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ABSTRACT. Assuming a subelliptic a-priori estimate we prove global analytic
regularity for non-linear second order operators on a product of tori, using the
method of majorant series.

1. INTRODUCTION

Hypoellipticity for linear partial differential operators has been largely investi-
gated by many authors. In the non-linear case, on the contrary, there are still few
results and many open questions.

Some results about C°°-hypoellipticity for non-linear partial differential equa-
tions have been obtained in [X] and [G], using the para-differential calculus of
Bony [B].

We are interested in analytic hypoellipticity for non-linear second order p.d.e.’s.
Local analytic regularity for a model operator given by sums of squares of non-linear
vector fields has been proved in [TZ]. Here we prove global analytic regularity on
the torus for non-linear second order operators constructed from rigid vector fields,
generalizing the result obtained for the linear case in [TJ.

The problem of regularity of solutions on the torus in the linear case has been
studied by many other authors in the frameworks of C*°, Gevrey and analytic
functions (see, for instance, [GPY] and the references there).

2. NOTATION AND MAIN RESULT

Let TV be the N-dimensional torus and split TV ~ T™ x T". Let us then
consider, for u € C*°(T¥) and for some integer n’ > n, the operator

(1) P= P,=P(z,u,D)
= a;r(u(t, ) X; Xy + Z bi(u(t,z))X; + Xo + c(u(t, x))
Jik=1 j=1
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defined for (¢,z) € T™ x T™, where the real analytic coefficients ax(u), bj(u) and
¢(u) are complex valued, but the real analytic rigid vector fields

B n a m a o ,
(2) X; = ;d]k(x)axk +;e]k(x)atk, j=0,....n,

are real valued (rigid means that the coefficients dji,e;r do not depend on t).
Assume also that, for every x € T™, the fields

(3) X]’»:Zdjk(x)a—xk, j=1,...,7,
k=1

span the tangent space T, (T™).

Let us now denote by A(T™) the space of real analytic functions on TV, and fix
a solution u € C*(TV) of the equation Pu = f for f € A(TV).

We shall assume in the sequel that the following a-priori estimate is satisfied for
some §,C' > 0 and for all v € C°(TV):

’ ’

n n
(4) D X Xoll + D 1K 0l + [olwrs < CUPuv + [loll),

ij=1 j=1

where p is a fixed integer with 4 > N/2, so that the Sobolev space H#(T¥) is an
algebra and

gl < Alfl- gl VF,g € HH(TY),

for a positive A depending only on N.

Before giving the analytic regularity result, we first give an example of an oper-
ator of type () satisfying the required assumptions, and in particular the a-priori
estimate ().

Example 2.1. Let (t,2) € T? and consider the operator
P = 9% +sin’z (14 a®(u(t, z)))d?,
where a(u) is a real analytic function. This operator is of the form () with
Xy = X| =08,, Xo=sinz 0,
air(u) =1, aja(u) = ag(u) =0, ag(u) =1+ a?(u).
We must prove the a-priori estimate (). From [RS] it easily follows that

2
ol s < e [ Do IX50l7 + oIl Yo € C%(T?), 6 =1/2.
j=1

This implies, by standard arguments, the following a-priori estimate for the operator
P = 92 + sin’z 0}

2 2
B) Y IXXGl + Y IXG0lE s + 0las < CI(Pv, vl + [0l12,
ij=1 j=1

for some ¢/ > 0 and for all v € C>°(T?).
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Since P = P 4 a?(u) X3, we have that
|(Pv,v)u] < 1(Pv,v) ] + [{a® (@) X0, v) ]
<

1 1 1

SIPUIZ + 510l + ella?(w) X3vl2 + ol

2¢e 4+ 1
4e

for some constant K > 0. Substituting in (B)) we obtain the desired estimate (),
for € > 0 small enough.

IN

1
SI1Plly + vl + e K1 X3l

Let us now state the main result of this paper.

Theorem 2.2. Let P be the operator defined in (), and assume that the vector
fields {X;}j—o,...n are rigid and that for every fived x € T™ the {Xé}j:17~~~,n/ span
T, (T™).

Assume moreover that u € C°°(TN) is a solution of the equation

P(x7 u’ D)u = f’

for some f € A(TYN), and that the a-priori estimate (d) is satisfied. Then also
u € A(TN).

Remark 2.3. We can follow [X] to obtain from the a-priori estimate (d) and the
use of para-differential operators a result of C*°-hypoellipticity for the operator ()
with the given assumptions on the X;’s: if f € C°°(TV) and u € CH+3(TV) is a
solution of Pu = f, then u € C*(TV).

Before giving the proof of Theorem [Z2] we first need some notation.
Define, for u € C>(TV),

’ ’

n n
el = > 1XiXgulle+ D IXully + lullwrs,

ij=1 j=1
and consider the sequence m, = cq!/(q+ 1), where the constant c is such that (see
[AM])
a
(6) ) 5 ) MBI op] = Mo

0<B<a

Then set M, = ' ~9m, for ¢ > 0 and ¢ > 1. The relation (G) implies that

(7) > (;) Mg Mjo—p) < Mg

0<B<a
and hence, if we consider the formal power series
M
(®) oY) =3 —ye,

ol
a>0

for Y = (t,z) € RV, we obtain that
1Y) < 10(Y) Vg>1,Y eRY,

meaning that each coefficient of the formal power series on the left is less than or
equal to the corresponding coefficient of the formal power series on the right-hand
side.
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It follows that, if we choose A, R > 0 satisfying for every integer ¢ > 0

n' n'
©) " MaSP  greurnyy + DM s ugrnyy + 169 g ey < ARIg!

ij=1 j=1

(which is possible because of the analyticity of the coefficients), and we define the
formal power series

+oo
(10) p(w) = ZAwaq, for w € R,
q=1
then, for every p > 0,
A = ARp
11 oY — (Y 1=—0
() OUpOY) < Z0Y) 3 (pRe) = 7205 006)

for all € > 0 such that epR < 1.

Proof of Theorem From the given assumptions on the vector fields Xj, it is

sufficient to prove the analytic estimate for |8} ul|, for k =1,...,m and for every
b>1.
We fix k and denote, for simplicity, ¢t = t, and T' = 0; = 0;,. Then we define
T |ll,

Uft,r = SUp
[ ]tr 0<q<r Mq 9

and prove by induction on r > 1 that there exist €, M > 0 such that for all » > 1,
(12) [u]e,r < M.

We claim that we can take
4
= — q
(13) M max{l7 . 11;1;2{3|||T u|||u},

whereas € will be chosen in the following.

For p = 1,2, 3 we clearly have that [u];, < M for ¢ small enough. Assume that
([2) is satisfied for all 3 < r < b and let us prove it for » = b (the above request
b > 3 will be understood in the following).

By the a-priori estimate (@) we have that

’ ’

TPl = > IXXeT ully+ > IX T ully + |1 Tl s

Gok=1 j=1
(14) < C(IPT ully + 1T ull,.)-
For every 1,01 > 0 we can find a positive constant C¢, 5, > 0 such that
(15) 1Tl < el TPl s + Cey0 1T ull s,
Moreover
(16) 1P ull < [P, T*)ully + 1T Pl

Since €1]|Tul|,+5 will be absorbed in the left-hand side of ([d), ||T%ul|,—s, will
be estimated by induction and ||7°Pul|,, will not give any problems because of the
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analyticity of f = Pu, we first estimate ||[P, T%)ul|,. To this aim we compute

[T®, P] = T°P — PT®

I
[+
]~

S
I o
N~

N~

<

—~

IS

<

ES

—~

I

—~

“Pk

8

S—

S—

S—

2

N~
<o
&

b
) X ()7 Gt X7 4 3 ()7 clutta) 7

since the X;’s do not depend on the variable ¢.
Let us denote by aou the generic coefficient a;, (u(t, x)) or b;(u(t, x)) or c(u(t, z)),
and write (X?) for the generic term of the form 1, or X; or X;X;. Then we estimate

< AT (@ou)|u - [1(X?)ull,

o

zb: (b)T’*(a ou)(X2)TP "y,

b
b=1

b—1
(18) A3 ()1 @oul [Tl

b'=1

It can be easily proved by induction on p > 1 that the derivative T? of the composite

function a(u(t,x)) can be written as

TP(aou) = Z Cypra D (W) u- - 0%
r; €N\{0}
r1+...+re=p
=a'(u)TPu + Z Cyra'? (W) u - - - 0] u
r1+...+rqe=p
0<r;<p

for some Cy, > 0, and therefore

la' ()T ullu+ > Corlla@ @)[1ul10F ull - 1107wl

IT(a o w)||, <
r14...41rq=b
0<r;<b
< Alld ()]0 - 1Tl
(19) + > Corlla® ()], (Alulto-1)70516(0) - - 8776(0)
r14...+re=b
0<r;<b

since ||0;"ul,, < [u]ep—1 My, = [ultp—10;"0(0) for 1 < r, <b—-1,h =1,....q,
where 6(Y) is the formal power series defined in (8).
With the choice made for A, R > 0 in (@), we have that ||a(? (u)||,, < AR%q! and

hence, substituting in (I9J),

IT*(aou)|, < AAR|T ul|,
(20) + Y CurARYN(Afulip-1)?070(0) - - 0;6(0).

T14...+1re=b
0<r;<b
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Let us now remark that, for ¢ given by () and p > 0,

TP ($(pf)) = Y Cond D (p0)p?0; 00,0

r14...41rg=b
r; >0

= ¢ (p0)pdf0+ > Cord'?(p0)p?0]160---0;"0

7"1+...+7"q=b
0<r;<b

and therefore

T (¢(p0(Y)))]y_o = ARpMy + Y CyrARq!p?0[*6(0) - - 9,°6(0)

ri+...+re=b
0<r;<b

since 9*0(0) = M), and (9 (0) = AR%q!.
Substituting in Z0) with p = Afu]¢p—1,

IT*(@ouw)u < AAR|T ull,, + T* (¢(Alults—10(Y)))]y
(21) —AAR[u]t7b_1Mb.

From () we deduce that

ARp

(Y if epR < 1
1ot (Y) if epR < 1,

T (¢(p0(Y))) <

and hence

Tb (QS(A[U]t,b,lg(Y)))‘Y:O < - ARA[U]t,bfl ,

— ERA[u]t7b_1

if eRA[u]yp—1 < 1.
By the inductive assumption we can take ¢ = g,/(MRA), with 0 < g, < 1 to be
chosen in the following, so that

o
MRA

We thus obtain from Z1]) and (I3) that

eRAJultp—1 < RAM =¢, < 1.

AAR

IT*(a o)l < AAR(E T ullugs + Cey oy 1Tl ms,) + 1=

[w]e,o—1Mp
—AAR[u]t,b,le

&
(22) = 51AARHTbU||u+6 + AARC,, s, ||Tbul|u—51 + -

1— s AAR[u]t7b_1Mb.

This estimate will be substituted in ([I8). In a similar way we obtain the following
estimates for 1 <V <b—1:

1T (@ 0w, < > Cyr ARG (A[u); 5—1)78726(0) - - - 8]70(0)

rit...+rg=b'<b—1
r; >0

(23) =T ($(Alu]tp-10(Y)))]y_y < f\fli

[u]¢,p—1 My .
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Substituting (22) and (Z3) in (IJ),

zb: (: ) T (a0 u)(X*)T" "y

< A||<X2>u||u{elAAR||Tbu|m

b=1
€o
+AARC€1’51 ||TbuHu7§1 + 1—z AAR[U]t,ble}
o

<X (b\ AAR oy
e A () 2 e M ()T

b'=1 °
Let us set m = ||| u |||“ (so that |[(X?)ul|,, < m), and estimate the norms || 7%u||,—s,

and [[(X2) T u,.:

1Tl sy < IT" Mullrs < s aMpr 18 21— 6,6, >0,
| ull, < 1T, < fulis 1Moy since ¥ > 1.

Then, from (Z4) and the inductive assumption,

b

Z <bb/> T (aou)(X)TP V|| < e1mA?AR|| T ul| v5 + mA2ARC:, 5, M My
N

b=1

€o ) A2AR 2 (b
A ARM M, M My My_y
+1_€Om b+1_€o blz:=1<b/) b b—b

< ElmAQARHTbuHHH + mAQARCEL(;lMeMb

° A2A
b0 mAZARMM, + AR 2o,
1—¢, 1—¢,

because of () and of the estimate M,_1 < eM,, for b > 3. (Here is the only reason
why we start with » = 3 in the induction.)
By the choice of € = ¢,/(M RA) we have

b

> (:,) T (aou)(X)T" 'y

b'=1

< eymA%AR||T |15

n

2

mA*ARM  AAM ) M,
1—¢, 1—¢,

(25) +&0 (mAAC’EM;1 +

From (I7) and (ZH) we finally obtain the desired estimate for ||[P, T?ul|,:

I[P, T ull, < emA2AR(? + 0/ + 1)[|T%|,iv5
mA2ARM  AAM
1—¢, 1—¢,

(26) +eo (mAAC’El,,s1 + ) (n'2 +n' +1)M,.
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Then, from (I4), (%), (I6) and 26,
N7l < CleamA? ARG 440 + 1Tl

mAZARM  AAM
1—¢, 1—¢,

+eo <mAAC’€1,51 + ) (n'2 +n +1)M,

b!
+Bb+1 e + 1|7l yrs + Cey 0, [u]t,ble1]

e1[CmAZAR(® + 1’ + 1) + C] - | T |16
mA2AR ~ AA
+
1—¢, 1—¢,

IN

+e,CM (m/\ACEM;1 + ) (n/2 +n' +1)M,

! €o
— M,
(b+1)2 MRA "
where By > 0 is given by the analyticity of f.
We now choose 0 < g1 < 1 with

A., = e1[CmA2AR(M? +n/ +1)+C) < 1
and then 0 < g, < 1 sufficiently small so that, for b > 3,
Bt p 1 el-b b!

+B?+1 +CC, 6 M

< My=< o
A, (b+1)2 27" 2(MRA)T-P (b+1)2
and
C mA2AR  AA N\, o, Coos ] 1
U
60A61 KmAACEhal—i— T +1_€O)(n +n +1)+ A ] <5

With such choices we finally have that ||| 7%u || u < MM, and hence, by the inductive
assumption,

Tu T Ty
[u]t,b = Sup u = max sup ||| |||p, ||| |||p, § M
0<g<b

)
0<g<b Mq Mq Mb

The theorem is therefore proved. O

3. THE CASE OF COEFFICIENTS ALSO DEPENDING ON (t,x) € T™ x T"

Let us now consider the case in which the operator P has real analytic complex
valued coefficients which depend also on (t,z) € T™ x T ~ TV:

(27) P:P(t x,u, D)

Z a;r(t, z,u(t, z))X; Xk—l—Zb (t,z,u(t,z)X; + Xo + c(t, z, ult, x)),
7,k=1 7j=1

n'

where the real valued rigid vector fields { X }o<j<n’ are defined as in (2)) and satisfy
the same assumptions as in §21
Then we can prove the analogue of Theorem 2.2k

Theorem 3.1. Let P be the operator defined in [ZD) and assume that the vector
fields {X;}j=o,...n are rigid and that for every fived x € T™ the {Xj/‘}j=1,...,n’ span
T, (T™).
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Assume moreover that u € C°°(TN) is a solution of the equation
P(t,x,u,D)uz f7

for some f € A(TN) and that the a-priori estimate (@) is satisfied. Then also
u € A(TN).

Proof. It is analogous to that of Theorem 22, and therefore we give here only the
sketch of it.

Following the same outline as in the proof of Theorem 2.2} we replace (@) and
(I0) defining A, R > 1 and the formal power series ¢ by the following formulas:

’ ’

n n
Z 107 O aij|| rrwe (o™ xw(T™y) + Z 107 O2b; | w (N scu(T )

i,j=1 j=1
+070%c | g (v wurvyy < ARTHI(r 4+ ) Vr,g>0
“+oo
p(w) = Z AQ2R)%w? for w € R,
q=1

so that we have (1)) with R = 2R instead of R. We then set
4
M = max{l, 2 max ||| 7| ,zA}
€ 1<q<3 "

instead of the choice made for M in ([J).

Following the proof of Theorem [Z2, we must estimate the H*(T™)-norm of
TPa(t, z,u(t,z)). To this aim we first recall the following formula, which can be
easily proved by induction on p > 1:

Ofa(t, x,u(t,x)) = (0fa)(t, z, u(t,x))

p
(28) +Z (i)) Z Cq,r(agaf_sa)(tam?”(tvx))atrlu(tvx)' "8trqu(tax)
s=1 ri+...+rq=s
;>0

for some Cy, > 0. Then

T alt, x,u(t,x)) = (8fa)(t,x,u(t, x)) + 8fa(7, x, u(t, x))|r=t

b—1
(29) +Z© > Cor(@80ra)(t 2 ult, )0 u(t 2) - O u(t, ),
s=1 r1+...+rq=s
r; >0

for b > 3. Let us denote by a o u the composite function a(t,z, u(t,x)). The first
term on the right-hand side of (29) is then easily estimated by

M
10y o ull, < AR < =~ M,

if 0 < ¢ < & with &€ small enough in order that

_ _ p!
(30) Rpp| S Mp = 61 Pe m Vp Z 2.

The second term on the right-hand side of (ZJ) is estimated as in ([22) with R = 2R
instead of R and 0 < &, < min{1,EM RA} instead of ,, taking e = &,/(M RA).
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We have to estimate the third term of the right-hand side of (29). To this aim
we first recall that (k + j)! < 2¥+7k!5! for all k,j € N, and hence
0200 *a o ul|,, < ART™"~%(g+b—s)! < ARIT*=5¢!(b — s)!.

Therefore

b—1 b
Z() S Cudld tacudu- -8

s=1 ri1+...+re=s

;>0 w

b—1
Z<b>RbS(b—s)! > CorARYG(Afulrp-1)?0716(0) - - 0;6(0)

S
s=1 r1+...+rg=s
;>0

IN

IN

b—2
R 60l 100 Wl—a + 3 () M- T0(A 160 o

IN

ARA - = (b
_ bMy— My_sM;
1_Eo[u]t,b 1 | RbM, 1+Z(S> b

3ARZA
< ?[Uf]t,b—lme

because of [B0), of

s=1

ARA
TPo(Alules—10(Y)ly=0 < 7= lulep-1 M, Vp 21,

— <o

of @) and of bMy_; < 2eM,, for b > 3.
The same arguments can be hold to estimate |[Ta o uf), for 1 < b < b— 1.
We can thus proceed as in the proof of Theorem [Z2] to obtain the desired estimate

@. O
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