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TIGHTLY CLOSED IDEALS OF SMALL TYPE

ADELA VRACIU

(Communicated by Bernd Ulrich)

Abstract. We study the smallest possible type of tightly closed ideals that
are cofinal with the powers of the maximal ideal; this numerical invariant yields
information about the tight closure of arbitrary ideals in the ring.

1. Introduction

Tight closure was introduced by Hochster and Huneke in [HH1], and it is an
operation defined on the ideals of R, where (R,m) is a Noetherian local ring of
characteristic p > 0. We will use q to denote a power of p, q = pe.

1.1. Definition. Let I be an ideal of R. An element x ∈ R is in the tight closure of
I, denoted I∗, if there exists a c ∈ R not in any minimal prime, such that cxq ∈ I [q]

for every q = pe � 0, where I [q] = (iq | i ∈ I).

Although the element c in the definition may a priori depend on I, there are
elements which can be used to test tight closure for all the ideals I (provided that
the ring satisfies certain mild conditions, such as reduced and essentially of finite
type over an excellent local ring); see [HH2]. In this paper we will always assume
that the ring under consideration admits test elements.

1.2. Definition. An element c ∈ R not in any minimal primes is a test element if
cx ∈ I for every ideal I and every x ∈ I∗. The ideal τ generated by all the test
elements is called the test ideal.

Due to the fact that the definition requires infinitely many tests, there are no
known algorithms for computing tight closure, except in very special cases. An
equivalent problem is finding all the tightly closed ideals in a ring R. In this paper,
we restrict attention to the case of m-primary ideals, and we search for m-primary
tightly closed ideals of the “smallest possible” type. We recall a few relevant facts
about the type of m-primary ideal.

1.3. Definition. Let I be an m-primary ideal. The type of I is the vector space
dimension of (I : m)/I over R/m.

1.4. Observation. 1. The m-primary irreducible ideals have type 1.
2. An m-primary ideal I has type k if and only if it can be written as an

irredundant intersection of k irreducible ideals.
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3. Any m-primary ideal of type ≥ k can be obtained as an intersection of ideals
of type k.

4. Any intersection of tightly closed ideals is tightly closed.

Thus, once we know the tightly closed ideals of smallest possible type, we can
get tightly closed ideals of larger type by taking intersections.

This approach raises the question of what the “smallest possible” type of tightly
closed ideals is; this “smallest” type will be denoted t(R) (see Definition 2.4). We
show that an upper bound for t(R) is provided by the number of generators of the
test ideal τ , which is denoted by ν(τ) (see Observation 2.6). We then ask what are
the implications of knowing t(R) in terms of obtaining information about the tight
closure of arbitrary ideals in R. Our main result is Theorem 3.1, which shows that
knowing that a certain ideal is tightly closed has implications concerning the tight
closure of all ideals that contain it. In light of this result, it becomes desirable to
impose the condition that the tightly closed ideals of “smallest” type are cofinal
with the powers of m, so that any m-primary ideal contains one such ideal.

2. Background and definitions

The results of this paper draw on and extend results coming from three different
directions:

1. the characterization of weakly F-regular rings as those rings in which there
exist irreducible tightly closed ideals cofinal with the powers of the maximal ideal
([HH1]),

2. results related to the existence and properties of strong test ideals ([Hu], [Vr]),
3. results about big ideals ([HHV]).
We recall the relevant definitions and results from [Hu] and [Vr]:

2.1. Definition. If R is a characteristic p Noetherian ring, an ideal T ⊂ R is called
a strong test ideal if it has the property that TI∗ = TI for every ideal I ⊂ R.

2.2. Theorem ([Hu]). If R has a strong test ideal T and k is the number of gen-
erators of T , then (I∗)k ⊆ I for every ideal I ⊂ R.

2.3. Theorem ([Vr]). Let (R,m) be a characteristic p complete local ring with test
ideal τ . Then for every ideal I ⊂ R, the ideal I : τ is tightly closed. In particular,
this implies that τ is a strong test ideal.

This result is also valid whenever the test ideal commutes with completion, e.g.
for Q-Gorenstein rings, and for graded rings.

The two numerical invariants introduced in this paper are the following:

2.4. Definition.

c(R) := inf{k | (I∗)k ⊆ I for every ideal I ⊆ R}
= inf{k | (I∗)k ⊆ I for every irreducible m primary ideal I}.

The second equality follows because every ideal I can be written as an intersec-
tion of m-primary irreducible ideals In, and if we assume that (I∗n)k ⊆ In for all n,
it follows that

(I∗)k =

(
(
⋂
n

In )∗
)k
⊆
(⋂

n

I∗n

)k
⊆
⋂
n

(I∗n) k ⊆
⋂
n

In = I.
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2.5. Definition.

t(R) := inf{k| there exists a sequence of tightly closed ideals of type

k that are cofinal with the powers of m}.
We refer to t(R) as “the smallest possible type of m−primary tightly closed ideals
that are cofinal with the powers of m”, and we show that there is a strong connection
between c(R) and t(R).

2.6. Observation. 1. Note that the ring R is weakly F-regular if and only if
c(R) = 1, and also if and only if t(R) = 1. Thus, c(R) and t(R) can be thought of
as a measure of the failure of the ring to be weakly F-regular.

2. If R is complete and n denotes the number of generators of the test ideal τ
of R, Theorems 2.2 and 2.3 above show that c(R) ≤ n, and also that t(R) ≤ n.
The results of this paper show that c(R) ≤ t(R). This result can be thought of as
a generalization of the characterization of weakly F-regular rings as those rings for
which there exist irreducible tightly closed ideals that are cofinal with the powers
of m.

A different direction, which inspired the results of this paper, is the notion of big
ideals introduced in [HHV]:

2.7. Definition. An ideal J ⊂ R is called big if for every ideal I ⊇ J , I is tightly
closed.

The following was proved in [HHV]:

2.8. Theorem. Let (R,m) be a Noetherian local ring of characteristic p > 0. Let a

be an m-primary irreducible ideal, let J be a tightly closed ideal with J ⊃ a and let
f1, . . . , fn be generators for (a : J)/a, so that we can write a : J = (a, f1, f2, . . . , fn).
Then the ideal (a, f1, f2, . . . , fn−1) : fn is big.

We propose the following extension:

2.9. Definition. An ideal J is called k-big for some positive integer k if for every
I ⊇ J , we have (I∗)k ⊆ I.

3. Main result

The following is the main result of this paper:

3.1. Theorem. Let (R,m) be a Noetherian local ring of characteristic p > 0. Let
a be an m-primary irreducible ideal, let J be a tightly closed ideal with J ⊃ a and
let f1, . . . , fn be generators for (a : J)/a, so that we have a : J = (a, f1, f2, . . . , fn).

Then for every 1 ≤ k ≤ n, the ideal (a, f1, . . . , fn−k) : (fn−k+1, . . . , fn) is k-big.

Proof. Assume by contradiction that (a, f1, . . . , fn−k) : (fn−k+1, . . . , fn) is not k-
big, and let I ⊇ (a, f1, . . . , fn−k) : (fn−k+1, . . . , fn) be an ideal for which there exist
x1, . . . , xk ∈ I∗, but x1 . . . xk /∈ I.

Claim: Under the above assumption, there exists an element d ∈ R such that
the following two conditions hold:

(a) I ⊆ J : d, and
(b) there exists an 1 ≤ i ≤ k such that xi /∈ J : d.
If (a) and (b) hold, we immediately get a contradiction, since xi ∈ I∗ implies

xi ∈ (J : d)∗ ⊆ J∗ : d, and thus dxi ∈ J∗ for all 1 ≤ i ≤ k; while on the other hand,
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(2) implies that dxi /∈ J for some i, contradicting the assumption that J is tightly
closed.

In order to prove the claim, it is enough to choose d such that:
(a′) d ∈ a : (f1, . . . , fn−k, Ifn−k+1, . . . , Ifn) and
(b′) d /∈ a : (x1fn−k+1, . . . , xkfn).
By Matlis duality, J = a : (f1, . . . , fn), so J : d = a : (df1, . . . , dfn). Thus the

choice of d as in (a′) insures that condition (a) in the claim holds, while the choice
of d as in (b′) implies that condition (b) in the claim holds. In order to justify that
such a choice of d is possible, we need to prove that

a : (x1fn−k+1, . . . , xkfn) 6⊇ a : (f1, . . . , fn−k, Ifn−k+1, . . . , Ifn).

By Matlis duality in the 0-dimensional Gorenstein ring R/a, this is equivalent to
proving that

(a, x1fn−k+1, . . . , xkfn) 6⊆ (a, f1, . . . , fn−k, Ifn−k+1, . . . , Ifn).

Assume by contradiction that

(1) (a, x1fn−k+1, . . . , xkfn) ⊆ (a, f1, . . . , fn−k, Ifn−k+1, . . . , Ifn).

Let R denote the ring R/(a, f1, . . . , fn−k), and use to denote the image of an
element of R in R. Equation (1) implies that for all i, j = n − k + 1, . . . , n, there
exist aij ∈ I such that for all i we have

xi−n+kfi =
n∑

j=n−k+1

aijfj.

Thus, the k × k matrix

A =


an−k+1,n−k+1 − x1 an−k+1,n−k+2 · · · an−k+1,n

an−k+2,n−k+1 an−k+2,n−k+2 − x2 · · · an−k+2,n

· · · · · · · · · · · ·
· · · · · · · · · · · ·

an,n−k+1 an,n−k+2 · · · ann − xk


annihilates the vector (fn−k+1, . . . , fn)T. Lifting back to R, this implies that
det(A) ∈ (a, f1, . . . , fn−k) : (fn−k+1, . . . , fn). Since det(A) is of the form x1 . . . xk+
elements in Ik, we get

x1 . . . xk ∈ ((a, f1, . . . , fn−k) : (fn−k+1, . . . , fn)) + Ik ⊆ I,

contradicting the choice of x1, . . . , xk. �

3.2. Corollary. Let (R,m) be a Noetherian local ring of characteristic p > 0. Then
c(R) ≤ t(R). If, moreover, the ring is complete, or, more generally, if the test ideal
commutes with completion, we have c(R) ≤ t(R) ≤ ν(τ).

Proof. Let t := t(R). In order to establish the first inequality, we need to show
that (I∗)t ⊆ I for every m-primary ideal I. According to the definition of t, we
can choose a tightly closed m-primary ideal J ⊆ I of type t and we can write
J = a : (f1, . . . , ft) with a ⊂ J an m-primary irreducible ideal. Choosing k = t in
Theorem 3.1 we see that J is t−big, and therefore the desired inclusion holds.

The second inequality has been established in 2.6. �
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4. Examples

We would like to investigate the question of whether the inequalities discussed
in this paper, namely c(R) ≤ t(R) ≤ ν(τ), are strict in general. There are certainly
examples in which c(R) < ν(τ); for example, in any ring that has test ideal equal
to m, we have c(R) = 2, while the number of generators of m is in general larger.

Next, we investigate an example in which the strict inequality t(R) < ν(τ) holds.
Watanabe shows in [Wa] that the rings of the form

R = k[t, xta, x−1tb, (x+ 1)−1tc] ⊂ k(x, t)

are F-rational but not F-pure (hence, not weakly F-regular) if a, b, c are positive
integers such that 1/a+1/b+1/c < 1, and k is an algebraically closed field of positive
characteristic. See also [HH3] for a more elementary approach in the particular case
a = b = c = 4; the following presentation of the ring R is also provided in [HH3]:

R =
k[t, u, v, w]

(t8 − uv, t4(v − w)− vw, u(v − w)− wt4)
.

The fact that the ring is F-rational implies that t(R) ≤ type(R) (the type of R
is equal to the type of the parameter ideals of R, which are tightly closed). In order
to compute the type of R, note that t, u + v + w form a system of parameters for
this ring, and using the presentation described above we have R/(t, u + v + w) ∼=
k[u, v]/(u2, uv, v2); this is a zero-dimensional ring with socle generated by u and v,
thus type(R) = 2. Since the ring is not F-regular, t(R) > 1. Thus we can conclude
that t(R) = 2.

On the other hand, we claim that the number of generators of the test ideal is at
least 3, thus proving the strict inequality t(R) < ν(τ). Note that the test ideal must
be m-primary, since R is a two-dimensional normal ring. We need to show that the
test ideal cannot be generated by a system of parameters. Assuming the contrary,
i.e., that τ = (a, b) with a, b a system of parameters for R, and using the results of
[Vr] and [Hu] (the results of [Vr] apply since R can be graded by assigning degrees 1,
4, 4, 4 respectively to the variables t, u, v, w), it follows that the ideals (a) : b = (a)
and (b) : a = (b) are big; thus, any ideal that contains either one of a or b must
be tightly closed. However, the computation in [HH3] shows that t7 ∈ (u, v, w)∗,
while t7 /∈ (u, v, w); thus the ideal I = (u, v, w) is not tightly closed. This implies
that neither one of a, b is in I. We can write a = γ1t

m + α and b = γ2t
n + β with

α, β ∈ I, γ1, γ2 units in k. Assuming m ≤ n, let b′ := b − γ−1
1 γ2at

n−m ∈ I and
note that (a, b) = (a, b′); therefore the ideal (b′) : a = (b′) must also be big, which
contradicts the fact that I is not tightly closed.
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