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THE LUSTERNIK-SCHNIRELMANN CATEGORY OF Sp(3)
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AND DANIEL TANRE

(Communicated by Paul Goerss)

ABSTRACT. We show that the Lusternik-Schnirelmann category of the sym-
plectic group Sp(3) is 5. This L-S category coincides with the cone length and
the stable weak category.

1. INTRODUCTION

The Lusternik-Schnirelmann category of a CW complex X, cat(X), is the least
integer n for which X can be covered by n + 1 subcomplexes, each of which is
contractible in X. This invariant was introduced by Lusternik and Schnirelmann in
[13]; they proved that any smooth function on a compact manifold M has strictly
more than cat(M) critical points. Fox showed that the Lusternik-Schnirelmann
category is a homotopy invariant [4], which means that calculating the category of
spaces is a problem of homotopy theory. For the analytic applications, it is crucial
to compute the L-S category of well-known compact manifolds. Indeed, determining
the L-S category of Lie groups is the first problem on Ganea’s famous problem list
).

The present status of this problem is as follows. Singhof determined the values
cat(SU(n)) = n — 1 and cat(U(n)) = n in [I9]. The values cat(SO(n)) for n < 5
are easily computed by classical methods. More recently, James and Singhof [10]
calculated cat(SO(5)) = 8. The symplectic groups have offered the most resistance:
the only known value is cat(Sp(2)) = 3, which was obtained by Schweitzer [18] using
secondary cohomology operations. Singhof extended the method to operations of
arbitrarily large order, and proved in [20] the lower bound cat(Sp(n)) > n + 1.

Actually, Schweitzer proved a little bit more. He showed that the weak category
of Sp(2), which is a lower bound for cat(Sp(2)), is bounded below by 3. Since this
lower bound coincides with an upper bound, namely the cone length, he concluded
that cat(Sp(2)) = 3. (See §2 for the definitions.)

Recent work of N. Iwase [7, 8], P. Lambrechts, D. Stanley and L. Vandembroucq
[11] has resulted in the resolution of several problems from Ganea’s list. In this
paper we make use of the new techniques developed in [3, 2I] to make further
progress on Problem 1. Our main result is the following.

Received by the editors March 20, 2002 and, in revised form, September 10, 2002.

2000 Mathematics Subject Classification. Primary 55M30; Secondary 22E20.

Key words and phrases. Lusternik-Schnirelmann category, Lie group.

The first and second authors were partially supported by the MCT Research project BFM2000-
0345.

(©2003 American Mathematical Society

587

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



588 L. FERNANDEZ-SUAREZ, A. GOMEZ-TATO, J. STROM, AND D. TANRE

Theorem 1. The symplectic group Sp(3) has Lusternik-Schnirelmann category 5.

It follows from the proof of Theorem [I that the 5-fold reduced diagonal As can
be factored
Sp(3)———="— Sp(3)"?
J
§21 v s G156
where 12 € ma1(S1%) & Z/2 is the unique nonzero element.

The proof of Theorem [1] has the same general outline as Schweitzer’s argument
for Sp(2). That is, we show that the cone length of Sp(3) is at most 5 and the weak
category of Sp(3) is at least 5, and conclude that cat(Sp(3)) = 5. Our methods are
quite different, however. In place of higher order operations, we use decompositions
of the diagonal map as in [21] together with the Hopf-Ganea invariants studied in
3.

Theorem [l gives another proof of the fact, first proved in [25], that Sp(3) satisfies
Ganea’s conjecture. To see this, simply apply Theorem 8 in [22], or observe that,
in the terminology of [L6], the stable class of the 5-fold reduced diagonal Aj is a
detecting class.

We now consider the analytic consequences of the main result. Denote by
Crit(M) the minimum number of critical points for any smooth function on the
compact manifold M. Lusternik and Schnirelmann showed that Crit(M) > cat(M)
+ 1. In view of Theorem [, we see that Crit(M) > 6. Since Crit(Sp(3)) < 7 can be
deduced from a result of F. Takens [23], the value of Crit(Sp(3)) is either 6 or 7.

The minimal number of critical points on a compact manifold M for smooth
functions which are quadratic at infinity, denoted Crit(M), is also of interest to
analysts. This invariant was introduced by F. Laudenbach and J.-C. Sikhorav in
[12]. Our proof shows that the category of the space Sp(3) coincides with the cone
length of Sp(3) and with a stabilized version of the category, denoted Qcat(Sp(3));
see [I7), 25]. From the main theorem of P.-M. Moyaux and L. Vandembroucq in [15]
we know that Crit(Sp(3)) — 1 is less than the cone length and is bounded below by
Qcat. Theorem [ now implies that Crit(Sp(3)) = 6.

The rest of the paper is devoted to the proof of Theorem [l In §2 we establish
the basic definitions, notation and results that we will use. Section 3 is devoted to
an overview of the proof and its reduction to some lemmas. Their proofs are the
content of the last section.

2. BACKGROUND

All spaces are pointed; the basepoint of a space and the trivial map between two
spaces are both denoted *. The (reduced) cone on a space A will be denoted C(A).
For a CW complex X, we write X, to denote the n-skeleton of X. The fat wedge
in the n-fold cartesian product X™ of X with itself is the subcomplex

T (X) ={(z1,...,zn) | at least one z; = *x} C X™.
The cofiber of T (X) < X" is the n-fold smash product of X with itself, denoted
X" the smash product of two spaces is denoted X AY, as usual. The diagonal map

A, : X — X™ is the map defined by A, (z) = (z,...,z). The reduced diagonal
A, : X — X" is the composite of A,, with the quotient map X — X",
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THE LUSTERNIK-SCHNIRELMANN CATEGORY OF Sp(3) 589

According to Whitehead [20], the category of X is the least integer n for which
the map Ay,4q @ X — X"+ lifts through T7"T1(X), up to homotopy. The weak
category of X, wecat(X), is the least n such that A, 1 ~ x; clearly weat(X) <
cat(X). See [9] for a survey of the Lusternik-Schnirelmann category and related
invariants. The strong category, or cone length, of X is the least n for which
there is a sequence of cofibrations Ay — X1 — Xp, 1 < k < n, with Xy =~ *,
X, ~ X, and Ay = By, for k> 1 [21[5].

We write (f,g) : X VY — Z for the map with components f : X — Z and
g:Y —Z. Wewrite [f,g] : X — YV Z for the map with components f : X — Y
and g : X — Z; we use this notation only in the stable range, so there will be no
ambiguity.

We refer to Toda [24] for information about the homotopy groups of spheres,
and we use his notation here. In particular, W’ = v/ + «1(3) € 76(S?) = Z4 ® Zs3
denotes the Blakers-Massey element; w’ is the attaching map of the 7-cell in a
cellular decomposition S3 U D7 U D0 of Sp(2). Also, for n > 3, v, is the generator
of the 2-primary component of 7, 3(S™); we know that E" 3/ = 2u, for n > 4.
Write C = S® U,, D™ and C,, = S"U,,, D"** for n > 4.

We now recall a result from [1] that will be needed in the sequel.

Theorem A. If X is a compact n-manifold and an H-space, then in any CW
decomposition X = X,,_1 Uy, D™, the map « is stably trivial.

We will frequently use this fact in the case X = Sp(n), n = 2,3. It implies
that if the connectivity of K is strictly greater than dim(X)/2, then a composite
X — §4mX _, [ is essential if, and only if, ST X — K is essential.

The key to our calculation is the following extension of a result from [3].

Proposition 2. The space Sp(3) has a cone decomposition of the form
Sp(3) = S2UC(Cs) UC(Cy) U DB U D,
Proof. Tt is proved in [3] that Sp(3) has a cellular decomposition of the form
Sp(3) = S?UC(Cs) U D' u D™ U DU D*.

It remains to show that the 10-cell and the 14-cell can be attached at the same
time as the cone on a map Cg — S® U (Cs). Consider the locally trivial bundle
S$3 — Sp(3) — V3.2, where V3 5 is the homogeneous space Sp(3)/S3. This Stiefel
manifold admits a cell decomposition V3 o = C7 UD®8, so V3.2 has cone length 2 and
hence cat(V3,2) = 2. We now apply [14, Theorem 6.2] to complete the proof. O

It follows that Sp(3) has cone length at most 5. Therefore Theorem [ will be
proved once we show that wcat(Sp(3)) > 5.

3. PrROOF OF THEOREM [I]

As the problem is reduced to the non-triviality of a map (the 5-reduced diagonal
of Sp(3)) we simplify the situation by proving that the 2-localization of As is not
trivial (see also the remark at the end of the paper) which is obviously sufficient
for our purpose.

Moreover, we may also observe that Sp(3) is of 21-dimensional and Sp(3)"® is
14-connected so the map Aj is trivial if, and only if, it is stably trivial.
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Therefore, for the end of the paper, all spaces and maps are supposed to be local-
ized at 2 and we are working stably. Let X denote Sp(3) with the CW decomposition
given by Proposition

Since the subcomplex A = S® UC(Cs) C X has weak category 2, we may
decompose the 5-fold reduced diagonal As using the main diagram.:

Z3 1/\1/\Z3

X XANXANX ——— XM

l \

X————— S XAXA(X/A) ———— XI5

J I

X CANCANCy M

l (q1,92) H 1A1IAY ‘

§18y §2 — T CAC A Crg ————— 015

(k;h)

The factorization in the second line is possible because wcat(A) = 2 < 3, and
so Az factors through a map X/A — X3, Neither this map, nor its restriction
v to Cig, is uniquely determined; however, the restriction to S C Cyq factors
uniquely through the map S'© — 9 induced by A3 : Sp(2) — Sp(2)"3, which is
known to be n [I8]. The third line is a cellular approximation. The fourth line
is obtained by collapsing the 14-skeleton of X and (h, k) denotes the composition
(LATA7) o (1,a2). B

This diagram expresses the reduced diagonal A5 as a composition of several
maps, and our proof amounts to explicitly determining each of them. The details
are contained in the proofs of the following lemmas.

We first show that the sphere S'® does not play a role in the map As.

Lemma 3. In the main diagram, the map k : S'® — C5 is trivial.

Our next result focuses on the map ~.

Lemma 4. The composite C1o——C3——C™3/(S3 A 3 A S3) is trivial.
Our two last results determine the behaviour of go: S?' — C A C A Chp.

Lemma 5. The map q2: S*' — CAC ACho admits a lifting G, through the canon-
ical injection:
S3ANS3A Cro = Cig

92
212 L OANCACH

Lemma 6. The composite SQlLCm —— 820 of g, with the pinch map is equal
ton.

We now use these results to prove Theorem[D. The proofs of Lemmas Bl @] [ and
are given in the last section.
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Proof of Theorem [II From Lemma[and Lemmald, the 5-fold reduced diagonal has
a factorization of the form

X8 x

L)

521 %515

Since X is an H-space and a manifold, the attaching map for the 21-cell is stably
trivial by Theorem A, and it follows that j o h is the unique map S?' — X/\?
making the diagram commute.

We begin by showing that h = v2. It follows from Lemma [ that the map
h: 8?1 — C”™® factors through a map Cyg — S'°. Examination of the third row
of the main diagram reveals that the restriction of Cig — S'° to S'6 is the sixth
suspension of the map S'® — S? induced by As. This map has been determined
to be n in [18] (see also [3} 21]). Therefore the map S?! — S15 that lifts h is the
composition on the third row of the diagram

g0 — T g9

J Vie

520

In other words, the map S2! — 5% is an element of the Toda secondary composi-
tion {n,v,n}o, which is the singleton set {2} by [24, Lemma 5.12].

It remains to show that j o v? # 0. Observe that the 22-skeleton of X”\® has the
homotopy type of Sp(2)"*5. The attaching map for the 10-cell of Sp(2) being stably
trivial by Theorem A, we have (X"\%)ap ~ (S5 U, D'9) v \/;L=1 S19 v \/?=1 S22,

Thus, to prove j o v2 # 0 it is thus sufficient to establish that 7 o v # 0, where
r is defined by the cofiber sequence

G182V (gl5_ T L gl5 U, D19
This previous sequence gives an exact sequence of homotopy groups
T
T21 (518)—>7T21 (515)—>7T21(Sl5 Uay Dlg) .

Since 2vov = 0, it follows that 7, is injective and so 7 o v? # 0. Consequently
Ajs # x and hence cat(Sp(3)) = wcat(Sp(3)) = 5. O

4. PROOF OF THE LEMMAS

Proof of Lemmal3. Since wecat(X1s) < 4 by Proposition 2] the map As : X5 —
X5 is trivial. Also, the inclusion X;5 < X induces the inclusion of the first sum-
mand S8 — S8y 821 after collapsing 14-skeleta. Thus we obtain the commutative
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diagrams:
X1g X X5 Xig—————> X5
| J | e | |
S18 | CEE— 18\ 621 — 3 xA5 S8 — 5 xS

(k,h)

We will show that there is a unique map S'® — X”® making the second diagram
commute and conclude that k = 0.

From the cofiber sequence X3 — S8 — ¥ X4 — ¥ X135, we see that it is
enough to show that every map ©X14 — X”\° can be extended to £Xi3. For
this, we consider the commutative diagram

EX14 515 X/\5

_
—~
//

EXIB N 515 Uy D19

in which the attaching map z is some multiple of 115 (we do not have to consider
the element a; because the entire situation is 2-localized). Since the homotopy
type of the 19-skeleton of X”% is given by

4
(X/\5)19 ~ (315 Usy Dlg) vV <\/ SlQ) ,
i=1
the extension will be possible if z is an even multiple of v. If x were an odd multiple
of v, then the operation Sq* : H'(S' U, D'8) — H™(S™ U, D'®) would be an
isomorphism. But a simple calculation in H*(Sp(3);Z/2) shows that this operation
is zero. (]

Proof of Lemmal[f. We apply Theorem 2.2 of [3] to the CW-structure of Sp(3)14
given by Proposition [2] to get a factorization of the 3-reduced diagonal of Sp(3)14
as

Sp(3)14 Sp(3)13¢

T

C/\S

|

Therefore the composite CmL)CM—>C’A3/(S3 A S3 A S3) is trivial. O

Proof of Lemmald. The cone length of the space X/A = (S1° U D U D'¥®)u D?!
is at most 2 since S'° U D U D'® is a suspension. Let ¢: §?° — S0y D"y
D'® denote the attaching map of the 21-cell. We deduce from Theorem A that
the composite of ¢ with the projection S1© U D U D'¥® — §14 U D'® is stably
trivial, therefore trivial. As a consequence, the map ¢ lifts to S'°. The suspension
homomorphism E: m19(S%) — m20(S1) is surjective [24, Theorem 7.3]. Therefore
X/A is a suspension and its 2-reduced diagonal is trivial.
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THE LUSTERNIK-SCHNIRELMANN CATEGORY OF Sp(3) 593
From the commutative diagram

X XANX

| J

X/A——— 4 (X/A) A (X/A)

we deduce the triviality of the composite map X225 A X—X/ANX/A.
Recall now from Theorem 2.2 of [3] that the 2-reduced diagonal of A can be
factored as A——3Cs——5% A S3—— A A A. We now consider a commutative
diagram
X—XAX

J |

X/A—— (X AX)/(S3 A S%)

in which the bottom map is the map induced by A — S A S? between the cofibers
of the inclusion A — X and S3 A S% < X A X. We now consider the following
commutative diagram:

ZQ ZQ/\l
X—XAX XANXNANX
X AX/A XAXAX/A

| l

X/ANXJA——— (X AX)/(SP A S%) A X/A

The second line is obtained by collapsing A in the last right factor. The third line
is the previous factorization on the first factor. From the first step of this proof,
we deduce the triviality of the composite map

ZQ Zg/\l

X XAX XAXAX——=(XAX)/(S2AS*))AX/A
which implies the triviality of

SH_LLONCAClo—L—C AC ACL/(S3AS3AClp).

Observe that Cyg is the 22-skeleton of the homotopy fiber of p. The existence of
the lifting now comes from the associated long exact sequence of homotopy. O

Proof of Lemmal@. We decompose the 3-reduced diagonal as follows:

Ay Aynl
X——XANX XAXANX

| l |

521 —>X/S3/\ (X/Xll) — s XAXA (X/Xll)

G2l — = 5 g7 A gl4 S3 A §3 A Sl4
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The second line is obtained by collapsing the last factor in X2, X3 by X1, and
using the fact that the two maps % — XA X, X135 — (X/S?)A(X/X11) are trivial.
The third line is a cellular approximation.

The cup product structure of Sp(3) shows that the map S?! — S7 A S is a
homotopy equivalence and the map S7 A S'* — S6 A S is evidently the 14-fold
suspension of the map S7 — S% induced by A,. This latter map was shown in [18]
to be 7. O

Remark. We may observe that the only obstruction to the non-triviality of the
5-reduced diagonal of Sp(3) is 2-local. To see this, recall from [3] that the 4-fold
reduced diagonal of Sp(3);s factors through a Hopf-Ganea invariant which lies in
the group m15(C10 ASp(3)14). The 19-skeleton of Cyg A Sp(3)14 is the total space of
a fibration over S'7V S'7 and whose fiber has S'3 as 19-skeleton. As a consequence,
the homotopy group m15(C1o A Sp(3)14) consists entirely of 2-torsion. Thus, if p
is an odd prime, then the p-localization of Sp(3);s has weak category < 3 which
implies that the p-localization of Sp(3) has weak category < 4.
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