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ABSTRACT. A new model for generalized Nevanlinna functions Q € N, will
be presented. It involves Bezoutians and companion operators associated with
certain polynomials determined by the generalized zeros and poles of Q). The
model is obtained by coupling two operator models and expressed by means
of abstract boundary mappings and the corresponding Weyl functions.

1. INTRODUCTION

A function @, locally meromorphic on C \ R, belongs to the class N, (k € Z4)
of generalized Nevanlinna functions if on its domain of holomorphy p(Q) it admits
the symmetry property Q(Z) = Q(z), and is such that the Nevanlinna kernel

Qz) - Q(w ~ _
(1) No(ew) = L0 o gz = @',
z,w € p(Q), has k negative squares; cf. [16]. As is known [17], every generalized
Nevanlinna function @ € N, holomorphic at i € p(Q) admits the representation

(1.2) Q(2) = s+ z[v,v] + (2 + D[(A - 2)""w,0], s=35,

with a selfadjoint operator (or a linear relation) A acting in a Hilbert space (9, [, -])
and a generating vector v € §, and then @ is called the @-function of a symmetric
restriction S of A. Models for Pontryagin space selfadjoint operators has been
constructed in [I6] and [I5]. In particular, the model in [I5], which is an extension of
the one given in [I4] for the case k = 1, was based on the use of certain distributions
to define a Pontryagin space Il as a finite dimensional extension of a Hilbert space
Ly(0), and a selfadjoint multiplication operator in II,.

In the present paper a new and explicit model for the functions Q € N, will
be given. This model uses a recent factorization result from [10] which states that
every function Q € N,; admits a representation
(1.3) Q= Qor, () = (7).
where r = 2 is a rational function and Q) is a Nevanlinna function (Qo € Ny). The

model is constructed as a certain coupling of a Hilbert space selfadjoint operator
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3796 VLADIMIR DERKACH AND SEPPO HASSI

Ap generated by Qo in (L3)) and a selfadjoint operator Ar acting on a finite-
dimensional Pontryagin space $r. The inner product in Hr is defined with the aid
of the Bezoutian B, ; associated with the polynomials p, ¢, and the operator A is
the orthogonal sum C,: & C), of the companion matrices determined by p, pt.

The main tools of the construction are the technique of the reproducing kernel
Pontryagin spaces (see e.g. [I], [2I]) and the boundary value approach developed
in [13], [8], [2], [3]. In particular, some results obtained in [3] for orthogonal cou-
plings of symmetric operators, which are described in terms of abstract boundary
conditions, play an important role in the proof of Theorem B3] The models con-
structed in [5], [6] for giving realizations for singular perturbations of selfadjoint
operators (cf. e.g. [I1]) can be seen as special cases of the present model.

The use of abstract boundary mappings makes it easy to apply the present
model, for instance, to spectral problems for differential operators with rationally \-
depending boundary conditions. These problems were shown to be adequate to the
eigenvalue problems for some Pontryagin space selfadjoint operators; see [20], [12].
In [7] (see also [6]) a special case of the present model where r is a polynomial has
been applied to give realizations for singular perturbations of selfadjoint (differen-
tial) operators.

2. PRELIMINARIES

Let $) be a separable Pontryagin space, let S be a not necessarily densely defined
closed symmetric relation in $) with equal defect numbers d = d;(S) = d_(5)
(< 00), and let S* be the adjoint linear relation of S. A triplet II = {H,¢,T"1},
where H is a Hilbert space and I'j, j = 0, 1, are linear mappings from S* to H, is said
to be a boundary triplet for S*, if the mapping I' = (I'o,T1) " : f—> {I‘of, I‘lf}
from S* into H @ H is surjective and the abstract Green’s identity

(2.1) (f',9) = (f,g') = (T1F, To@)s — (To [, T13)

holds for all f = {f,f'y, 9={g,9'} € 5% cf. [13], [§], [2]. The mapping I' from
S* onto H @ H establishes a one-to-one correspondence between the set Extg of all

closed extensions of S and the set C(H) of all closed linear relations in H via

(2.2) Ag:=T'9={feS :Tfeh}, 6cC(H).
It follows from (Z1) that

(2.3) Al = Age, for every 6 € C(H).

As usual Ap and A; stand for the selfadjoint extensions A; = kerI';, j = 0,1. Let
MA(S*) = ker(S* — A) be a defect subspace of S and let 9y := {{fa, Ao} : foa €
NMA(S*) }. The ~-field and the Weyl function associated with II are defined by

(2.4) YN = pi(To M) 71 (€ [H,9M]), Q) = T1(Tol M)~ (€ [H)),

A€ p(Ag) # 0 (see [§], [2]). In 4) p; denotes the orthogonal projection onto the
first component of H @& H. The operator-valued functions v and @ are holomorphic
on p(Ap). The set of all points of regular type of S will be denoted by p(S). A
closed symmetric relation S is said to be simple if

(2.5) $H=span{~y(z): z€p(S) DC\R}.
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A MODEL FOR N,-FUNCTIONS 3797

In this case, the number x of negative squares of the kernel Ng in (L)) coincides with
the dimension of a maximal negative subspace of £). The class of Weyl functions @
of S coincides with the class of Q-functions of S in the sense of [16].

Associated with the kernel N is a reproducing kernel Pontryagin space $(Q) of
analytic vector functions on p(Q) (cf. [1], [21]) generated by the vector functions
z — Ng(z,w)h, w € p(Q), h € H, and the inner product

(2.6) [No(-,w)h,Ng (-, 2)k] = E*"Ng(z,w)h, h,ke™H, =z we p(Q).
The characterizing property of 9(Q) is the equality

(2.7) [F(-),Ng(w)k] =k"F(w), fenH@), keH, wep@Q).
The multiplication operator S(Q) in $(Q) defined by

(2.8) S@Q) ={{f, [} €HQ)?*: ['(w) =wf(w), wep(Q)}

is symmetric. The next proposition specifies its adjoint S(Q)* and associates a
boundary triplet to S(Q)*, such that @ is the corresponding Weyl function.

Proposition 2.1 ([9], []). Let Q € N, be a Weyl function in H = C¢ of a
closed symmetric operator S in a Pontryagin space and let $(Q) be the reproducing
kernel Pontryagin space associated with the kernel (LI). Then S(Q) in (Z3I) is a
closed simple symmetric operator in $H(Q) (which is unitarily equivalent to S if S
is simple) and, moreover:

(i) the adjoint S(Q)* is given by
S(Q) ={F={F,F'} € 9(Q)*: F'(w) — wF(w) = & — Q(w)&, &,& € H };
(ii) the boundary triplet {H,To,T1} for S(Q)* is given by
H=C? ToF=¢&, I''F=¢&;

(iii) the corresponding Weyl function coincides with Q and the y-field is given
by

(2.9) 1Q(2) = Ng(-2), z€p(Q).
3. AN OPERATOR MODEL ASSOCIATED WITH THE CLASS N
Let p and ¢ be scalar polynomials with complex coefficients of the form (p,, # 0)
(31) p(N) =pa X" + a1 X"+ o, q(A) = @A F @ AT+ 4 g0
Then the Bezoutian Bez (p, ¢) and the companion matrix C), are defined by

0 1 0 R 0
0 0 1
p(0)a(A) — q(O)p(N) = LBez (p,q)A T, Cp = 7
— : . . 0
0 0 1
—po —P1 .o oo —Dn-1

with A(n) = (IH, )\IH, RN )\nilf'}-(), L(n) = (IH, KIH, e ,gnfl_[H), and ﬁi = p;lpi,
1=0,1,...,n — 1. The following facts are needed in the sequel (cf. e.g. [19]):
(i) By =Bez (p.1) = [pirj1]ij2y ( =0 5 > n);
(i) Bez (p,\F) = BpC;f;
(iii) Bez(p,q) = E;‘l:o q;Bez (p, N) = Bpq(C,) (the Barnett factorization);
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3798 VLADIMIR DERKACH AND SEPPO HASSI

(iv) ByCp = C;Bzﬁ

(v) 0(Cp) = o(p) (the set of zeros of p).
In particular, (iii) shows that Bez (p, ¢) is invertible if and only if ¢(C)) is invertible,
which holds precisely when o(C),) does not contain zeros of g, or equivalently, that
p and g are relatively prime, i.e., o(p) N o(q) = 0. The items (iii) and (iv) show
that Bez (p,q) " = Bez (p, q) and Bez (p, q)C,, = C’;—Bez (p,q). The statement in (v)
can be augmented with the corresponding root vectors. For each A; € o(C,) with
multiplicity x; one associates the set of Vandermonde vectors,

1 d*
(3.2) Vi(Aj) = TNk

which form a full chain of the root subspace ker(C, — ;). In what follows (e;)7_;
stands for the standard basis in C™. It is easy to check that

A|,\=,\j, kJZO,l,...,Iij,

n—1

w: = Bez (pa Q)en = anQijCgen + QanC;;len
=0

= (Pnqo — GnP0s Prd1 — GnP1s- - > Pnln—1 — GnPn—1)

(3.3)

Now introduce the rational functions =, r#, and R by

#
R T
(34) r= qv = quv R = <7n1i 0) ’

where pf(2) = p(z) and ¢*(2) = ¢(2). Then R is a matrix function which belongs
to the class N,; with x = max{degp, degq}. The next result gives an explicit form
for the reproducing kernel space H(R) associated with R.

Proposition 3.1. Let the polynomials p and q in BI) be relatively prime and
assume that degp > degq and that p is monic. Let w and R be given by (B3) and
B, respectively. Then:

(i) The reproducing kernel Pontryagin space H(R) is isometrically isomorphic
to the space Hr = C™* & C" equipped with the inner product

0 B
35 L= (B0, B= (g ). By =Bk,
P.q
(i) The restriction Sg of C, = Cp: @ Cp to the domain
(3.6) domSRz{F:fEBfES’JR:E*fzw*sz}
is a simple symmetric operator in $Hr, which is unitarily equivalent to

S(R).
(i) The adjoint S5 of Sr takes the form

(3.7) ng{ﬁ:{R%F+@%¢%f}:F:f@feﬁm qzec}

(iv) A boundary triplet g = {C%, T{, T} for S3 can be defined by
IHF = ~), TRF=(X), FeS;.
’ (qnc+w*f> P <0> - TSR

(v) The corresponding y-field is given by yr(\) = 1/¢*(NAT @ 1/q(\)AT and
the Weyl function Mg coincides with R in (34).
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A MODEL FOR N,-FUNCTIONS 3799

Proof. The kernel N,.(¢, \) can be expressed in terms of B, ; as follows:
(3.8) N, (6,)) = —— LB, A —
' T ()R ()

This leads to the following factorization for the kernel N (¢, \):

1 1 *
(3.9)  Np(l,\) = at <0 Bm) EVR
’ 0 1) \B, 0 0 —a
q*(¢) (N

Thus, R is a matrix Nevanlinna function with n negative (and n positive) squares.
(i) It follows from the factorization (Z9) that H(R) consists of vector functions

1
—L 0
(3.10) Foy=[99 | |BF F= (Ji) € 9.
0 —1° f
q*(0)

Now the identities [F'(-), G(-)]sr) = G*BF = [F,G]g, show that the mapping
F — F(-) determines an isometric isomorphism between $g and $H(R).

(ii) By the properties given above (BCp,)* = BC,, i.e., Cp is selfadjoint in Hr. It is
clear from [B6]) that Sg is a closed symmetric operator in g with defect numbers
(2,2). For every K = k @ k € Hr the following equalities are easily checked:

(3.11) { AMBE = AB,Cok + p(\ki,
MBjk = AB;Cpuk+ p*(Aki.
Moreover,
@(Co) )1 = qn(~pofr = = Pu-tfu) + Guifa+ -+ @0 fr =T f

and similarly (qﬁ(Cpn)f)l = w*f. Therefore, applying the identities FII)) with
k=q(Cp)f, k= qﬁ(Cpn)f and taking into account the Barnett factorization, one
arrives at the following decomposition for the function A\F'(\):

(3.12) AF()) = %E)A i/\ BC, <§)+R(/\) (;;)

*(N)

This implies the unitary equivalence of the operators Si and S(R).
(iii) Denote by T the set on the right-hand side of (7)) and assume that {F, G} €
T. Then the selfadjointness of C, in $r shows that for all {H, K} € Sg,

ot =3 ()]~ () () - ()

cf. @3). Thus, T C S} and the equality [B7) follows by a dimension argument.
(iv) & (v) Since p, = 1 one can write Aw = ¢(A) — g,p(X\) and this leads to

L

e =1 (3,

1
— AT =1— g, (N).
a*(N) )
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3800 VLADIMIR DERKACH AND SEPPO HASSI

Therefore, with F= {F,G} € S} one obtains from [B.3), (87), and (B12)

60 2P = | qui)A B(G - ¢ - R (25
(T ) ()= () o (5.

Now, it follows from Proposition Z1 that T'¥ and T'ft as defined in (iv) can be
taken to be the boundary operators for S% and that R is the corresponding Weyl
function. The form of the -field follows from (2.9), (3.9), and (3.10). (|

Corollary 3.2. Let the assumptions be as in Proposition Bl Then:

(i) The selfadjoint extension ATt = kerI'f of Sg is an operator which coincides
with Cp =0 @ Cp,

(ii) The selfadjoint extension A =kerTE of Sk is an operator if and only if
degp = degq, in which case it coincides with Cq = Cps @ C.

Proof. The statement (i) is obtained by taking ¢ = ¢ = 0 in part (iii) of Proposi-
tion Bl To see (ii) first assume that degq < degp. Then g, = 0 and it follows
from the formulas for S% and I'E in Proposition that mul A is nontrivial. Next

assume that deg ¢ = degp. Then ¢, # 0 and Fe AE implies that

(3.13) c:—i—*f, E:—iw*f.

dn an
Observe that w/g, = (C) — C, )e,. Substituting this and (FI3) into (1) yields

1
Cpnf - enq_UJ*f = Cpnf - ene’r—zr(c(pn - Cq“)f = Cpnf - (C(pn - an)f = Cqﬁfa

n

~ 1_,~ ~ ~ ~ ~ ~
Cpf — enq—w f=Cpf — eneZ(Cp —C)f =Cpf —(Cp = Co)f = Cyf,
which proves (ii). O

The construction of the model for N.-functions is based on the following theo-
rem. An underlying idea here arises from some results on intermediate extensions
that were proved in [3]; cf. also [5] for the case of Pontryagin spaces. Given two
symmetric operators S; and Sy with the Weyl functions @1 and @ = (Qij)%’j:p Q
decomposed according to H = H; @ Ha, one produces two intermediate extensions
whose Weyl functions are of the form

(3.14) QM) = Q(N)m +Q(\) = (Ql(/\c)gi(?)ll(A) 82285) ’

(3.15) Q2(\) = (mQN) " Ha) ™t = Qaa(N) — Qa1 (NQ1 (N)Q12(N),

where 7; stands for the orthogonal projection onto H;, 7 = 1,2, and then combines
these two transforms by applying (BIH) to (BI4). All of this can be shortly ex-
pressed by using abstract boundary conditions. The procedure is applied here to a
scalar function Q1 = —M; ! and the matrix function @ = R in Proposition Bl
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Theorem 3.3. Let the polynomials p and q in BI) be relatively prime, let r
and R be given by B4), and let Sg be the symmetric operator in Hr as defined in
Proposition 31 with the boundary triplet 1lg = {C% T TR}, Let Sy be a symmetric
operator in the Hilbert space $9 = H(My) corresponding to the Weyl function My
of the boundary triplet Tly = {C, T3, T} of S, and let w be given by ([B3.3). Denote
F={F,F} withF=f®fcHr and let fo = {fo, fi} € S;. Then:

(i) The linear relation
§={{fo® F.fy® (CpF + (0,10 foen) )} : @' f = —quTfo, w'f =T{fo}

is closed and symmetric in H = Ho ® Hr-
(ii) The adjoint S* of S is given by

§ = {{h & F fi & (CpF + (Cen, T3 foen) )} G+ w"f =T{fo, €€ C}.
(iii) A boundary triplet 11 = {C,Ty,T'1} for S* is determined by
Lo(fo® F) = quT0fo +@°f, Ti(o®F)=¢ fooFes"

(iv) The corresponding ~y-field and the Weyl function are given by

. rMe(N) . 1+
.10 1) = 20 @ (AT + ).
(3.17) M(A) = (A) Mo(N)r(N).

Proof. Step 1. Define an intermediate extension S of So ® Sk by
(318)  S={foaFeS;osy: Vo =TFF = (Chfo)es —TFF =0},

where ¢; = (1,0)T € C2. Then S is closed and symmetric. Using (23) it can be
seen that the adjoint S* of S is of the form (cf. also [5 Proposition 2.3])

(3.19) S ={fo@FeSias,: I —mTEF =0},

where 7, = eqe}. Moreover, one can take IT = {Ho & Ho, T'F, (—T'9)ey + I'E} to be
a boundary triplet for S*. The corresponding Weyl function is given by

(3.20) M= (‘%0_1 6) .

Step 2. Next define a closed symmetric extension S of S in BI8) via
S={fo@®F eS8 : mIEF =% —TEF=0}
—{fodFeSas, T =gc+uw f I =c qge+w f=c=0},
where mo = I — ;. In view of ([B7) S can be rewritten as in (i). Moreover,
S*={fo®FeS: Fgﬁ)—mT{%F\ZO}
—{fo® FeS;®8;: Tfo=aqnc+w*f, T3fo = ¢},

which leads to (ii). A boundary triplet for S* is obtained by letting

(3.21)

Tof = mlHF = ¢.T%fo + @' f, T1f = ma((~=T9fo)er + TTF) = mIF =¢,
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3802 VLADIMIR DERKACH AND SEPPO HASSI

which gives (iii) (cf. [, Proposition 2.2]). Finally, to prove (iv) observe that the
defect subspace 91, (S*) consists of vectors

1

——A 0
fo® F =7\ ¢ 1 " » &hihe €C,
0 2 AT N2
q(\)

such that fo,,\ = {fo, A\fo} € S} and F\ = {F,\F} € S}, satisfy the equalities
(3.22) I9fon —mTEF =T9for — mITEFE, = 0;
cf. B19), BZI). One can rewrite (322)) in the form
E—r(ANhy = My(M\)E — hy =0.
Therefore, 915 (5*) is spanned by the vectors

L AT 0
f Mo(N)r(N)h
S =0z @ | T (MO, e
0 _AT 2
ey
and this gives (ZI6). Similarly, (ZI7) follows from T'y(for & Fy) = mR(A\)h =
r#(\) Mo (\)7r(A)hg. Notice that the same expression for M is also obtained by ap-

plying the transform (BIH) to (B20). O

To explain the importance of Theorem let M be a generalized Nevanlinna
function in N,;. Let a; be all the poles in C and the generalized poles of nonpos-
itive type in R of M with multiplicities x5, 7 = 1,...,t, and let 3; be all the zeros
in C4 and the generalized zeros of nonpositive type in R of M with multiplicities

mi, i =1,...,s; see [I§]. Define the polynomials p and ¢ as follows:
s t
(3:23) p(z) =[[Gz-8)", alz)=]](z— )"
j=1 i=1

The factorization result in [I0] when applied to M # 0 shows that there exists a
(unique) Nevanlinna function My € Ny, i.e. & = 0, such that (I1) holds with
r = p/q. The converse is also true. If p and ¢ are relatively prime polynomials, and
if My € Ng, My # 0, then M in FIT) belongs to N, with x = max{degp, degq}.
Moreover, the zeros of p and ¢ coincide, counting multiplicities, with the finite
(generalized) poles and zeros of nonpositive type of M, and deg g—degp = Koo —Too;
cf. [4, Proposition 3.2]. Now Theorem B3 applied to the polynomials p and ¢ gives
a model for M as a coupling of the finite-dimensional model for R in Proposition
B with » = p/q, and a Hilbert space model for My. In fact, the approach for
constructing the model via Theorem allows one to apply the same method
immediately to factorized matrix Nevanlinna functions for which the corresponding
Bezoutian is invertible.

4. SIMPLICITY OF THE MODEL OPERATOR

The symmetric linear relation .S in Theorem[3.3need not be an operator. In fact,
from the form of S it is seen that if degp = deg g, then mul.S = mul Sy @ {0} ® {0},
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while if degp > degq, then

0 N
(4.1) mul § = {fé @ (1‘81?0(3”) : fo=10,f}} € Ay =ker TV }

Hence, if degp = deggq, then S is an operator if and only if Sy is an operator and
if degp > deggq, then S is an operator if and only if A; is an operator. A simple
symmetric relation is necessarily an operator. The next theorem characterizes the
simplicity of S in spectral theoretical terms.

Theorem 4.1. Let the symmetric operator Sy in $Ho be simple and let S be as
defined in Theorem[3.3 with relatively prime polynomials p and q as in [B:1). Then:

(i) If degp = degq, then S is simple if and only if
(4.2) op(Ag)No(p) =0 and o,(A1) No(q) = 0.

(i) If degp > deggq, then S is simple if and only if A; = kerT'{ is an operator
and the conditions ([E2)) are satisfied.
(iii) If degp < deggq, then S is simple if and only if Ay = ker ') is an operator
and the conditions ([A2) are satisfied.
Moreover, the v-fields v and v, of Hy = kerT'y and Hy = kerI'y have the expansions
;—1
(43) g = D (A= B) Tri + (A= B)™ Po(1), A=B; € o(p)\op(Ao),
k=0
Kj—1

(44) PPV = D (A =a) e + (A= a;)™ o(1), ASa; € a(q)\op(Ar),
k=0

i=1,...,8,j=1,...,t, where Tj; = 0&0& Vi(8i), T, = 0& Vi(a;) © 0, and

Vi(83:), Vi(@;) are the corresponding Vandermonde vectors.

Proof. First the expansions (23]) and (£4) are derived. For every 3; € o(p)\o,(Ao)
the ~-field vy and the Weyl function M corresponding to Ag satisfy the relations

(4.5) lim (A = Bi)y0(A) = lim (A = 5;) Mo(A) = 0.

A=B; A=Bq

By incorporating the Taylor series for the vector function A at A = (; in the
expression for the -field in (BI6) and taking into account (), one obtains the
expansion {3) with §; € o(p)\op(Ao) of multiplicity m;, i = 1,...,s. The v-field
~1 and the Weyl function M; corresponding to H; = kerI'y are given by

ﬁ
(4.6) n=aM My =-Mt =T
pp
The ~-field oMy ! and the Weyl function —My ! corresponding to A; satisfy
(4.7) Jim (A~ @)\ Mo(N) ™t = Jim (A~ a;)Mo(\) "t =0

for every a; € o(q)\op(A1). It follows from (BIG) that for every A € p(A1)\o(p),

4 _ ¢'(\) T AT 4
(4.8) P (A) =) EYAEN <A +A p(A)MO(A)>'

Hence, by incorporating the Taylor series for A at A = @; in (@) and using (Z1) one
obtains the expansion ([4) with a; € o(q)\op(A1) of multiplicity x;, j =1,...,¢.
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Proof of sufficiency. Let $ = span {Mx(S*) : A € p(4g)}. Then § C § and the
simplicity of S follows by proving $ C $). The expansions (£3) and () imply
(4.9) Tw,€9, k=1,...,m i=1,...s,

(4.10) T, €9, k=1,...,k; j=1,...,t

If degp = n, the Vandermonde vectors Vi, (8;), k=1,...,m,i=1,...,s, span C",
and ([ZL9) gives {0}@{0}®C™ C $. Similarly, if deg ¢ = n, the Vandermonde vectors
Vi(aj), k=1,...,k5, j=1,...,t, span C", and [I0) gives {0} & C" & {0} C 9.

To treat the case degp # deg ¢ one may assume that n = degp > deg g = m. Then
by the assumptions A; is an operator, which implies that

(4.11) lim Yo(A\)Mo(N) ™t =0, Jim AMO(A) =0.
Hence, it follows from (8] that
BNy (A
im 2N g oo,
AS o0 An—1
Analogously, for K =1,...,n —m — 1 one obtains
[P S
/\1%1{.10)\ ? z_(:) = O@Qn_k @ 0.

This together with ([@I0) implies that {0} & C™ ® {0} C §, since the first m
coordinates of the Vandermonde vectors Vi(&;), k = 1,..., k;, form the full chain
of the root subspace of the m x m companion matrix Cyx at a; € 0(Cp), j =
1,...,t. The simplicity of Sy and the form of the y-field in (B16) finally show that

90 ® {0} ® {0} C §. Therefore, H C H and S is simple.
Proof of necessity. If degp > degq and mul A; # {0}, then also mul .S # {0}, which
is not possible if S is simple. Similarly, if degp < degq, then the simplicity of S

forces that Ag is an operator. It remains to prove the necessity of the conditions
#.2). First assume that Bi € op(Ao) No(p). Let hi # 0 be the corresponding

elgenvector of Ag and let hz = {hi,Bihi}. Then §; € R and I‘Ohl = 0. Let

= {v;, Biv; }, where
v = (() )h @<Vogﬂi))
Ih;

Here ¢*(B;) # 0, since o(p) No(q) = 0, and T'9h; # 0 since Sy is simple. The
definition of w in (3.3)) leads to

w* Vo (B:) = e, By ,Vo(Bi) = e, Bia* (Cp )Vo(Bi) = e ¢ (B:)Vo(Bi) = ¢ (By).
Now the description of S in Theorem shows that ©; € S. Hence, §; is an
eigenvalue of S, and thus S is not simple.

Finally, assume that o; € o,(A1) No(g). Let k; # 0 be the corresponding
eigenvector of Ay and let k; = {kj, a;k;}. Then oj € R, I'Vk; = 0, p(ej) # 0, and
I'0k; # 0. Now let @; = {u;, oju;}, where

- pley), 0
(4.12) AT ()
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If degp = deggq, then (B3) and Bez (p,q) = —Bez (¢, p) = —Byp(Cy) yield
T Vo(ay) = —e, Bep(Co)Vol(ay) = —ei qup(a;)Vola;) = —anp(ay).
Hence, in view of Theorem B3] u; € S. If degp > deg ¢ = m, then ¢, = 0 and
wVo(a;) = epr,qVO(aj) = eprq(Cp)Vb(aj) = equ(Cp)Vb(aj)

= qle] Co)Volay) = Y ke 1 Volay) = alay) = 0.
k=0
Moreover,
_ o (rlay), — (o , , Ver = o _
CpVo(aj) + Ty 0% kj | en = (a;Vo(ay) — pla)en) + play)en = a;Vo(ay).
orvJg

The description of S in Theorem again shows that @; € S. In both cases o is
an eigenvalue of S, and thus S is not simple. The case degp < deg g is obtained by
changing the roles of Ay and A; (cf. Corollary B2). O
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