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ABSTRACT. In this note, we show that one can derive from any B-spline func-
tion of order m (m € N) an MRA tight wavelet frame in L2 (R) that is gen-
erated by the dyadic dilates and integer shifts of three compactly supported
real-valued symmetric wavelet functions with vanishing moments of the highest
possible order m.

1. INTRODUCTION

B-spline functions and tight wavelet frames are of great interest in many appli-
cations. The B-spline function of order m (m € N), denoted by B, throughout
this note, can be obtained via the following recursive formula: By = xjo,1j, the
characteristic function of the interval [0,1], and

1
(1.1) B, (x) ::/ B,—1(x —1t)dt, reR, m=23,....
0

The B-spline function B, € C™ 2(R) is a function of piecewise polynomials of
degree less than m, vanishes outside the interval [0, m] and is symmetric about the
point x = m/2 (that is, By,(m — x) = B (z) for all z € R). It is well known that
the B-spline function B,, is a refinable function satisfying the refinement equation

=~ L+e 8\m
(1.2) Bn(2§) = (—5—) Bal9), ¢€R
where the Fourier transform of f € Ly (R) is defined to be f(£) := Je f(M)e~ e dt, & €
R.

Tight wavelet frames can be constructed from refinable functions. We say that
a set {1,..., 9"} of functions in Lo(R) generates a (normalized) tight wavelet
frame in Ly(R) if

(1.3) izz (w52 =1IFIP Y f € La(R),

(=1 j€EZ ke
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78 BIN HAN AND QUN MO

where (f,9) = [, f()g(t)dt, |[f|* = (f,f) and @], := 2//%)*(27 - —k). The
set {¢1,... 4"} is called a set of generators for the tight frame {wf,k cf =1,
...,7; j,k € Z}. Throughout this note, we assume that the generators for any
tight wavelet frame discussed in this note are real-valued and compactly supported
functions in La(R).

One of the most important properties of a tight wavelet frame is its vanishing
moments. A set {1}, ... 9"} of compactly supported functions in L (R) is said to
have vanishing moments of order n if

/wg(t)tkdtzo, (=1,....,r, k=0,...,n—1.
R

Recently, there is a growing interest in constructing MRA tight wavelet frames
derived from refinable functions, in particular, derived from the B-spline functions
B, (m € N) (see [1I, [2], [4], [B], 8], [9]). For example, Ron and Shen in [9]
demonstrated that a tight wavelet frame with m symmetric generators with short
support can be derived from the B-spline function B,, (m € N). Recently, Chui
and He in [1] further showed that a tight wavelet frame with only 3 symmetric
generators (or 2 generators without symmetry) of compact support can be derived
from the B-spline function B,, (m € N). Though the constructions in [1], [9] are
very interesting, such tight wavelet frames derived from the B-spline functions in [I],
[9] can have vanishing moments of order no more than one (2], [4]). It is known that
in certain applications the order of vanishing moments of a tight wavelet frame is
very important. In order to achieve high order of vanishing moments, very recently,
Chui, He and Stockler [2] and Daubechies, Han, Ron and Shen [4] proposed a very
interesting method to derive MRA wavelet tight frames from refinable functions.
In particular, it was shown in [2], [4] that a tight wavelet frame with 2 generators
of compact support can be derived from any B-spline function B,, (m € N) such
that it can have vanishing moments of the highest possible order m. Unfortunately,
except for very few cases, the tight wavelet frames with 2 generators derived from
B-spline functions in [2], [E] are not symmetric. It is desirable to have symmetric
tight wavelet frames with high vanishing moments in applications. On the other
hand, it was shown in Petukhov [8] that it is not possible to construct tight wavelet
frames with 2 symmetric generators of compact support from the B-spline functions
B, (1 <m < 100,m # 1,2,3,7) by using the unitary extension principle in [9].
All the above known results naturally lead to the following interesting question:

Question. Can one obtain a tight wavelet frame with 3 symmetric generators of
compact support from any given B-spline function B,, (m € N) of order m such
that the symmetric tight wavelet frame can have the vanishing moments of the
highest possible order m?

By numerical computation, it was possible to verify in [4] (also see [2]) that the
above question is true for m = 1,2,4, and 6. It is the purpose of this note to
completely settle the above question. The following is the main result of this note.

Theorem 1. Let m be a positive integer and let By, denote the B-spline function of
order m which is defined in (ILTl). Then there exist three finitely supported sequences
b, b2, b3 on Z, which can be easily constructed by a simple procedure, such that by
defining
Y=Y b (k)Bm(2- —k), (=1,2,3,
kEZ
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TIGHT WAVELET FRAMES WITH THREE B-SPLINE GENERATORS 79

one has

(1) {1, 9?2 3} generates a tight wavelet frame in La(R) and has the vanishing
moments of order m;

(2) Y1, 92,93 are real-valued, symmetric and compactly supported functions
such that

G = 1) = ()™M E), Rm — ) = 2(E), W(m—t) = (), teR

The following is an outline of the note. In Section 2, we shall establish some
auxiliary results. In Section 3, we shall prove Theorem Ml Also in Section 3, we
shall give a step-by-step simple procedure for deriving the sequences b',52, 5% in
Theorem

2. AUXILIARY RESULTS

In order to prove Theorem [, let us introduce some auxiliary results in this
section which are of interest in their own right.
The following lemma can be easily verified.

Lemma 2. Ifaj20andbj>0f0rallj:1,...,nsuchthat‘g—112“—2>~~2M,

b2
then
a1 _ ai+az ar+az+---+an

bt~ bi+by” 7 bitbat--+by,

For any positive integer m, throughout this note, we define

- i1 S 1 ,
(21) c:=1 and ¢;:= e+ D) 241 kl;[l (1 - ﬁ)’ JjeN.
Note that
§/2  arcsin(sin(£/2)) 2; §
(2.2) sin(¢/2) sin(&/2) ZC] sin’™ 2’ § € [=mml.

Clearly, we have

'/T
2. E _
( 3) = Cj 2

The following estimate will be needed later.

Lemma 3. Let ¢; (j € NU{0}) be defined in [ZI). For any positive integer m,
define

(2.4) fr(@) =4m(1+ 2> i1 —2?),  ze(0,1].

§=0
Then for m = 3, fm is an increasing function on the interval [0,1] and
7r

ful@) 2 == V@ [0:1);

Proof. By (23)), it is easy to see that f,, is a continuous function on [0,1]. For
€ (0,1), by computation, we have

fh(x) = 8m?(1 4 z)*™ ! Z cm+i(1—22)7 — 8m(1 + 2)*™x chm+j(1 —2?)i7 L
J=0 j=0
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80 BIN HAN AND QUN MO

Consequently,

flx) Zcmﬂ 1—22 chmﬂ-u—x?)j*l, z € (0,1).

2
8m (1 + x) my =

Denote y := 1 — 22. Then

= =1-y) P =14> @i+ 1)y’,  ze(0,1).
j=1

Therefore, for x € (0,1), we have

I (@) = j = j =
—m e =m [ Y (25 4 3)¢j 1y > cmiit’ | =Y G+ Demyjr1y’
8m(1 + SC) m j=0 7=0 7=0

o0

- E gm,jcherrlyja

§=0
where y = 1 — 2% and the numbers g, ; are defined by
J

Cm4j— . .
(2.5) Gm,j =M g (2k + 3) g1 —2 b (F+1), jeNu{0}.
k=0 Cmtj+l

By the definition of the numbers ¢; (j € NU{0}) in (1)), we have

. k+1
Contj—k 2m +2j + 3 (L= 5)
(2.6 (2k + 3)crgr = : - .
) Cmtj+1  2m+2j —2k+1 Hz:trjligl'—kﬂ(l - Qiz)

Note that for any nonnegative integer k, we have

k+1

(-5 =310 ’W N -

B k IF

+

and for 0 < k < 7,

m+j+1 1 m+3+1
I (-4 T o
- 20 2/ 28—1— 1
l=m+j—k+1 = m+] k+1
m+j+1 -
l=m+j—k+1 \/2€ +1 \/Zm + 2j +3

It follows from (Z6]) and the above two inequalities that
Cmtj—Fk S 2m+25+3 ' 1 . V2m+2j+3
Cmtji1  2m+2j—2k+1 2Vk+1 2m+2j —2k+1
1L (m+j+3/2)°°
C2VE L (m g+ 1/2- k)3

(2]€ + 3)Ck 1
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Hence,
j .
gm;+ (G+1) mz (2k + 3)c mtjk
k=0 Cm+4j+1
J 1
m(m—+ 7 +3/2 3/2
( J+3/2) §2\/k+1(m+j+1/2—k)3/2
J+1 1
m+ j+3/2)%/? .
mim 7 +3/2) 22\/_(m+]+3/2 k)3/2
Let t!

ik = =/ (k+1)(m+j+5/2—k)and AP VEk(m+37+5/2—(k+1)).
Then t,, ;. > \/E«/m+j+3/2—k;:tfmj;k. We have

VE+1 B vk
Vm+j+5/2—(k+1) /m+j+5/2—k

1
tm]k

t2
— m,j,k
Vm+j+5/2—(k+1)y/m+j+5/2—k
C(k+1)(m4j+5/2—k)—k(m+j+5/2—(k+1))
VM 32— kmA 52— k() 12, )
_ m+j+5/2
Vm+i+3/2—ky/m+j+5/2—k(th, , + 12, )
m+j+5/2
Wk(m+j+3/2—k)3/2

We deduce that

Imj+ (G +1)
m(m + j +3/2)%/2 T VETI
m+j+5/2 vVm+j+5/2—(k+1)
B Vk
vm+j+5/2—k
m(m+j+3/2%% | Vit2 Vi

m+j+5/2
m(m + j +3/2)3/2
m+j+5/2
(J+2)(m+j+3/2)—(m+1/2)
e VN e e (Y e e T RSV Vo)
_ m(m+j+3/2)(G +1) |
VI +172)(G+2)(m+ 5 +3/2) + (m+1/2)

Vm+1/2  \/m+j+3/2
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82 BIN HAN AND QUN MO

By computation, for m > 2 and j > 0, we have
[m(m +j+3/2) —m—1/2> — (m +1/2)(j + 2)(m + j + 3/2)
= [m(m —1) = 1/2]j% + [m(2m® — 5) — 7/4];

Fmlm -+ 1)(m? — 1)+ Zm(m — 1)+ Fm — 2) > 0.
Consequently, we have
m(m+j+3/2) > /(m+1/2)(j +2)(m+j+3/2)+(m+1/2)  V¥m >2,7>0.
Hence, gm,j + (j+1) > j+1for allm > 2 and j > 0. That is,

Im,; >0 Vm=>=2 and j2>0,

which implies that f},(z) > 0 for all z € (0,1) and m > 2.
So, for m > 2, f,, is an increasing function on the interval [0, 1] and

fm() = fm(0)  Vazel0,1].
Note that 1 — QL = 2’;;1 ERY. ﬂ for all £k € N. We deduce that

11j(1_ﬁ) 2;+1 ljF

1 1 1
= Z o= T 5
Qi+ VA~ 2y 2+
for all j € N. When m > 4, by [27), we have

1 T
j:m] J»Z_m<2\/.7 s7rT) =2V T

since h(t) := 2v/£(1—2Y27%),t > 1 is an increasing function and h(4) = 4—273/2 >
.
Note that co = 1,¢; = 1/6 and c2 = 3/40. When m = 3, by ([2.3), we have

0 T 149 m
£5(0) = 12]-2_:063+j = 12(5 —co—C —Cz) =6 — 75 2 T o

2.7)

which completes the proof. ([l

Now the main result in this section, which plays a critical role in our proof of
Theorem [ is as follows:

Theorem 4. For any positive integer m,

m—1 i 025 € 1
> cjsin™ 3 . Tm
ﬁ 2 (COSQm § —+ Sll’l2m §) V g S R,
. Cj SIn
j=0 ~J

2.
(2.8) 5 5
where the numbers ¢; (j € NU{0}) are defined in 2.1).

Proof. Tt is easy to see that in order to show the inequality ([2.8)), it suffices to
prove it for £ € [0,7/2] since sin® 7% = cos® § > sin®§ for all ¢ € [0,7/2]. Let
x = cos(§). By Lemma [3] for m > 3 we have the following estimate:

(2.9) 4m (2cos —) ZCmﬂ sin? ¢ > 21/2 — V¢ el0,m/2).
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TIGHT WAVELET FRAMES WITH THREE B-SPLINE GENERATORS 83

Define

m—1
A(©) =) ¢jsin¥ g and  B(£) = #/;/2) — A(8).
j=0

By 22), B(¢) = E]oim c;jsin? % It follows from (Z9) that for £ € [0,7/2],

B(2¢) = Z ¢; sin? ¢ = (sinf)Qm Z Cm+tj sin®/ ¢
j=m §=0
1 sin®™(¢/2) 5 £ 2 & o
= Im o™ (¢)2) -4m<2 cos 5) ;)cmﬂ» sin™ &

m 1 sinzm(f/Q)

> 2 2m  cos?™(£/2)

1 —921/2—m
L sin?m(e/2)
S £ ] 2m  cos?™(£/2)
“siné 1-— ’

1 1
[Acos?(€/2)]™ * cos(€/2)

where we have used the fact that cos(¢/2) > 271/2 for all ¢ € [0, 7/2]. Observe that
(1+ a:)ﬁ —1< 5 forall z > 0 and m € N. It follows that

(1 sinzm(f/Q))ﬁ_1< 1 sin®™(£/2)

wmm@)) " Som wmnmy €0

Since A(2¢) + B(2¢) = Siflf, ¢ €[0,7/2], from the above two inequalities we have

1

sinz"”(§/2) 2m _
(1 + COSQm(E/Q)) 1
T

oE Sin2m,(§/2) m_ 1 . 1
¢ (H 76052””(5/2)) Mo (€727 cos(€/D)

(cosPm(€/2) +sin (6/2)) ™" — cos(é/2)

((cos2/2) + sin™ (€/2)) ™ = ety

The above inequality is equivalent to

cos & — B(2¢) . 21 N
" 2m
(210) 2 A(2§)+B(;f()2§) [4cos?(£/2)] > (COSQm(f/2) + Sian(f/Q)) .
L= @b
Since 2 cos(§/2) > 1 for all € € [0,7/2] and
Cj sin® % 1 1 Cj+1 sin?/+2 %
C‘Sin2j§ - 25 Z 2j+2 . 2512 ¢ & e [0,7‘(’/2]7
J (2 cos %) (2 cos %) Cj118in I3

by Lemma Bl we have

B(¢) _ Z(;im c;sin® % SQO% )

e - m 0, 2.
BRO X s € " sin™ e Tycos(e/2)] e
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Hence, B(£) < m for all £ € [0,7/2] and

A©) _ A +BE)-BEO) A+ BO)] - et
A(2) ~ [A@e) + BRO - BRE) © [A®0) T BE8)] - B2E)

A©+BE) B 1
_ ARY+B(RH _ ACH+BEE o (2"
1_ B9

A(26)+B(29)
¢ B(2¢) 1
_ 083 T ARDH+BRY oG
- | _ __ B9 ’
A(26)+B(28)

since A(§) + B(§) = sm(g/2) for £ € [—m,m]. It follows from the above inequality
and (ZI0) that for £ € [0,7/2],

I B(2¢) 1 1
A(§)  ©%3 ~ A@+BEY  Teos(g/21" 2m ™
o> ) > (cos (€/2) + sin? (g/z))
A(26)+B(2€)
Therefore, ([Z8) holds for m > 3. It is obvious that (Z8)) holds for m = 1. In the

following, let us check the case m = 2. Let z = sin® g Then sin? ¢ = 4x(1 — z).
When m = 2, to prove (2.8) it suffices to prove

142

(2.11) 1+ 22(1—2)

>[1-2z(1—a2)Y* Vzelo1]
By computation, for z € [0, 1], we have

1+ %x(l —o)| 2wl < 1t %x(l - x)} [1 - iQm(l — )

_ —

which verifies (ZIT)). Therefore, the proof is completed. O

3. PROOF OF THE MAIN RESULT

In this section, using the auxiliary results in Section 2, we shall prove Theorem [T
In particular, we shall give a step-by-step procedure for constructing the sequences
b', b2, b3 in Theorem [

The symbol of a sequence a on Z is defined to be

(3.1) ag) =Y alk)e ™, CeR.

kEZ

Proof of Theorem [k Let B, be the B-spline function of order m and let a(§) :=
(1+e Lg) Then it is known that B, (2¢) = a(g)ém (€). Let ¢; (j € NU{0}) be the
numbers that are defined in (ZI). We define the numbers d,, ; (m € N, j € NU{0}),
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TIGHT WAVELET FRAMES WITH THREE B-SPLINE GENERATORS 85

which are uniquely determined by the following identity:

m—1 " o]
(3.2) Z cja’ = de}jxj, z eR.
§=0 3=0

Clearly, dm,o = [co]™ = 1 and d,,,,; = 0 for all j > m(m—1). Define two 2m-periodic
trigonometric polynomials #; and 6 as follows:

(33)  0(O=1+ Y duysin¥ S and 0 = |66 = [0 (6)]"
j=1

sin2¢ T 4cos?(£/2) sin2 & sin? &

for all j € N and for all £ € [0,7/2]. By Lemma ] for £ € [0,7/2], we have
01(6) _ Xjo dmysin¥(€/2) TG dysin® (€/2)

02 S dysin e T e g, sin® ¢
:<Z£$%mﬁﬁﬂvm
Z?:Ol cjsin? ¢
By Theorem[4 in Section 2, for £ € [0, 7/2] we have
m—1 .25 m
B (EESGN " (o i)
= VI[a(©)P +a(¢ + ).

In other words, 8(£) — 0(2&)(|a(¢)|? + [a(¢ + 7)|?) = 0 for all £ € [0,7/2]. By the
definition of 0, we have 8(—¢) = 6(§) and 0(¢) < 6(w — &) for all £ € [0, 7/2] since

: . -1 j
Since S2E/2) 1 < & for € € [0,7/2], we have (m)] = (M)j

1/2

dm,; 2 0 and sin? ”T_g = cos? % > % > sin? g for all £ € [0,7/2]. Consequently, we
have
(34) 0(¢) — 026)([a(6)” + [a(¢ +m)) =0 V€ [-m, 7).
By the Fejér-Riesz lemma, there exists a 27-periodic trigonometric polynomial 65
such that
(3.5) 1627 = 60(¢) — 0(2)([a(€)|* + [a(¢ +m)*).
Now define
N . _e\m .
B(e) = ale T me 0 26) = (L5 ) e o (20),
_ -\ m _
(36)  F(e) = ae)la(26) + B8] /2 = () "Iha(26) + B 2.
1+ei —

B(6) = a(6)[62(26) - 02028))/2 = )" 10:26) - B:38))/2.

It is evident that b', b2, and b® are real-valued finitely supported sequences on Z

such that

(3.7)  DUE) = (1) BT (€),  B2(E) = eMEBP(€),  b3(E) = —e B (€).
Let

(3.8) 0(&) := 0(26)([a(©)? + [a(€ + m)|?).
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Note that |02(€) + 02(€)|? + |62(€) — 02(€)]? = 4]62(€)]?. By calculation, we have
[@©)IPOE) + b1 ©F + P + [°(©)
= [a(&)[?0(2€) + [a(¢ +m)[*|61(26)|* + [a(€)[*[62(26)
= [a(&)P0(4)(|a(2¢)[* + [a(2¢ +m)[*) + [a(¢ + m)|*6(2¢)
+[a(©)7[0(26) — 0(4€)([a(2€)]? + [a(2¢ + m)[*)]
= 0(26)([a(§)]* + [a(¢ +m)]?)

=0(¢)
and
A(€)ale + m)O(26) + DL (& + ) + BA(EB2(E + ) + B2 (E)b3(€ + )
= a(&)a(€ +m)O(26) —a(¢)a(€ +m)[61(2)” + a(¢)a(€ + m)|62(26)
=a(&)ale +m) |O(2€) — 6(26) + [0(26) — 0(4€)(Ja(26)* + [a(2€ + ™))

=0.

Define $€(2-) =3By, = 1,2,3. Since ©(0) = 1, by [4, Proposition 1.11] or [2],
{1, 2% 13} generates a tight wavelet frame in Lo (R).

It follows from (Z2) that 6(&) — 0(2¢)[a(€)]?> = O(|€]*™),& — 0 (also see []).
Thus, we deduce that ©(&) — ©(2¢)[a(&)|> = O(|¢[*™), & — 0. Consequently, each
wavelet function ¢, ¢ = 1,2, 3 has the vanishing moments of order m. The sym-
metry of the wavelet functions 1, 1?43 follows directly from (B1). O
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