Let y € R3. Consider the operator S defined as follows:

D(S) = {(x) € H3(R?) : o(y) = 0}, Sp = -Ap,

where z € R3, H3Z(R?) is the Sobolev space and A denotes the Laplacian. As is well
known the operator S is a nonnegative symmetric operator in L?(R3, dz) with defect
numbers 1,1 and its Friedrichs extension Sg is given by D(Sr) = H3(R?), Sp =
—A.

Let F : L*(R?,dx) — L*(R?,dp),

Ff=Fp)=s— lm (2m) % /| _ J@ e (i) p= ppps),

be the Fourier transform. In the p-representation we obtain the nonnegative sym-

[e]
metric operator A and its Friedrichs extension Ap:

D(A) = {n(p) € 2R, dp). [ (o) explip)dp = 0},
D(Ar) = Ha(R®) i= L(RY, (il + 1)dp),

Ah = p[*h(p). h(p) € D(A),

Arf =PI ®), 1) € DiAR).

Let e(p) = exp(—ipy) (1 + |p|4)_1. Clearly, Mp = span{e(p)}, Mr = ApMp =

o*

span{|p|26(p)}. The adjoint operator A is given by the following relations:

D(A ) = D(A)FNp+Mp = Hy(R?)+9Mp,

A (F(0) + NpPe(p) = [P2F(p) — Me(p), F(p) € Ha(R®), A€ C.
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o*

Let Hy =D(A ). Since
D(AY?) = Hi(R®) := L2(R®, (|p|? + 1)dp), A f = |plf(p),

we obtain that

—1/2 _exp(—ipy) 3
Apele) = g € ED:

By Proposition 3 we have Ap # An. By the direct calculation we get

(). e(p)), = / W o,

rs 1+ [p[*
(4¥%e). A ) + (A5 2ep). A7 Pev)

dp \/— 2
- [ T _ o2
/Rs Ip[2(1 + [p|*)

From Theorem 2 we get the following descriptions of non-negative self-adjoint ex-

tensions of A:

%) exp(—i
D(Ay) = {fo(p) AL EDSEER ) € D). 2 € 6}7

(1+ [p]?) exp(—ipy)
1+ [p|*

(Ip|* — 1) exp(—ipy)
1+ |p|*

?

Ay (fo(p) .\ ) — P fo(p) + A

= u |p|?) exp(—i
D(Au)Z{fo(p)+/\(1+ PSR, ) € DA, A e@},

)

(1+u Iplz)eXp(—ipy)> — o) + A (Ip]* — u) exp(—ipy)

A, A
(fO(p) - 1+ |p|* 1+ [p|*

where 0 < u < 1. The inverse Fourier transform F~! is given by the equality

Ff =@ =5~ Jm 20" [ Fo)esplipoip.
[pI<R

R—o0

We have S = .7-'*12.7-', Sp =F YArF, Sy = F YANF. A calculation gives

lz—y]
. B EGXP(_ \/5) .|z =y
d e@)ﬁ eyl Ot V3
\

sy

exp (<) y

FlA =/Z v2 .
rP ST
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_|z—y]
xp(—"7") (Sin |z —yl Ix—y|> foly)=0, A e C

lz —yl V2 V2
. fo(x)+/\exp(_‘x—\;§y‘) (Sm|x—y|+ucosu> )0, AeC
b [z —y] V2 2 ) ’ )

lz -yl
_lz—yl

exp ( ﬂ)(cos|x—y|_ . lx =yl
2 2

|z -y

«p (—12=ul
S, fo(x)—i—)\ep( ‘/§)<sin|x_y|+ucos|x—_2y|>)
= ~Afo(a) + A )
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