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ON ALTERNATING ANALOGUES
OF TORNHEIM’S DOUBLE SERIES
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(Communicated by Wen-Ching Winnie Li)

ABSTRACT. In this paper, we give some evaluation formulas for alternating
analogues of Tornheim’s double series. These can be regarded as alternating
analogues of Mordell’s formulas. This gives a partial answer to the problem
posed by Subbarao-Sitaramachandrarao.

1. INTRODUCTION

Tornheim considered the double series T'(p, ¢, 7) defined by

oo

(11) T(p,q,r): Z m7

m,n=1

where p, ¢, r are nonnegative integers with p+r > 1, ¢g+r >landp+qg+7r > 2
(see [B]). He showed that T'(p,q, N — p — ¢q) is a polynomial in {{(j)] 2 < j < N}
with rational coefficients when N is odd and N > 3 (see also [2]).

In [3], Mordell gave an evaluation formula for T'(2k, 2k, 2k) for a positive integer
k. Furthermore, in [4], Subbarao and Sitaramachandrarao generalized Mordell’s
formula, and considered alternating analogues of (1.1) defined by

=y
(1.2 R(p,q,7) = o Prd (1 - 1)\
) b, q ) m%:zl mpnq(m+n)r

o0 _ m+n
(1.3) S(par) =Y W

m,n=1
They posed the problem to evaluate R(p, p, p) and S(p, p, p) for any positive integer
p. As a partial answer to their problem, we gave an evaluation formula for S(p, p, p)
for any positive odd integer p (see [6], Corollary 3).

The purpose of this paper is to give an evaluation formula for R(p, p,p) for any
odd positive integer p with p > 3 (see Theorem 3.6). In order to prove this formula,
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we make use of the same method as we introduced in [6]. Indeed, we consider
partial Tornheim’s double series

[e e}

(14) Sbl,bz(pa(br): Z (

m,n=0

1
2m + b1)P(2n + bo)9(2m + 2n + by + bo)"’

where b1,b2 € {1,2}. As a result, we can write ¥ 1(p,p,q) as a rational linear
combination of products of Riemann’s zeta values at positive integers, when p and
q are odd positive integers with ¢ > 3 (see Proposition 3.5).

More general results on partial Tornheim’s double series defined by (1.4) will be
given in [7].

The author wishes to express his sincere gratitude to the referee who gave him
valuable comments and carefully pointed out the errors in this paper.

2. PRELIMINARIES

Let N be the set of natural numbers, Ny = N U {0}, Z the ring of rational
integers, and R the field of real numbers. Let i = v/—1. Throughout this paper
we fix 6 € R with § > 0. For v € R with v € [1,1+ d] and s € R, we define
p(ssu) == > oo (—u)™™/(2m+1)°. If u > 1, then p(s;u) is convergent for any
s € Z. Let p(s) := p(s;1). We define a set of numbers {&,,(u)} by

(2.1) F(x;u) = _Zuet Em(u) o

m!’

Note that {€,,(1)} are the Euler numbers (see, e.g., [I]). So we have &;41(1) =
0 (j € Ng). It follows from (2.1) that if v € [1,1+ 4], then

(2.2) lim inf (|gm(u)|)1/m >

m—oo m!

ol 3

From the relation F'(z;u) = 2 ano(—u)*"e@"“)z, we obtain the following.

Lemma 2.1. For k € Ny and v € (1,14 6],

1
(2.3) (ki) = Le(w)
For r € N, p € Ng, u € [1,1 4 6] and 6 € R, we define
e (Fw) T sinP (20 4 1)6)
(24) Xp(977‘7u) T 7;) (2TL + 1)7" )

where we denote the [-th derivative of a function f(6) by f*)(6). Using the well-
known relation
i

(¢ 4 (—1ple ) = ot Z N (Z:? 7
n=0 ’

(2.5) sin® (9) = 5

where \; := (1 + (—1)7)/2, we have

el e (i0)™
(2.6) Xy (0,75 u) = i1 mz::op(r = MU Apt14m
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when u € (1,1 + 6]. By (2.2) and (2.3), we see that (2.6) is uniformly convergent
with respect to u € (1,14 6] when 0 € (—n/2,7/2). Furthermore we define

0
07 W) = X0 — P S ol A (Zj,) ,
J=0 )
forreN,peNg,ue[l,146] and § € R. When u € (1,14 4],
, 1 (i6)"*
YVp(0, 3 u) =" Z p+1+n+rm-

This is also uniformly convergent with respect to u € (1,14+6] when 6 € (—n/2,7/2).
So it follows from Lemma 2.1 and the fact £5;41(1) =0 (j € Np) that

(2.8) Yr(0,riu) =0 (u—1;7€N, §€(-m/2,7/2)).

Now we define

(2.9) Sk, siu) := mz {@m +1)(2n + 1)} (2m + 2n + 2)°
. B (_u) 2m—n—1

(2.10) Rk, s;u) = Z o, {@m+1)(2m + 20+ 3)}HH1 (20 + 2)°

for k € Ng, s € Z, u € [1,1 4 6]. By an elementary calculation just the same as
that in Lemma 3 of [6], we obtain the following.

Lemma 2.2. For k€ Ny, u € (1,14 6] and 6 € R,
e (_u)—mei(2m+1)«9 & (_u) n 7,(2n+1)9

(211) Z (2m + 1)2+1 Z (2n + 1)2k+1

m=0 n=0
0 —m —z(2m+1)«9 > (_u)—nez(2n+1)9
(212) Z 2m + 1)k (2n + 1)2k+1
n=0

m=0

Z S(k, mu(e)

> 0 > u2m
z::()%k mu{1+( )}(m) +z:om

Forn € Z, k € Ny and u € (1,1 + 4], we define

(213)  Bulkiu) =5 {S(k,—nsw) + (14 (1)) (k, —ns )}

_Z< > (2k + 1 — 2v;u)p(2k + 1+ 2v — n; ).

In particular when n < —1, we define G, (k; 1) by (2.13) with u = 1. By combining
(2.13) and Lemma 2.2, we obtain the following.

Lemma 2.3. For k€ Ny, u € (1,14 6] and 6 € R,

. oo (_u)_nei(2n+l)9
(2.14) Var1(6, 2k + 15 u) nz::o W

= (—1)kz Bn(k;;u)( Z 2m—|—1 4k+2°

n=0 m:O
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Proof. By (2.5) and Lemma 2.2, we have

oo —n z (2n+1)6
X2k+1 9 2k + ]. U Z W
Qk oo 6 n
=3 X (Sl s+ (4 1 )

N (_1)k i u—2m

4k+2 "
2 = (2m+1)

On the other hand, by combining (2.6) and

(o) ; (o) .
(_u)fnez(2n+1)0 (Zg)n
2.15 — e = 2k +1—n;u)——
(219) 7;) (2n 4+ 1)2k+1 nz:;)p( * niu) n! ’
we have
2k+1 i | 20 \—ni(2n+1)0
2k .. (i0)’ (—u) el
i Z P2k +1—jiu)A; 7 Z @n 1)
j=0 n=0
2/ n (i0)"
:(—1)’“2 <2 >p(2k‘+1—21/;u)p(2k+1+21/—n;u) —
n=0 v=0 ¥ ’I’L.
By (2.13), we obtain the proof. O

Since (2.7) and (2.15) are uniformly convergent with respect to v € (1,1 + J]
when 0 € (—7/2,7/2) by (2.2), so is (2.14), and

. —1/m
(2.16) lim inf (M> > g

m—oo m/!

for k € Ng. Furthermore, by (2.8), we have

(2.17) hm Bm(k;u) =0 (m eN),
1 o0
(2.18) Jim (ks ) _Emz::o 2m+1 T

3. EVALUATION FORMULAS

By (2.13), we have

1
(3.1) Baj+1(k;u) :§G(k’ —2 = L)
k .
2 1
-y ( J;V“ >p(2k + 1= 2v5u)p(2k + 2v — 2j;u),
v=0
for j € Np.
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Lemma 3.1. For k,l € Ng, p€ {0,1}, u € (1,1 + 4] and 0 € R,

o0

(3.2) 1 (—u)—m" sin(®) ((2m + 2n +2)0)

2 A= {@em+1)@2n + 1) (2m + 20 + 2204
k 2v
24+p—1+2v—71\(-0)"
— 2k +1 - 2u;
Sk -2 (M)
cXegp(0;2k+ 20+ 14+ p+2v — T3 u)

[ee] . ;
9)2J+2l+1+p
= p—1 E . k' (Z .
Z j=_z—pﬁzj+1( ) (27 +20+1+p)!

Proof. By (2.5) and (2.9), we have

o0

Z (—u)—m—m sin() ((2m + 2n + 2)6)
{(2m +1)(2n + 1)} (2m + 2n + 2)2+»

m,n=0

(iﬂ)erQler

—p-1 Z G(k‘, —m;u))\m+1m.

m=—2l—p

3637

On the other hand, we use (2.5) and consider the function f(z;d,8) = sin® (2:0)z 4

in the argument of Lemma 6 of [6]. Then we obtain that

zr: <d e T) (—0)" sin"+?)(9z)

d—1 Tl gdtrta-T
=0
o0 .
. m\ (if)m+e o
=ty (_1)T<r>m)‘p+l+m+d gamrm,
m=—d ’

by using the well-known relation (_jX) = (-1)7 (X+jj_1). Putting r = 2v, ¢ = 2k+1

and d = 2] + p, we have

k 2v .
Zp(2k+1_2y;u)z<2l+p—1+2u_7> (—0)

= = 20+p—1 7!
cXrp(0:2k +214+14+p+2v — T3 u)

oo k
=t Z Z (;'Z) p(2k +1—2v;u)p(2k + 1 4 2v — m;u)

m=—2l—p v=0
(Z-e)m—i-QH-p

Al —————————.
T m+ 20+ p)!

Put m = 2j + 1. Then, by (3.1), we obtain the proof.

O

By (2.16), we can let u — 1 in both sides of (3.2) when! € Nand 0 € [—7/2,7/2].

By (2.17), we obtain the following.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3638 HIROFUMI TSUMURA

Proposition 3.2. For k € Ny, l € N, pe€ {0,1} and 0 € [-7/2,7/2],
(3.3) RS (=)™ sin® ((2m + 2n + 2)6)
' 2 A= o{@em+1)@2n + 1)} (2m + 20 + 2204

k 2v r

= = 204+p—1 7!
Xy (02 +20+14+p+2v—T131)

(i9)2j+21+1+p

2j +2l+1+p)!

—1
= Z‘pil Z ﬂ2j+1(k; 1)(
Jj=—l-p
For simplicity, we let 1(s) := > -5 1/(2m+1)* = (1-27%)((s) for s > 1, where
((s) is the Riemann zeta function. It is well-known that sin®) ((2m + 1)7/2) =
(=1)7+t™ and sin®*tY ((2m 4+ 1)7/2) = 0 for j,m € No. Hence Xaj(r/2,5;1) =
(=1)74(s) and Xaji1(m/2,s;1) = 0. Putting p =0, § = 7/2 and |l = m + 1 for
m € Ny in (3.3), we have
m .
im/2)%r+L
(3.4) Z Bor—am—1(k; 1)L
r=0

(2r+1)!

k v
. 2m+1+2v —2q
:—zg p(2/<:+1—21/)§ ( om + 1 )
v=0 n=0

(im/2)*"
(2n)!
for k € Ng. We recall the following lemma which can be obtained by replacing m
with 77/2 in Lemma 8 of [6].

Y2k +2m + 3+ 2v — 2n),

Lemma 3.3. Suppose {P,,} and {Qn} are sequences which satisfy the relation

m ‘ (i?r/2)2j+1 B

for any m € Ny. Then the relation

m

Pm, — E z(:) (1 _ 221/+1—2m) 22v+1—2m<~(2m _ 21/)Q1/
V=

holds for any m € Ny. Note that ¢(0) = —%,

By (3.4), we can apply Lemma 3.3 with P, =f_op—1(k; 1) and Q. =—iZo(k, m)
for m € Ny, where

k v—p
2m+1-2p+2v —2n
. Z, = 2 1-2
33 2k =3 ok @( N

(1m0

for p € {0,1}. Then we have

9 m
_Z (1 _ 22y+172m) 221/+172m<(2m _ ZV)Z()(]C, V),
T
v=0

(3.6)  Boam-1(k;1) =
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for m € Np.

Remark 3.4. Tt follows from (2.2) that both sides of

~ (—u)"™cos((2m + 1)m/2) o | (im/2)%n
mzz:o G+ )P = ;::Op(Qk +1-— 2n,u)W

are uniformly convergent with respect to u € (1,1+ 4], when k& € N. Letting u — 1,
we have

(29)!

because p(—2m —1;u) — 0 (u — 1; m € Np). Hence we can see that if k € N, then

k v—1
B B 2m+1—2p+2v — 2
(37 Zpkom) =D p(2k+1-20)3 ( 2m+1—p )

(=1)"(x/2)*1*P
(2n +p)!

k
Zp 2% +1— )(”/2) —0,

v=1 n=0

Y2k 4+ 2m —2p + 3+ 2v — 27)

for p € {0,1}.
Now we can prove the following result on %7 1(2k + 1,2k + 1, 2] + 1) defined by
(1.4).
Proposition 3.5. For k € Ny andl € N,
(3.8) 112k +1,2k+ 1,21+ 1)

l m

_ é _ 92v+1-2m 2v+1—2m _
=221 (k,1) + — Y (1-2 )2 ¢(2m — 2v)

m=0r=0
(Z',R_/Q)Qlme
(2 —2m)! -~
Proof. We put p = 1 and § = /2 in (3.3). Since cos((2m + 2n + 2)7/2) =
(—1)m+n+l we have

: Zo(ka’/)

(Z‘,]T/2)2l72m

l
1
—3 Tk L2+ L2+ ) = 216D + ) Bama(k51) 2 =5

m=0

By (3.6), we obtain the proof. O

Finally we prove an evaluation formula for R(2k+1,2k+1,2k+1) for any k € N.
By (1.1), (1.2) and (1.4), we can see that

(39) R(2k+1,2k+1,2k+1)
=272k + 1,2k + 1,2k + 1) — Ty 1(2k + 1,2k + 1,2k + 1),
for k € Ng. It was proved that

(3.10) T(2k+1,2k+1,2k+1) = —42 (4k 2‘7+1>§(2j)§(6k—2j+3)

(see [2], Eq. (1.14)). By combining (3.9)7 (3.10) and Proposition 3.5, we obtain the
following.
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Theorem 3.6. For k € N,
R(2k+1,2k 41,2k +1)

26k1§:<% 2m+vc@ﬁqudj+$+23ﬂhm

k m .
4 _ 02u+1-2m\ 92u+1—2m B (im/2)*k—2m
- > (-2 )2 C2m = 2v) 2ok, v) =5
m=0r=0
where

k

1
2m+1—-2p+2v — 2
Z,(k,m) =Y p(2k+1—2v) §:< bl —p )

(1) (m/2r
@2n+p)! 7
for p € {0,1}. Note that p(s) = >_,,5o(=1)"/(2m+1)* and 1(s) = (1 —27%)((s).

Example 3.7. We list several evaluation formulas for R(2k + 1,2k + 1,2k + 1)
deduced from Theorem 3.6. Note that we use the relations

p(2i +1) = % O Gem,

where {E,} are the Euler numbers (see, e.g., [I]).

v=1

Y2k 4+ 2m —2p + 3+ 2v — 27)

253 92545
R(3,3,3) = 272¢(7) - 220 ()
2039 285565 2056257
- 11 —((1
R(5,5,5) = gpzam™ (1) + Srmem C(18) = =i =C15)
32639 913913 40212403
R(T707) = oorisan™ SU9)+ forsa0”™ SN+ Sgaqag ™ ¢(19)
896163411
- ———¢(21)
524288
522239 2978549 1194884977
R(9.9.9) = 222227 180(19) 4 22092 69y 4 2 200RI T g
9.9,9) = 5re5e1200™ <19 * Geosooss” <2Vt “Iroazoa0 T <)
71693105055 1625043751045
LOITI0T99 20 (95) — 222EO IO TR gy
33551432 " (%) 67108364 27

Remark 3.8. More general results on partial Tornheim’s double series Ty, 1, (p, ¢, 7)
defined by (1.4) will be given in [7]. Indeed, we will be able to give more general
relation formulas for %y, v, (p, q, 7).
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