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TYCHONOFF EXPANSIONS BY INDEPENDENT FAMILIES

WANJUN HU

(Communicated by Alan Dow)

Abstract. A method for Tychonoff expansions using independent families
is introduced. Using this method we prove that every countable Tychonoff
space which admits a partition into infinitely many open-hereditarily irre-
solvable dense subspaces has a Tychonoff expansion that is ω-resolvable but
not strongly extraresolvable. We also show that, under Luzin’s Hypothesis
(2ω1 = 2ω), there exists an ω-resolvable Tychonoff space of size ω1 which is
not maximally resolvable.

Introduction

A topological space X is called crowded (or dense in itself) if X has no isolated
points. E. Hewitt defined a resolvable space as a space which has two disjoint dense
subsets (see [17]). A space is called κ-resolvable [3] if it admits κ-many pairwise
disjoint dense sets. The cardinal ∆(X) := min{|U | : U is a non-empty open subset
of X} is called the dispersion character of the space X . The space X is called
maximally resolvable [2] if it is ∆(X)-resolvable; if every crowded subspace of X
is not resolvable, then X is called hereditarily irresolvable (HI). Analogously, X
is open-hereditarily irresolvable (or OHI) if every non-empty open subset of X is
irresolvable. V.I. Malykhin introduced a similar concept of extraresolvable (see [20]
and [6]): a space is extraresolvable if there exists a family {Dα : α < ∆(X)+} of
dense susbets of X such that Dα ∩Dβ is nowhere dense in X for distinct α and β.
Comfort and Garćıa introduced in [6] a similar concept of “strongly extraresolvable”
calling a space X strongly extraresolvable if there is a family D of dense subsets of
X such that |D| = ∆(X)+ and |D ∩ E| < nwd(X, T ) for distinct D and E. Here
nwd(X) = min{|A| : A ⊆ X and A is not nowhere dense in X}. For a survey of
recent developments in this area, we refer the reader to [5].

We shall study the following two questions.

Question 0.1. Is every countable ω-resolvable Tychonoff space necessarily strongly
extraresolvable?

Question 0.2. Is there an ω-resolvable Tychonoff space which is not maximally
resolvable?
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The first question was asked privately by W.W. Comfort and S. Garcia-Ferreira.
In [6], they have shown that every totally bounded topological group is strongly ex-
traresolvable. In [14], the authors proved that every strongly extraresolvable space
is ω-resolvable and a countable space with certain properties is strongly extrare-
solvable. For instance, every countable weakly Fréchet-Urysohn space is extrare-
solvable. Here a space X is weakly Fréchet-Urysohn if for every x ∈ X , whenever
x ∈ A there is a countably infinite family A of pairwise disjoint finite subsets of A
such that for every neighborehood V of x, {B ∈ A : V ∩B = ∅} is finite (see [14]).
Question 0.1 then arises naturally.

The second question was asked first in [3] and then in [5]. In [9], F.W. Eckertson
proved a consistent result in the positive direction: assuming the existence of a
crowded, strong Pκ, HI space, it is possible to prove that there exists an ω-resolvable
Tychonoff space which is not maximally resolvable.

In this paper, we introduce the so-called KID-expansion. Using this tool, we
can expand the topology of a Tychonoff space in such a way that a fixed family of
pairwise disjoint dense subsets is still a family of dense subsets in the expansion,
while any other family of pairwise disjoint dense subsets with cardinality big enough
will not be a family of dense subsets in the expansion. We shall give a negative
answer to the first question by proving that if a countable Tychonoff space X has
a family of infinitely many pairwise disjoint OHI dense subsets, then X has a KID-
expansion that is ω-resolvable but not strongly extraresolvable. For the second
question, we prove that, under Luzin’s Hypothesis (2ω = 2ω1), there exists an
ω-resolvable Tychonoff space of size ω1 which is not maximally resolvable.

The concept of an independent family was introduced in [16]. See also [18], [8].
We use the definition in [18]. Let X be a set and let I be a subfamily of P(X).
The family I is called a uniformly independent family on X if for any distinct
X1, ..., Xn, Y1, ..., Ym in I, the intersection X1 ∩ ... ∩Xn ∩ (X \ Y1) ∩ ... ∩ (X \ Ym)
has cardinality |X |.

For a space 〈X, T 〉, the density is denoted by d(X) and the open density od(X) is
defined as od(X) = min{d(U) : U is an empty open set in X}. When od(X) > ℵ0,
we call X an open-hereditarily inseparable space (OHIS). Given a space X , let S(X)
be the smallest cardinal number κ such that there is no disjoint family of size κ of
non-empty open subsets of X (see [8]). If A is a subset of the space 〈X, T 〉, then
we use 〈A, T 〉 to denote the set A with the topology inherited from 〈X, T 〉.

For other notation and terminology, the reader is referred to [10].

1. KID-expansions

Definition 1.1. A dense partition of a space X is a partition of X which consists
of dense subsets.

We want to expand a topology in such a way that some selected dense subsets
are added as new open sets, while a fixed dense partition in the original topology
is preserved as a dense partition in the expansion.

Lemma 1.2. Let {Xα : α < κ} be a dense partition of 〈X, T 〉, and let D be a dense
subset of 〈X, T 〉. Then the topology T ′ generated by T ∪{D} remains crowded. The
topology T ′ keeps each Xα dense if and only if for each α the set D ∩Xα is dense
in Xα with its original subspace topology.
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Proof. (⇐=) For each non-empty open set O ∈ T , we have (O ∩ D) ∩ Xα =
O ∩ (D ∩ Xα) 6= ∅. Thus each Xα is still dense in T ′. Since D is dense in X ,
the expansion T ′ must be crowded.

(=⇒) Suppose that for some α < κ the set D ∩ Xα is not dense in Xα. Then
there exists some non-empty open set O ∈ T such that O ⊂ X \ (D ∩Xα). Since
(O ∩D) is open in T ′ and Xα is dense in T ′, we have (O ∩D) ∩Xα 6= ∅. However
(O ∩D) ∩Xα = O ∩ (D ∩Xα) = ∅, which is a contradiction. �

We start from a matrix of dense subsets, that is, we begin with a κ × τ dense
partition D = {Dγ

α : α < κ, γ < τ} of X . When expanding, we want to keep the
union of each row

⋃
{Dγ

α : α < κ} dense. In order to get a crowded expansion, we
use an independent family on each column.

When expanding, we are going to kill any dense partition with cardinality big
enough by adding some new open sets which are members of that partition excluding
some “good” subsets. The concept of “good” sets with respect to a partition is
introduced in Definition 1.3. We shall show in the next section that, fixing a dense
partition D, every other dense partition D′ with cardinality big enough contains an
element that is a good set with respect to D.

Definition 1.3. Let 〈X, T 〉 be a space and let E = {Eα : α < κ} be an arbitrary
partition of 〈X, T 〉. A subset K ⊆ X is called a “good” set with respect to E if for
every α < κ the set K ∩ Eα has empty interior in the subspace 〈Eα, T 〉.

Clearly, there are at most 2|X|-many good sets with respect to any partition of
X .

It is a well-known result (see [18] Lemma 24.8) that for any infinite cardinal κ,
there exists a uniformly independent family of size 2κ on κ. Now we define the
so-called KID-expansion.

Definition 1.4. Let 〈X, T 〉 be a Tychonoff space.
(1) Let κ, τ be two cardinals such that κ ≥ ω and κ ≥ τ ≥ 1.
(2) Let D = {Xγ

α : α < κ, γ < τ} be a κ×τ -matrix of pairwise disjoint crowded
subsets of 〈X, T 〉. Define Xγ :=

⋃
α<κX

γ
α, the union of the γ-th row.

(3) Let I = {Iβ : β < 2κ} be a uniformly independent family on κ of size 2κ.
(4) Let K = {Kβ : β < 2κ} be a family of good sets with respect to D with

possible repetitions.
(5) For each β < 2κ, define Wβ =

⋃
{Xγ

α : α ∈ Iβ , γ < τ} \ Kβ, and let
Tβ = {Wβ , X \Wβ}.

(6) Let TKID denote the topology generated by T together with all Tβ , β < 2κ.
Then TKID is the KID-expansion of T via K, I, and D.

Clearly, any KID-expansion is a Tychonoff expansion. In this paper, we shall
only consider KID-expansions with D a (κ × τ)-matrix of pairwise disjoint dense
subsets.

KID-expansions have some good properties.

Lemma 1.5. If Xγ
α is OHI and dense in X for all α < κ, γ < τ , then TKID has

dispersion character ≥ od(T ) · τ , and each Xγ =
⋃
α<κX

γ
α is a dense subset in

TKID.

Proof. For β < 2κ and C ∈ {Wβ , X \Wβ}, we define IC = Iβ if C = Wβ and
IC = κ \ Iβ otherwise.



3610 WANJUN HU

For distinct β0, ..., βm−1 < 2κ, and Ci ∈ {Wβi , X\Wβi}, consider IC0∩...∩ICm−1 .
Since I is an independent family, this set is not empty. Let p ∈ IC0 ∩ ... ∩ ICm−1 .
Then for each γ < τ and i < m, we have Xγ

p \Kβi ⊂ Ci if Ci = Wβi (equivalently,
if ICi ∈ I), and we have Xγ

p ⊆ Ci otherwise (that is, if κ \ ICi ∈ I).
We claim that for each K ∈ K and any α < κ, γ < τ , the set Xγ

α ∩K is nowhere
dense in 〈Xγ

α, T 〉. Otherwise, let U be the interior of cl(Xγ
α ∩ K) in the space

〈Xγ
α, T 〉. Then Xγ

α ∩ K is dense in U . Since Xγ
α ∩ K has an empty interior in

〈Xγ
α, T 〉, for any nonempty open set U ′ ⊆ U , we have (Xγ

α \K) ∩ U ′ 6= ∅. Hence
Xγ
α \K is also dense in U . But this is a contradiction, since Xγ

α is open-hereditarily
irresolvable. The claim is proved.

Hence for each γ < τ , the union
⋃
i<mX

γ
p ∩Kβi is nowhere dense in 〈Xγ

p , T 〉.
This is equivalent to the condition that for each γ < τ the set

⋂
i<mX

γ
p \Kβi is

dense in 〈Xγ
p , T 〉.

Thus, for any O ∈ T the statement O∩C0∩...∩Cm−1 ⊇ O∩C0∩...∩Cm−1∩Xγ
p ⊇

(O ∩Xγ
p ) ∩ (Xγ

p \Kβ0)∩ ...∩ (Xγ
p \Kβm−1) = (O ∩Xγ

p )∩ (
⋂
i<mX

γ
p \Kβi) 6= ∅ holds

for all γ < τ . Hence O ∩ C0 ∩ ... ∩ Cm−1 cannot be a singleton. Therefore, TKID
has no isolated points and ∆(TKID) ≥ od(T ) · τ . From the above proof, one can
also see that each Xγ , γ < τ , is dense in TKID. �

The second useful property is given in the following theorem, which shows that
some KID-expansions preserve the Souslin property.

Theorem 1.6. If each Xγ
α is OHI, and 〈X, T 〉 has the Souslin property, then

〈X, TKID〉 has the Souslin property, too.

Proof. It is enough to show that every uncountable family of basic open sets has a
pair with non-empty intersection.

Let {Uβ : β < ω1} be a family of basic open sets, where each Uβ is of the form:
Uβ = Oβ ∩ Cβ1 ∩ ... ∩ Cβkβ with Cβi ∈ {Wβi , X \Wβi}, Oβ ∈ T , kβ < ω and
β1, ..., βkβ < 2κ.

Consider the family of all index sets Aβ = {β1, ..., βkβ}, β < ω1. This is a
family of finite subsets of ω1. According to the ∆-lemma (see [18] Lemma 22.6),
there exists a subset A ⊆ ω1 and a finite set J such that |A| = ω1 and for distinct
β1, β2 ∈ A, we have Aβ1 ∩Aβ2 = J .

For each θ ∈ J , either Cθ = Wθ or Cθ = X \Wθ. Since J is finite, there exists
an uncountable subset B ⊆ A and a fixed choice Dθ ∈ {Wθ, X \Wθ} of Cθ for each
θ ∈ J such that for any β ∈ B, the set Uβ can be written as

Oβ ∩ (
⋂
θ∈J

Dθ) ∩ (
⋂

θ∈{β1,...,βkβ}\J
Cθ).

Then for any ζ, β ∈ B, we have

Uζ ∩ Uβ = (Oζ ∩Oβ) ∩ (
⋂
θ∈J

Dθ) ∩ (
⋂

θ∈{ζ1,...,ζkζ }\J
Cθ) ∩ (

⋂
θ∈{β1,...,βkβ}\J

Cθ).

For each β ∈ B and each i < kβ , let ICβi = Iβi if Cβi = Wβi and ICβi = κ \ Iβi
otherwise. Since I is an independent family, for distinct ζ, β ∈ B, we have

(
⋂
θ∈J

ICθ ) ∩ (
⋂

θ∈{ζ1,...,ζkζ }\J
ICθ) ∩ (

⋂
θ∈{β1,...,βkβ}\J

ICθ ) 6= ∅.
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Let p be a point in this set. Since each Xγ
α is OHI, for each γ < τ and some

nowhere dense set K, the following holds:

Xγ
p \K ⊆ (

⋂
θ∈J

Dθ) ∩ (
⋂

θ∈{ζ1,...,ζkζ}\J
Cθ) ∩ (

⋂
θ∈{β1,...,βkβ}\J

Cθ).

Since 〈X, T 〉 has the Souslin property, there exist ζ 6= β ∈ B such that Oζ∩Oβ 6=
∅. For this ζ and β, we have Uζ ∩ Uβ 6= ∅, since Uζ ∩ Uβ contains the intersection
of a non-empty open set Oζ ∩Oβ with the union

⋃
{Xγ

p \K : γ < τ} of dense sets
in 〈X, T 〉. Hence {Uα : α < ω1} cannot be pairwise disjoint. Therefore, TKID has
the Souslin property. �

2. Answering Question 0.1

Definition 2.1. Let D = {Dα : α < κ} be a family of dense subsets. If for any
α 6= β < κ, the set Dα ∩Dβ is finite, then we call D a family of dense subsets with
finite intersections; in short, a DFI-family.

Remark 2.2. Suppose that T ′ ⊃ T are two topologies on X . Then any DFI-family
in 〈X, T ′〉 is also a DFI-family in 〈X, T 〉.

From the following lemma, we can see that given a dense partition D = {Dα :
α < κ}, any sufficiently large DFI-family contains an element that is good with
respect to D.

Lemma 2.3. Let κ, τ be two infinite cardinals such that τ < cf(κ). Let 〈X, T 〉 be
a space, and let {Xα : α < τ} be a family of dense subsets such that X =

⋃
α<τ Xα

and S(Xα) ≤ κ for all α < τ . Then for any DFI-family E of size κ in X, all but
< κ-many members E of E satisfy the following: For any α < τ the set Xα ∩E has
empty interior in 〈Xα, T 〉.

Proof. Suppose that there exists a subfamily E ′ ⊆ E of size κ such that for each
member E ∈ E ′, there is σ(E) < τ such that Xσ(E) ∩ E has a non-empty interior
in Xσ(E). Under the map σ : E ′ → τ given by E → σ(E), some α < τ has pre-
image of cardinality κ, so we assume without loss of generality, passing to a suitable
subfamily of E ′ if necessary, that for some fixed α < τ we have: for each E ∈ E ′, the
set Xα∩E has non-empty interior in 〈Xα, T 〉. Since E ′ is a DFI-family, for distinct
E,E′ ∈ E ′, we have intXα(Xα ∩ E) ∩ intXα(Xα ∩ E′) ⊆ intXα(Xα ∩ E ∩ E′) = ∅
in the space 〈Xα, T 〉. Hence in 〈Xα, T 〉, the family {intXα(Xα ∩ E) : E ∈ E ′}
consists of κ-many pairwise disjoint non-empty open subsets of Xα, contradicting
the assumption that S(Xα) ≤ κ. �

Corollary 2.4. Let everything be as in the above lemma. If each Xα is also OHI,
then all but < κ-many members in E satisfy the following: For any α < τ the set
Xα ∩ E is nowhere dense in 〈Xα, T 〉.

Proof. Use the same argument together with the fact (from OHI) that if for some
E ∈ E the set E ∩Xα has empty interior in 〈Xα, T 〉, then E ∩Xα is nowhere dense
in 〈Xα, T 〉. �

Now we prove that every countable Tychonoff space with a dense partition
consisting of infinitely many OHI dense subsets has a KID-expansion that is ω-
resolvable but not strongly extraresolvable.
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Theorem 2.5. Suppose 〈X, T 〉 is a countable Tychonoff space with a dense par-
tition D = {X i

n : n, i < ω} of OHI dense subsets. Let K = {Kβ : β < 2ω}
enumerate the family of all good sets with respect to D (if there are less than c-
many good sets, we repeat one of them c times). For any uniformly independent
family I = {Iβ : β < 2ω} on ω, the KID-expansion TKID via K, I, D, is an
ω-resolvable Tychonoff space that has no uncountable DFI-family. Hence it is not
strongly extraresolvable.

Proof. By the results of Lemma 1.5 in the previous section, we know that TKID is
ω-resolvable. We will show the rest.

Since for every β < 2ω we have Wβ ∩Kβ = ∅, the set Kβ is not dense in TKID.
If there exists an uncountable DFI-family in X , then by Corollary 2.4, it contains
some element in K. As we have just shown, this element is not dense in TKID,
which gives a contradiction. Hence TKID has no uncountable DFI-family. �
Theorem 2.6. There exist countable Tychonoff spaces that are ω-resolvable but
not strongly extraresolvable.

Proof. It is proved in [1] Theorem 2.3 that the Cantor cube {0, 1}c has a dense
countable, irresolvable subspace D. By a standard argument, D contains a non-
empty HI open subset of the form D∩U for some basic open set U in {0, 1}c. Since
any basic open set of {0, 1}c is homeomorphic to {0, 1}c itself, we know that there
exists a countable, HI, dense subspace E in {0, 1}c.

Let 〈E〉 denote the subgroup of {0, 1}c generated by E. Then the quotient
{0, 1}c/〈E〉 has size 2c with each coset homeomorphic to 〈E〉 and dense in {0, 1}c.
Let X =

⋃
n xnE, where {xn : n < ω} is a countable infinite subset in {0, 1}c,

so that the cosets xn〈E〉 are distinct. Then X with the subspace topology from
{0, 1}c is a Tychonoff space with a dense partition of HI dense subsets and has the
Souslin property. By Theorem 2.5, X has a KID-expansion that is ω-resolvable but
not strongly extraresolvable. �

3. Answering Question 0.2

In [3] and [5], the authors have asked whether ω-resolvable, not maximally re-
solvable, Tychonoff spaces exist. In [9], Eckertson gave an example under the as-
sumption of the existence of “a crowded, strong Pκ, HI space”. In the same paper,
it was shown that the existence of such a space is equiconsistent with the existence
of a measurable cardinal. In this section, we show that, under Luzin’s Hypothesis
(2ω = 2ω1), we can find an example of size ω1.

Let us first introduce the following concept.

Definition 3.1. A space 〈X, T 〉 is κ-condensed if there exists a family K of nowhere
dense subsets such that |K| = κ and every nowhere dense subset of X is contained
in some element of K.

For cardinals κ, τ , we define as usual τ<κ = Σ{τθ : θ < κ}.

Lemma 3.2. Let 〈X, T 〉 be a space. If w(X) ≤ τ , then X is τ<S(X)-condensed.

Proof. Let B = {Bα : α < τ} be a base for 〈X, T 〉. For any maximal pairwise
disjoint subfamily A of B, we have |A| < S(X) and

⋃
A is dense in 〈X, T 〉.

Let K′ be the family of all sets expressible as the union of a maximal pairwise
disjoint subfamily of B. An easy counting argument shows that |K′| ≤ τ<S(X).
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Clearly each element in K′ is dense and open in 〈X, T 〉. Let K = {X \K : K ∈ K′}.
We show that every nowhere dense subset of 〈X, T 〉 is contained in some element
in K.

Let K be a nowhere dense subset of X . Let A be a maximal pairwise disjoint
subfamily of B such that each element inA is contained inX\K. Then

⋃
A ⊆ X\K

and
⋃
A ∈ K′. Hence (X \

⋃
A) ∈ K and K ⊆ (X \

⋃
A). �

Now, we prove the following useful theorem.

Theorem 3.3. Let 〈X, T 〉 be a Tychonoff space, and let τ < cf(S(〈X, T 〉)).
Suppose 〈X, T 〉 is 2τ -condensed, and has a dense partition consisting of τ-many
OHI dense subsets. Then 〈X, T 〉 has a KID-expansion with dispersion character
≥ od(T ) · τ that is τ−resolvable but not S(〈X, T 〉)-resolvable.

Proof. Let D = {Xγ
α : α, γ < τ} be a dense partition of 〈X, T 〉 such that each

Xγ
α is OHI. Since 〈X, T 〉 is 2τ -condensed, and a nowhere dense subset in a dense

subspace of 〈X, T 〉 is also nowhere dense in 〈X, T 〉, each dense subset of 〈X, T 〉 is
also 2τ -condensed. Hence there is a family K of good sets with respect to D such
that |K| = 2τ and every nowhere dense subset of X is contained in some element
in K. Let us write K as {Kβ : β < 2τ}.

Now let I = {Iβ : β < 2τ} be a uniformly independent family on τ . By Lemma
1.5, TKID is τ -resolvable, and it has dispersion character ≥ od(T ) ·τ . We show that
〈X, TKID〉 is not S(〈X, T 〉)-resolvable.

We use the same argument as used in the proof of Theorem 2.5 to show that TKID
has no dense partition of size S(〈X, T 〉). By Corollary 2.4, every dense partition
of size S(〈X, T 〉) in 〈X, T 〉 contains some good set K with respect to D. By our
definition of the family K, this set K is contained in some Kβ for some β < 2τ .
But in our definition of the KID-expansion, we have Wβ ∩ Kβ = ∅, and hence
Wβ ∩K = ∅. Therefore, K is not dense in TKID and TKID has no dense partition
of size S(〈X, T 〉). Hence 〈X, TKID〉 is not S(〈X, T 〉)-resolvable. �

Corollary 3.4. If 〈X, T 〉 satisfies the following conditions, then it has a KID-
expansion that is ω-resolvable but not maximally resolvable.

(1) It is a Tychonoff space of size ω1 and has the Souslin property,
(2) it is an OHIS space and has a dense partition consisting of ω-many OHI

subsets, and
(3) it is 2ω-condensed. �

Tychonoff spaces which satisfy the first two conditions in Corollary 3.4 exist in
ZFC. To show this, it is enough to prove the following theorem.

Theorem 3.5. There exists an irresolvable dense subset D of the Cantor cube
{0, 1}2ω1 such that |D| = od(D) = ω1.

Proof. Let K := {0, 1}2ω1 . Let D1 be a dense subset of size ω1 in K. Consider the
Cantor cube {0, 1}ω1. Fix a point x ∈ {0, 1}ω1. Then the σ-product D2 := {y : y ∈
{0, 1}ω1, |{α < ω1 : y(α) 6= x(α)}| < ω} is a dense set in {0, 1}ω1. In fact, we have
|D2| = od(D2) = ω1.

Let D = D1 ×D2. Then D is a dense subset in K × {0, 1}ω1 = K. Moreover,
the set D satisfies |D| = od(D) = ω1.

Much as in the proof of Theorem 2.3 in [1], we now construct from the set D an
irresolvable dense subset in K with size and open density ω1.
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List D as {dα : α < ω1}, and let {Aβ : β < 2ω1} enumerate the family of all
infinite subsets of ω1. We define by induction for each β < τ , τ < 2ω1 , a dense
subset Dβ of the space K × {0, 1}β in the following way:

(1) the set Dβ := {dβα : α < ω1} is dense in K × {0, 1}β, and |Dβ| = od(Dβ) =
ω1;

(2) dβα|γ = dγα for all α < ω1 and 0 ≤ γ < β;
(3) if both Hβ := {dβα : α ∈ Aβ} and Dβ \ Hβ are dense in Dβ, then the set

H ′β := {dβ+1
α : α ∈ Aβ} is open in Dβ+1.

Let d0
α = dα for every α < ω1. The set D0 = {d0

α : α < ω1} satisfies (1)–(3).
If β is a limit ordinal, then let dβα =

⋃
{dγα : γ < β} for each α < ω1. It is easy

to see that Dβ = {dβα : α < ω1} satisfies (2) and (3). For (1), we only need to show
that if each γ < β satisfies od(Dγ) = ω1, then od(Dβ) = ω1. Choose (n+m)-many
ordinals γ1, ..., γn, ζ1, ..., ζm < 2ω1 + β, and consider the corresponding open subset
U := {dβα : dβα(γi) = 0, dβα(ζj) = 1} in Dβ.

Let θ < 2ω1 + β be an ordinal that is larger than all γi’s and ζj ’s. Since the
projection map from K × {0, 1}β to K × {0, 1}θ is open and continuous, it maps
U to an open subset U ′ in Dθ, and also maps any dense subset of U to some dense
subset in U ′. Since od(Dθ) = ω1, we have d(U) = ω1. Therefore, it is true that
od(Dβ) = ω1.

Let β = γ + 1. If Dγ is already irresolvable, then we stop the inductive con-
struction. If both Hγ = {dγα : α ∈ Aβ} and Dγ \ Hγ are dense in Dγ , then set
dβα|γ = dγα and dβα(γ) = 1 if α ∈ Aβ and dβα(γ) = 0 otherwise. If {Hγ , Dγ \ Hγ}
is not a dense partition of Dγ , choose an arbitrary dense partition {Z,Dγ \ Z} of
Dγ . Set dβα|γ = dγα and dβα(γ) = 1 if dβα ∈ Z and dβα(γ) = 0 otherwise, and let
Hγ = {dβα|γ : dβα(γ) = 0}.

Again, we only need to check that Dβ satisfies od(Dβ) = ω1. Take (n+m)-many
ordinals γ1, ..., γn, ζ1, ..., ζm < 2ω1 + β, and consider the corresponding open subset
U := {dβα : dβα(γi) = 0 and dβα(ζi) = 1} in Dβ. If all γi’s and ζj ’s are less than β,
then d(U) = ω1 by the same argument for the limit ordinal case. Otherwise, one of
these γi’s and ζj ’s is equal to β, say γ1. Let U1 := {dγα : dγα(γi) = 0 for all i > 1 and
dγα(ζi) = 1}. Then U1 is an open subset in Dγ and U = {dβα : dβα|γ ∈ Hγ ∩ U1} =
{dβα : dβα|γ ∈ U1, d

β
α(γ) = 0}. Since Hγ is dense in Dγ and od(Dγ) = ω1, we have

d(Hγ ∩ U1) = ω1, which implies d(U) = ω1. Hence od(Dβ) = ω1.
Clearly the induction stops after τ steps for some ordinal τ ≤ 2ω1 . It is easy to

see that the set Dτ = {dτα : α < ω1} is irresolvable in K × {0, 1}τ and od(Dτ ) =
|Dτ | = ω1. �

Remark 3.6. It is proved by a different method in [7] that for any infinite cardinal κ,
there exists an irresolvable dense subset D in {0, 1}2κ such that |D| = od(D) = κ.

Theorem 3.7. Assume 2ω = 2ω1 . There exists a Tychonoff ω-resolvable space of
size ω1 which is not maximally resolvable.

Proof. By Theorem 3.5, there exists a dense irresolvable subset D ⊂ {0, 1}2ω1 such
that |D| = od(D) = ω1. By a standard argument, we know that D contains a non-
empty open subset of the form D∩U for some basic open set U in {0, 1}2ω1 such that
D∩U with the topology inherited from that of {0, 1}2ω1 is hereditarily irresolvable.
Certainly od(D ∩U) = od(D) = ω1. Since U is homeomorphic to {0, 1}2ω1 , we can
assume that D can be chosen so that D is HI and |D| = od(D) = ω1.
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Consider the subgroup 〈D〉 generated by D. Let X :=
⋃
n xnD, where {xn :

n < ω} is a subset of {0, 1}2ω1 of size ω such that the cosets xn〈D〉 are distinct.
Then X with the topology inherited from {0, 1}2ω1 satisfies the first two conditions
in Corollary 3.4. Hence X satisfies all the three conditions in Corollary 3.4 when
Luzin’s Hypothesis is assumed. Therefore, the space X has a KID-expansion that
is ω-resolvable but not maximally resolvable. �

Since a space satisfying the three conditions in Corollary 3.4 can be embedded
into Rc, where R is the real line with the usual topology, a natural question is the
following.

Question 3.8. Is there an OHIS, irresolvable, dense subset of the product Qc

(equivalently, of {0, 1}c)?

We show, in the following theorem, that a positive answer to this question will
give a space which satisfies all three conditions in Corollary 3.4.

Theorem 3.9. If there exists an OHIS, irresolvable, dense subset in the product Qc,
then there exists an ω-resolvable Tychonoff space which is not maximally resolvable.

Proof. Let D be an OHIS, irresolvable, dense subset in Qc. Without loss of gen-
erality, using a similar argument as that in the proof of Theorem 3.7 if necessary,
we assume that D with the topology inherited from Qc is hereditarily irresolv-
able. Since Qc is dense in Rc, the set D is also dense in Rc. Consider the quotient
Rc/Qc. Let X :=

⋃
n xnD, where the set {xn : n < ω} is a countable infinite subset

of Rc such that the cosets xnQc are distinct. Then X with the topology inherited
from Rc satisfies the first two conditions in Corollary 3.4. The space X satisfies
the third condition too, since w(X) = w(Qc) = w(Rc) = c. Hence, by Corollary
3.4, the space X has a KID-expansion which is ω-resolvable, but not maximally
resolvable. �
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[16] F. Hausdorff, Über zwei Sätze von G. Fichtenholz und L. Kantorovitch, Studia Math. 6

(1936), 18-19.
[17] E. Hewitt, A problem of set-theoretic topology, Duke Math. J. 10 (1943), 309-333. MR 5:46e
[18] T. Jech, Set Theory, second edition, Springer-Verlag, 1997. MR 99b:03061
[19] I. Juhász, Cardinal Functions in Topology—Ten Years Later, second edition, Mathematical

Centre Tracts 123, Amsterdam, 1980. MR 82a:54002

[20] V. I. Malykhin, Irresolvability is not descriptively good (preprint).
[21] K. Kunen, A. Szymanski and F. Tall, Baire resolvable spaces and ideal theory, Prace Nauk.,

Ann. Math. Sil. 2 (14)(1986), 98-107. MR 87j:54048
[22] K. Kunen and F. Tall, On the consistency of the non-existence of Baire irresolvable spaces,

http://at.yorku.ca/v/a/a/a/27.htm, 1998.
[23] T.L. Pearson, Some sufficient conditions for maximal-resolvability, Canad. Math. Bull. 14

(1971), 191-196. MR 46:9920

Department of Mathematics, Wesleyan University, Middletown, Connecticut 06459

E-mail address: whu@claude.math.wesleyan.edu

Current address: Department of Mathematics and Computer Science, Albany State University,
Albany, Georgia 31705

E-mail address: whu@asurams.edu

http://www.ams.org/mathscinet-getitem?mr=98i:54019
http://www.ams.org/mathscinet-getitem?mr=91c:54001
http://www.ams.org/mathscinet-getitem?mr=94h:54012
http://www.ams.org/mathscinet-getitem?mr=40:1977
http://www.ams.org/mathscinet-getitem?mr=2001e:54059
http://www.ams.org/mathscinet-getitem?mr=2000k:54005
http://www.ams.org/mathscinet-getitem?mr=53:11352
http://www.ams.org/mathscinet-getitem?mr=5:46e
http://www.ams.org/mathscinet-getitem?mr=99b:03061
http://www.ams.org/mathscinet-getitem?mr=82a:54002
http://www.ams.org/mathscinet-getitem?mr=87j:54048
http://www.ams.org/mathscinet-getitem?mr=46:9920

	Introduction
	1. KID-expansions
	2. Answering Question ??
	3. Answering Question ??
	Acknowledgment
	References

