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ABSTRACT. We consider solutions u = u(z,t), in a neighbourhood of (z,t) =
(0,0), to a parabolic differential equation with variable coefficients depending
on space and time variables. We assume that the coefficients in the principal
part are Lipschitz continuous and that those in the lower order terms are
bounded. We prove that, if u(-,0) vanishes of infinite order at x = 0, then
u(-,0) = 0.

Consider, in the ball B = By (0,0) of R"*! the parabolic differential operator

(1) L(u) = u — Z AijUz ;s

i,j=1
here x € R”, t € R. Let us assume that {a;; (x,t)}?jzl
satisfying, for some A, 0 < A < 1, the uniform ellipticity condition

is a symmetric matrix

(2) AeP? < Z aij (z,t) &€& < A7HE?, for every (x,t) € B¢ € R™

ij=1
Let us also assume that the following Holder condition is satisfied for some «,
0 < a<1,and some M > 0:

3) D lagg (1) = ai; (y,9) | < M (Jz =yl + [t = s[) 7,
ij=1
for every (z,t),(y,s) € B.

Recently, it has been proven by Escauriaza and Fernandez ([3]) that if @ = 1,
then the following strong unique continuation property holds.

Property 1 (SUCP). For every u that satisfies the differential inequality
(4) |L(w)| < C(|Dxul +[ul) in B,
for some C > 0, if we have

(5) u(z,t)=0 ((|$|2 + |t|)§) fort <0 and for every k € N,
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then we have
(6) u(-,0)=0.

It seems that a natural refinement of the above result would be the following.
Property 2 (Spacelike-SUCP). For every u which satisfies the differential inequal-
ity (@) for some C > 0, if we have
(7) u(z,0) = O (|z|¥) for every k € N,
then we have (({@)).

Here we give a short proof of the fact that if & = 1, then also the Spacelike-SUCP
holds. It is worth mentioning that such property was proven by Fang-Hua Lin [6]

for solutions u of parabolic equations with time independent coefficients

n n
Ut — Z 7] (x)umxj - sz(x)uzL - c(x)u =0,
i,j=1 i=1
when the coefficients a;; satisfy (@) and [B) with v = 1 and the coefficients b;, ¢ are
bounded. Therefore, the main novelty here stands on the fact that coefficients are
allowed to depend on all space and time variables. More precisely, we prove.

Theorem 1. Let L be as in ) and let us assume @) and @)). If L satisfies the
SUCP, then it also satisfies the Spacelike-SUCP.

The proof will be based on the following result on the local behaviour of solutions
to parabolic equations which was obtained by the authors in [I], Theorem 1.1. In
the sequel, we shall say that a polynomial P (z,t) is p-homogeneous of degree m € N
if P (Az,A%t) = AP (z,t) for every A > 0, (z,t) € R"™'. We also set

n
(8) EO(U) = Z Qg (0; 0) Ug;zj,
i,j=1

(9) L()(’U,) = Ut — EQ (’LL)

Theorem 2. Let L be as in () and let us assume @) and B). For every u which
satisfies the differential inequality @) either one of the following two facts occurs:

(I) property (&) holds,
(II) there exist m € N and a nonzero p-homogeneous polynomial P,, (x,t) of
degree m such that

(10) w(z,t) = P (2,8) + 0 ((|x|2 n |t|)m/2>
and
(11) Lo(Py) = 0.

The above theorem is a generalization to parabolic equations of a well-known
result of Bers [2] on the local asymptotic behaviour of solutions of elliptic equations.
More recent developments along this line can be found in [5].

Proof of Theorem [1} Let u be a solution of (@) which satisfies (7)) and suppose that
(@) holds for some m € N and some p-homogeneous polynomial P, (z,t) of degree
m which satisfies ({I)). Therefore,

(12) Pp, (2,0) = o(|2™).
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and, by the homogeneity of degree m in the z-variables, P, (-,0) = 0. Therefore,

by (),

(13) DDy Py (0,0) = D7 Eg (P) (0,0) = 0

for every multi-index 8 and for every k € N, hence P,, = 0. Consequently, by

Theorem 2, case (I) holds and, by the SUCP, (@) follows. O
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