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THE HOCHSCHILD COHOMOLOGY RING
OF A SELFINJECTIVE ALGEBRA

OF FINITE REPRESENTATION TYPE

EDWARD L. GREEN, NICOLE SNASHALL, AND ØYVIND SOLBERG

(Communicated by Martin Lorenz)

Abstract. This paper describes the Hochschild cohomology ring of a selfin-
jective algebra Λ of finite representation type over an algebraically closed field
K, showing that the quotient HH∗(Λ)/N of the Hochschild cohomology ring
by the ideal N generated by all homogeneous nilpotent elements is isomor-
phic to either K or K[x], and is thus finitely generated as an algebra. We
also consider more generally the property of a finite dimensional algebra be-
ing selfinjective, and as a consequence show that if all simple Λ-modules are
Ω-periodic, then Λ is selfinjective.

Introduction

This paper describes the Hochschild cohomology ring of a selfinjective algebra
of finite representation type over an algebraically closed field.

Throughout this paper let K be an algebraically closed field, and let Λ be a fi-
nite dimensional K-algebra. All modules are finitely generated right modules unless
otherwise stated, and mod Λ denotes the category of all finitely generated right Λ-
modules. Denote by Λe the enveloping algebra Λop⊗KΛ. Then Λ may be considered
as a right Λe-module, or equivalently as a Λ,Λ-bimodule. The Hochschild cohomol-
ogy ring HH∗(Λ) may be described by HH∗(Λ) = Ext∗Λe(Λ,Λ) =

⊕
i≥0 ExtiΛe(Λ,Λ)

with the Yoneda product.
The selfinjective algebras of finite representation type over an algebraically closed

field were classified by C. Riedtmann [11]. She showed that one can associate to
any such algebra one of the Dynkin diagrams An, Dn, E6, E7 or E8, that is, the
tree class of the stable Auslander-Reiten quiver of the algebra. H. Asashiba has
subsequently shown in [1] that derived equivalence and stable equivalence coincide
for selfinjective algebras of finite representation type over an algebraically closed
field (see also [10] for the special case of type An).

For type An these algebras fall into two classes, denoted wreath-like algebras
and Möbius algebras. The selfinjective Nakayama algebras represent the distinct
derived equivalence classes of the wreath-like algebras. K. Erdmann and T. Holm
showed in [5], for such an algebra Λ, that the syzygy Ω2

Λe(Λ) of a minimal projective
bimodule resolution of Λ is isomorphic to a twisted bimodule structure on Λ, that
is, to 1Λσ where σ is an automorphism of Λ of finite order. Recall, for an algebra
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automorphism σ of Λ, that the underlying vector space of 1Λσ is Λ, the action from
the left is multiplication in Λ, but the right multiplication is defined as λ ∗ x =
λσ−1(x). In [6] it was shown for the Möbius algebras B = Bm,k (as given in [12],
and which represent the distinct stable equivalence classes and also the distinct
derived equivalence classes of Möbius algebras) that Ω2k−1

Be (B) ' 1Bσ where σ is
an automorphism of B of finite order. Thus the representatives of the distinct
derived equivalence classes of selfinjective algebras of finite representation type An
each have a periodic projective bimodule resolution.

In this paper we generalise these results to show, for any selfinjective algebra
Λ of finite representation type, that there is some natural number n and some
automorphism σ of Λ such that ΩnΛe(Λ) ' 1Λσ.

Since Hochschild cohomology is invariant under derived equivalence, the study
in [5] and [6] of the Hochschild cohomology ring provides information for all selfin-
jective algebras of finite representation type An over an algebraically closed field.

In Theorem 1.6 we study, for certain algebras Λ, the structure of HH∗(Λ)/N
where N is the ideal in HH∗(Λ) generated by the homogeneous nilpotent elements.
As a corollary we show, for a finite dimensional selfinjective indecomposable K-
algebra Λ of finite representation type, that HH∗(Λ)/N is isomorphic to either K
or K[x].

1. Main results

Let Λ be a finite dimensional K-algebra. For several classes of selfinjective
algebras it is known that Λ is an Ω-periodic Λe-module, that is, ΩnΛe(Λ) ' Λ for
some n, and hence it follows that every indecomposable Λ-module is Ω-periodic
or projective. For a group algebra over a finite group with charK = p prime,
it is well known that every indecomposable module is Ω-periodic or projective if
and only if the Sylow p-subgroups are cyclic or p = 2 and the Sylow 2-subgroups
are generalised quaternion. For finite dimensional selfinjective algebras, even for
those of finite representation type, it is unknown if Λ is an Ω-periodic Λe-module.
However, it was observed by M. C. R. Butler that if a finite dimensional algebra Λ
is Ω-periodic as a Λe-module, then Λ is selfinjective. A proof of this statement is
also included within Theorem 1.4.

Now let Λ be a finite dimensional selfinjective K-algebra. Then it is well known
that Λe is also a finite dimensional selfinjective algebra. Moreover Λ as a Λe-module
is indecomposable if and only if Λ is an indecomposable algebra. These observations
lead to the following result.

Proposition 1.1. Let Λ be a finite dimensional indecomposable algebra over an
algebraically closed field K. Assume that ΩiΛe(Λ) ' Λ as Λe-modules for some i.
Then HH∗(Λ)/N ' K[x], where x is of degree n with n being the minimal i such
that ΩiΛe(Λ) ' Λ as Λe-modules and N is the ideal in HH∗(Λ) generated by the
homogeneous nilpotent elements.

Using the above observations the proof of this result is a direct consequence of
Proposition 1.3 below, which is a result due to J. Carlson (see Proposition 5.10.2
in [3]). For the convenience of the reader we include a proof of Proposition 1.3.
Before doing that we point out the following consequences.

For a selfinjective Nakayama algebra Λ we have from [5] that Ω2
Λe(Λ) is isomor-

phic to 1Λτ for some automorphism τ of finite order. For the Möbius algebras Bm,k,
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it was shown in [6] that Ω2k−1
Λe (Λ) is isomorphic to 1Λτ for some automorphism τ

of finite order. Details of the automorphism τ for each algebra are given in [5] and
[6] so that n may be chosen minimal with ΩnΛe(Λ) ' Λ as Λe-modules. From [7], [8]
Ω6

Λe(Λ) ' Λ for every finite dimensional preprojective algebra Λ. It is of interest
to note that almost all of the finite dimensional preprojective algebras are of wild
representation type. Thus by Proposition 1.1 we immediately obtain the following.

Corollary 1.2. Let Λ be a finite dimensional algebra over an algebraically closed
field K. Then HH∗(Λ)/N ' K[x] where N is the ideal in HH∗(Λ) generated by the
homogeneous nilpotent elements if

(i) Λ is a selfinjective Nakayama algebra.
(ii) Λ is a Möbius algebra.
(iii) Λ is a preprojective algebra.

Proposition 1.3. Let K be an algebraically closed field, and let Λ be a finite
dimensional selfinjective K-algebra. Let M be an indecomposable Λ-module. Sup-
pose M ' ΩiΛ(M) for some i ≥ 1, and let n ≥ 1 be the minimal such i. Then
Ext∗Λ(M,M)/N ' K[x], where N is the ideal generated by the homogeneous nilpo-
tent elements in Ext∗Λ(M,M) and x is a homogeneous element in degree n.

Proof. Let z : ΩsΛ(M)→M in ExtsΛ(M,M) be a nilpotent element. Let γ : ΩmΛ (M)
→M be any element in ExtmΛ (M,M). First we prove that γz is again a nilpotent
element in Ext∗Λ(M,M). We have that zΩsΛ(γ) : Ωm+s

Λ (M) → M . Choose r such
that r(m + s) = qn for some q. Then α = (zΩsΛ(γ))r : ΩqnΛ (M) ' M → M . If
α is an isomorphism, then z is a split epimorphism. Since M and ΩsΛ(M) are
indecomposable, z is an isomorphism. This is impossible, since z is a nilpotent
element. Since EndΛ(M) is a local ring, it follows that α is a nilpotent element.
Now considering the liftings ΩinΛ (α) of α and using that α is nilpotent, the liftings
ΩinΛ (α) cannot be an isomorphism for any i ≥ 0. Hence ΩinΛ (α) : M → M are
nilpotent elements in EndΛ(M) for all i ≥ 0 and therefore also elements in the
radical of EndΛ(M). Let l be the radical length of EndΛ(M). Then it follows that
αl = 0 in Ext∗Λ(M,M). Hence γz is a nilpotent element in Ext∗Λ(M,M). Using
injective resolutions a similar proof shows that zγ is nilpotent.

Next we let s 6= qn for all q, and show that any element z : ΩsΛ(M) → M is a
nilpotent element in Ext∗Λ(M,M). Choose r such that rs = qn for some q. Let
α = zr. As above, α cannot be an isomorphism, since otherwise z would have to
be an isomorphism. Hence α as an element in EndΛ(M) is nilpotent. It follows as
above that α is nilpotent as an element in Ext∗Λ(M,M). Hence z is nilpotent in
Ext∗Λ(M,M).

Finally let x : ΩnΛ(M) ' M → M be represented by the identity map from M
to M . Then x is clearly not a nilpotent element in Ext∗Λ(M,M). Suppose xt

for some t is in the ideal N generated by the homogeneous nilpotent elements in
Ext∗Λ(M,M). Assume that xt =

∑
i rinisi with ri and si in Ext∗Λ(M,M) and ni

a homogeneous nilpotent element in Ext∗Λ(M,M) for all i. We can also assume
that ri and si are homogeneous elements. By the above, all the elements rinisi,
when viewed in EndΛ(M), are nilpotent elements. Therefore the sum

∑
i rinisi is

a nilpotent element in Ext∗Λ(M,M). This is a contradiction, so that any power of
x is not in the ideal N . It follows from this that Ext∗Λ(M,M)/N ' K[x], since
EndΛ(M)/ rad EndΛ(M) ' K. �
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Our main concern in this paper is the study of finite dimensional selfinjective
K-algebras of finite representation type. For such an algebra Λ there exists a
natural number n and an automorphism σ of Λ such that ΩnΛe(Λ) ' 1Λσ. This
fact was noted by S. Brenner and M. C. R. Butler in [4]. The next result looks
more generally at this condition. The authors are grateful to K. Erdmann for her
helpful comments on previous versions of this paper which led to the following more
general formulation of Theorem 1.4.

Theorem 1.4. Let K be an algebraically closed field, and let Λ be a finite dimen-
sional indecomposable K-algebra. Then the following statements are equivalent:

(a) All simple Λ-modules are Ω-periodic.
(b) There exists a natural number n and an automorphism σ of Λ such that

ΩnΛe(Λ) ' 1Λσ, and σ(ei) = ei for a complete set of orthogonal idempotents
{ei}.

Moreover, if Λ satisfies these conditions, then Λ is selfinjective.

Proof. First we note that the minimal projective resolution P ∗ of Λ over Λe gives
rise to a minimal projective resolution of any simple Λ-module S by applying the
functor S ⊗Λ − (see [9]).

Now suppose that all simple right Λ-modules are Ω-periodic. Let n ≥ 1 be
minimal such that ΩnΛ(Si) ' Si for all simple Λ-modules {Si}.

Let B = ΩnΛe(Λ). Since ΩiΛe(X) is a projective left Λ-module for any i ≥ 0 and
any Λe-module X which is also a projective left Λ-module, we may take X = Λ,
and so B is a projective left Λ-module. Thus − ⊗Λ B : mod Λ → mod Λ is an
exact functor. Since S ⊗Λ B ' S for all simple right Λ-modules S, it follows by
induction on the length of a module that l(M⊗ΛB) = l(M) for all finitely generated
Λ-modules M .

We next show that P⊗ΛB ' P for all projective right Λ-modules P . Let P be an
indecomposable projective module. The exact sequence 0→ P r→ P → P/P r→ 0
induces the exact sequence 0 → P r ⊗Λ B → P ⊗Λ B → P/P r → 0. The module
P ⊗Λ B is a projective Λ-module with l(P ⊗Λ B) = l(P ). Moreover, P/P r is in
the top of P ⊗Λ B; hence P is a direct summand of P ⊗Λ B. We infer from this
that P ⊗ΛB ' P by a length argument. This implies that there is an isomorphism
θ : Λ⊗Λ B → Λ. Defining χ : B → Λ by letting χ(b) = θ(1 ⊗ b) shows that B as a
right Λ-module is isomorphic to Λ.

Now consider a simple left Λ-module T . Since B is isomorphic to Λ as a right
Λ-module, B⊗Λ T ' T as a vector space over K. For any simple right Λ-module S
we know, from above, that S ⊗Λ B⊗Λ T ' S ⊗Λ T and this is non-zero if and only
if S ' D(T ). Then Λ/r⊗ΛB⊗Λ T ' T and hence the top of B⊗Λ T is isomorphic
to T as left Λ-modules. Now by a dimension argument we have that B ⊗Λ T ' T
as left Λ-modules for all simple left Λ-modules T . As above, it then follows that B
is isomorphic to Λ as a left Λ-module.

Up to isomorphism, {Λei⊗K ejΛ}i,j are all the isomorphism classes of indecom-
posable projective Λe-modules, where {ei}Ni=1 is a complete set of primitive orthogo-
nal idempotents for Λ. Given the choice of n it follows that Pn '

⊕N
i=1 Λei⊗K eiΛ.

Let ϕ : Pn → B be the map in the minimal projective resolution of Λ over Λe, and
let b = ϕ(

∑N
i=1 ei ⊗ ei). Then eib = bei for all i. Using that B is isomorphic

to Λ as a left and right Λ-module, we tensor ϕ with Λ/r to give surjective maps⊕N
i=1 Λei ⊗K eiΛ/eir → Λ/r and

⊕N
i=1 Λei/rei ⊗K eiΛ → Λ/r. It follows that
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ϕ(ei⊗ei) /∈ rB and ϕ(ei⊗ei) /∈ Br. Hence Λϕ(ei⊗ei) ' Λei and ϕ(ei⊗ei)Λ ' eiΛ
for all i. Thus Λb = B = bΛ.

By length arguments the map ψ : Λ→ B given by λ 7→ λb is an isomorphism of
left Λ-modules. Then ψ(1) = b. Define σ : Λ→ Λ by letting σ(γ) = ψ−1(bγ). Then
bγ = σ(γ)b, since ψ(σ(γ)) = ψ(ψ−1(bγ)) = bγ and ψ(σ(γ)) = σ(γ)ψ(1) = σ(γ)b.

We claim that σ is a homomorphism of rings. We have b(γγ′) = σ(γγ′)b and
on the other hand b(γγ′) = (bγ)γ′ = (σ(γ)b)γ′ = σ(γ)(bγ′) = σ(γ)(σ(γ′)b) =
(σ(γ)σ(γ′))b. Hence, σ(γγ′) = σ(γ)σ(γ′).

It is clear that σ(γ+γ′) = σ(γ) +σ(γ′). We have that σ(ei) = ei, since eib = bei
for all i. Hence σ is a homomorphism of rings.

Define µ : Λ → B by µ(λ) = bλ, which is an isomorphism of right Λ-modules.
Define τ : Λ → Λ by letting τ(γ) = µ−1(γb) for γ in Λ. As above it can be shown
that τ is an algebra homomorphism. Moreover, bγ = σ(γ)b = bτ(σ(γ)), so that
idΛ = τσ. Similarly we infer that idΛ = στ . Hence σ is an algebra automorphism.

Let B′ = 1Λσ be the Λ,Λ-bimodule where the right multiplication is given by
λ ∗ x = λσ−1(x). Define η : B′ → B by η(1) = b. This map is an isomorphism of
Λ,Λ-bimodules, and hence ΩnΛe(Λ) ' 1Λσ. Thus (a) implies (b).

We now prove the converse, so assume (b) holds. For each right Λ-module M we
denote by Mσ the right Λ-module M⊗Λ ΩnΛe(Λ). Let S be a simple right Λ-module.
From our initial remark concerning minimal resolutions, ΩnΛ(S) ' S ⊗Λ 1Λσ. Since
eiΛ ' (eiΛ)σ and eir ' (eir)σ via the automorphism σ, it follows that S⊗Λ1Λσ ' S.
Hence ΩnΛ(S) ' S and all simple Λ-modules are Ω-periodic.

Finally, we show that Λ is selfinjective. Assume that ΩnΛe(Λ) ' 1Λσ. For any
automorphism ρ of Λ and any left Λ-module M we denote by ρM the left Λ-module
1Λρ ⊗Λ M . As left Λ-modules Λ and σ−1Λ are isomorphic via the automorphism
σ−1. Hence D(Λ) and D(σ−1Λ) are isomorphic as right Λ-modules. The map
α : HomΛ(1Λσ,Λ) → Λ given by α(f) = f(1) for f in HomΛ(1Λσ,Λ) gives an iso-
morphism between the left Λ-modules HomΛ(1Λσ,Λ) and σ−1Λ, where the left mod-
ule structure of the former is given by the twisted bimodule structure of 1Λσ. Since
D(Λ)⊗Λ 1Λσ ' DHomΛ(1Λσ,Λ) ' D(σ−1Λ), it follows that D(Λ)⊗Λ 1Λσ ' D(Λ).
Hence the injective cogenerator D(Λ) of mod Λ is a submodule of the projective
right Λ-module D(Λ)⊗ΛP

n−1, so that D(Λ) is also projective and Λ is selfinjective.
This completes the proof. �

Remark. We remark that this theorem remains true when the hypotheses are weak-
ened to Λ being a flat artin algebra over a commutative local artinian ring R such
that Λ/r is a separable R-algebra.

Note that in the proof of Λ being selfinjective in Theorem 1.4 the fact that the
automorphism σ acts as the identity on a complete set of orthogonal idempotents
was never used. Hence we have the following more general version, which we use
in Theorem 1.6.

Lemma 1.5. Let K be an algebraically closed field, and let Λ be a finite dimensional
indecomposable K-algebra. Suppose that there exists a natural number n and an
automorphism σ of Λ such that ΩnΛe(Λ) ' 1Λσ. Then Λ is selfinjective.
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Theorem 1.6. Let K be an algebraically closed field. Let Λ be a finite dimensional
indecomposable K-algebra such that there is some natural number n and some au-
tomorphism σ of Λ such that ΩnΛe(Λ) ' 1Λσ. Then

HH∗(Λ)/N '
{
K, or
K[x]

where N is the ideal in HH∗(Λ) generated by the homogeneous nilpotent elements.

Proof. Since K is algebraically closed we may assume that Λ = KQ/I where Q is
the quiver of Λ and I is an admissible ideal.

If there is some natural number m such that ΩmΛe(Λ) is isomorphic to Λ as Λe-
modules, then by Proposition 1.1 we have HH∗(Λ)/N ' K[x], with x in degree m
when m is chosen minimal. In particular this occurs when σ has finite order.

Suppose now that ΩmΛe(Λ) 6' Λ as Λe-modules for any m, and in particular σ has
infinite order.

Let η : ΩnpΛe(Λ) → Λ represent an element in HHnp(Λ) (with p ≥ 1). By as-
sumption η is not an isomorphism. From Lemma 1.5, Λ is selfinjective, and thus,
for any i ≥ 1, ΩinpΛe (Λ) ' 1Λσip , which is an indecomposable Λe-module, and
Ω(i−1)np

Λe (η) : ΩinpΛe (Λ) → Ω(i−1)np
Λe (Λ) is not an isomorphism. Since all the mod-

ules {ΩinpΛe (Λ)}i≥0 have bounded length, there exists, by Harada-Sai (see [2]), some
natural number N such that the composition ΩNnpΛe (η) · · ·Ω2np

Λe (η)ΩnpΛe (η)η is zero.
Hence η is nilpotent.

Now let η : ΩsΛe(Λ)→ Λ represent an element in HHs(Λ) where s ≥ 1 and n 6 | s.
Let r be such that rs = qn for some q. Then ηr ∈ HHqn(Λ). By the above
argument, ηr is nilpotent and hence η is nilpotent.

Thus any homogeneous element in HH≥1(Λ) is nilpotent. Hence HH∗(Λ)/N '
K. This completes the proof of the theorem. �

Corollary 1.7. Let K be an algebraically closed field, and let Λ be a finite di-
mensional selfinjective K-algebra of finite representation type. Suppose that Λ is
indecomposable and not semisimple. Then all indecomposable Λ-modules are Ω-
periodic or projective, and there exists a natural number n and an automorphism σ
of Λ such that ΩnΛe(Λ) ' 1Λσ. Moreover

HH∗(Λ)/N '
{
K, or
K[x]

where N is the ideal in HH∗(Λ) generated by the homogeneous nilpotent elements.

Proof. Since Λ is selfinjective, ΩiΛ(M) is indecomposable for all i and all indecom-
posable non-projective Λ-modules M . As Λ is of finite representation type, there
must exist positive integers iM and 1 ≤ rM for any indecomposable non-projective
Λ-module M such that ΩiMΛ (M) ' ΩiM+rM

Λ (M). Hence ΩrMΛ (M) 'M for all inde-
composable non-projective Λ-modules M and some integer rM . Moreover, since Λ
is indecomposable, all simple modules are non-projective. The second part of the
claim follows directly from Theorems 1.4 and 1.6. �

We remark that it is not known whether the automorphism σ of Theorem 1.4 is
necessarily of finite order, though it is so for Λ of finite representation type An.
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