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ON THE TANGENT SPACES OF CHOW GROUPS
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ABSTRACT. In this paper, the Chow groups of projective hypersurfaces are
studied. We will prove that if the degree of the hypersurface is sufficiently
high, its Chow group is “small” in the sense that its formal tangent space
vanishes. Then, we will give an example in which the formal tangent space is
infinite dimensional.

1. INTRODUCTION

In [7], Griffiths and Harris conjectured that for a generic threefold of degree
d > 6, the Abel-Jacobi map from the cycles of codimension 2 homologous to zero
to the intermediate Jacobian is zero. Later Green proved that [3] for projective
hypersurfaces of dimension 2m + 1 and degree d > 2+ 4/m, the image of the Abel-
Jacobi map on codimension m+ 1 cycles homologous to zero lands on the torsion of
the intermediate Jacobian. The proof relied on the construction of the infinitesimal
invariant of normal functions. Then he showed that these infinitesimal invariants
vanish and proceeded with a monodromy argument.

In the case of cycles of other codimensions in a projective hypersurface, the
intermediate Jacobian is zero and so the Abel-Jacobi map is not the right thing to
look at. Instead, we look at the Beilinson filtration of their Chow groups, whose
graded pieces are given by the formula

Gr"CHP(X)g = Batfypm (1, B~ (X)(p)),

where MM is the conjectural category of mixed motive. For a projective hyper-
surface X of dimension n, the only interesting cohomology is H™(X). Therefore,
the only interesting graded piece of CHP(X)q is the (2p — n)!" piece. Only in
the special cases n = 2m + 1 and p = m + 1 we will have 2p — n = 1. Since the
first graded piece of Chow groups under the conjectural filtration is identified with
a subgroup of the intermediate Jacobian via the Abel-Jacobi map, the method of
Abel-Jacobi maps is applied only to this special case.

For other cases, similar results should rely on the infinitesimal invariants of other
graded pieces of Chow groups. The theory of the tangent spaces of Chow groups
was developed first by Stienstra and Bloch, and later elaborated by Griffiths and
Green [4]. Tt serves as the analogue for infinitesimal invariants for normal functions.
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In section 2 we will give a quick review of this theory, and then in section 3 we
prove

Theorem 1. For a generic hypersurface X of dimension n in P! with degree d,
if
then
TCH?(X)gp =0.
The tangent space of the rational pt" Chow group is zero.

Finally, in section 4, we will give an example of explicit computation involving
higher graded pieces of Chow groups.

This work was finished during the preparation of my Ph.D. thesis at UCLA.
I thank M. Green, my thesis advisor, who educated me about Hodge theory and
algebraic cycles from scratch. Special thanks go to P. Griffiths for some useful
discussions.

2. TANGENT SPACES OF CHOW GROUPS

Let X be a complex variety of dimension n. A family of algebraic cycles of
codimension p over a parameter space S is a codimension p algebraic cycle Z of
X x S. We want to have an infinitesimal invariant of such a family.

Let K% be the sheafification of the presheaf

U — K (0x(U)),
where KZI,‘/[ is the Milnor K-theory. There is a map of sheaves on X,

dlog : K% — Q’)’(/Q,

such that for any fi,..., fp € Ox(U),

dlog({fr, o fy}) = o T pp U

G NN
We also call the induced map in the p!* cohomology dlog. Replace X by the product
X x S and consider the following compositions:
CHP?(X x S)g
— HP(X x S,K% o)
T H(X % S, g0)

- HO(SaQS/C)®Hp_1(X79§;/(1@)7

where the first map is obtained from Bloch’s formula

CHP(X x S) = HP(X x S,K$7s),
and where IC%P is similarly defined with Milnor’s K-theory replaced by Quillen’s
K-theory. See [10] for details. Thanks to Van der Kallen’s theory for the formal

tangent space for the Milnor K functor, we can define H?(X, Q’)’(_/(l@) as the formal

tangent space of the Chow group CHP(X)g, usually denoted by TCHP? (X )q (see
[4] and [8]). Under these compositions the image of the rational equivalence class
of Z is an element of

H°(S,Qs/c) ® TCHP(X)q,

which is the infinitesimal invariant of the family.
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There is a natural filtration on the sheaves Qé’(_/a, given by
, -1 _ —1- -1
Filt™ Q% o = im(Qfe @ Qg " — U g)-
The spectral sequence for this filtration degenerates at the Es term [2]. Thus, it

induces a filtration on H? (Q’)’(_/}Q) whose graded pieces are

GrHP () = H™ 1 (Qg g @ HPT' 70774 (X), W),

where V is the arithmetic Gauss-Manin connection. It is related to the spread of
X and the geometric Gauss-Manin connection on it. We refer the reader to [4] for
details.

In [] it is conjectured that the above filtration of TCHP(X )q is consistent with
the conjectural filtration on Chow groups, i.e.,

TGr"CHP(X)g = H™ 1 (Q2 o © HP~'7*P~mHIHe (X)) V).

From the construction of the infinitesimal invariant, it is clear that if a family has
constant rational equivalence class, then its infinitesimal invariant is zero. However,
we have to warn the reader that the converse is not true. For a counterexample,
see [{]. Thus, the formal tangent space is not a tangent space in the usual sense.

3. TANGENT SPACES OF CHOW GROUPS OF A PROJECTIVE HYPERSURFACE

This section is devoted to the proof of Theorem [

For a projective hypersurface X in P"*! defined by an equation F € H°(O(d)),
its cohomologies are particularly simple. First of all, the restriction of the Kéahler
class is a flat class because it is algebraic [I]. So, the only possibly non-zero graded
piece of CHP(X)g is the (2p — n)*" piece, which is the cohomology at the middle

term of
Oy 2@ Hr Pl (X) — QT @ HY PP (X) — Q" @ H PP (X)),

With the residue representation [6], the dual of the above sequence is

Q?ﬁ@”*@R(n—p)d—n—Q _ Qé;l;@"—l*(@R(n—p-H)d—n—Q N Qé;t;@n—%«®R(n—p+2)d—n—27

where RF is the Jacobi ring of the hypersurface at degree k. Now we describe the
spread of X and relate the arithmetic Gauss-Manin connection to the geometric
Gauss-Manin of this spread.

Let X be defined over a field k = Q(au, ...,an)/{h1, ..., hnr) = Q(S), where a;
are transcendental numbers and h; are polynomial relations between them. S is
the subvariety of AV defined by the equations h;. Then F(«,z) can be written as
a polynomial in z; and «;. Therefore, it gives a hypersurface X in S x P® defined
by the equation F(s1,..., SN, 20, ..., 2n) = 0. The projection X — S (we may need
to restrict to a Zariski open subset of S and pass to an étale covering) is a family
of projective hypersurfaces over S in which X is the fiber at sg, say. Since ds; and
the da; satisfy the same relations, we have an imbedding

Q}Slso = Q(1C/(Q)7
de = dOéj.
By [2], the arithmetic Gauss-Manin connection equals the composition of ¢ and the
geometric Gauss-Manin connection at the point sg. The dual of ¢ is a map

Qg — TsyS — R

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



328 AVERY CHING

oo
spanned by all these polynomial classes as o runs through all complex numbers.

The sequence giving the tangent space of Chow groups becomes

If « € C, then % € Q(lc*/Q is mapped to 2£ € Re. Let W be the subspace of R¢

2p—n 2p—n—1
/\ W R(n—p)d—n—2 _ /\ W ® R(n—p+1)d—n—2
2p—n—2

- /\ W R(n—p+2)d—n—2’

where the differentials are the geometric Gauss-Manin on the spread, which is well
known to be polynomial multiplication. Therefore, this sequence is the standard
Kozul complex described in [5]. It is exact at the middle term if

m—p+1)d—n—-2>2p—n—1)+d+ codim(W)
A, ie.,
(n—p)d > 2p+ 1+ codim(W).

In the generic case in which all coefficients of F' are algebraically independent,
codim(W) = 0. We see that under the criterion

we have the vanishing of the cohomology
H2p—n—1 (Q(.C/Q ® Hp—l—o,n—p-i—l-l—o (X), v)

Thus, Theorem [ is proved. Note that we can also apply residue representation to
cohomologies of complete intersections, and there is a similar criterion for the van-
ishing of the corresponding Kozul complex [9]. Going through the same procedure
as above yields

Theorem 2. If X is a general complete intersection of dimension n in Pt of
multi-degree (dy, ...,d,), and if

(n —p)ymin;{d;} > 2p+r,
then TCHP(X)g = 0.

4. QUINTIC FOURFOLDS

In the case when X is a quintic fourfold in P°, defined by F, the result in
the previous section shows that TCH3(X)q does not necessarily vanish. In this
section, we give the infinitesimal invariant of a family of cycles on X. The family X
we consider is the two parameters family of lines on X. The difference between a
line L and a fixed one Lg is homologous to zero. Since H®(X) = 0, the first graded
piece of CH?3(X)g is also zero. So, the infinitesimal invariant of the family is a
class in

T*Y @ H'(Q%)q @ H> "7 (X), V).

Suppose that X is defined over Q for simplicity. Then the arithmetic Gauss-Manin
connection is zero and the above space simplifies to

T*Y © Qg @ HY(X).
To specify the infinitesimal invariant is to give a tri-linear map

TS © Ot ® H*'(X) - C
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given by cup product and contraction, just like the ordinary derivative of period
maps. Now, by general deformation theory

Ty = HO(NL/X)a
and there is a natural map

Ogjo — H(Np/x)

constructed as follows. Let o € C, and L is defined by the linear equations I; €
H%(Ops(1)), j € {0, ..., 3}. Then we can write F as

F=>Y G
J
for some G; € H%(Ops(4)). Differentiating with respect to a yields
0G; 0l;
0= il o G =L,
— Ja N Z 7 da
J J
Therefore,
0l;
> Gigale=0
J
The four linear forms (% ILy . % | ) can be considered as an element in H° (N, /ps)
which lies in the kernel of
H°(Npps) — H°(Nx/es|r)-
From the exact sequence

0— Np/x — Npps — Nxps|z — 0,

we see that it comes from a unique element in Ny, x. It is routine to verify that
this element in N, ,x does not depend on the choice of I; and thus gives a well
defined map

Q(lc*/Q — HO(NL/X).

Since X is defined over Q, the spread of the family is the spread of L. The tangent
space of this spread is isomorphically mapped to H°(Ny, /x) via the above map.
So, the infinitesimal invariant is given by

T*E® Qe © HYH(X)
— /\ZHO(NL/X)®H3’1(X)
— C,

where the last map is given by cup product and contraction. We apply the residue
representation to identify H31(X) with H°(Ops(4)). There is a simple description
of the residue in this simple case. Let e € H'(Tx(—5)) be the extension class of

0— N;(/P{, — Qﬂlms — Qﬁ( — 0.
By the adjunction formula Ny /ps = O(5), the exact sequence
0 — Q% — Qs|x(5) = Qx(5) — 0
has an extension class also given by e, i.e., the connecting homomorphism

H°(O(4)) — H°(Kx(5)) — H'(2X),
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which is the residue representation of H*1(X), is given by multiplication with e.
Now, consider the exact sequence

0— Np/x(=1) = Npps(—1) — Nx/ps|(—1) — 0.
The connecting homomorphism
H°(Op(4)) = H'(Np,x(-1))
factors through
H°(Op(4)) — H'(Tx|r(~1)) — H' (N1 /x(=1)),

where the first map is to multiply with e and then contract, and the second map is
the natural projection. But in H*(Tf(—1)) = 0, the second map is an isomorphism.
Therefore, the residue representation can be realized as

H°(Op(4)) = H'(Np x(-1)).
Thus our infinitesimal invariant is the compositions
HO(Np x) © Qthg @ HYH(X)
— H°(Np,x)®HY(Ny/x)® H°(O(4))
2 170 1 _
- A H3(NL/X) ®@ H'(Np/x(—1))
—  HY(A Np/x(—1)).

Finally, we note that Nz, x = O(—1) ® O © O. Therefore,

3
/\NL/X(—l) =0(-2) =KL

and

3
HY(\ N/x(-1)) = H' (K1) = C.
Summarizing everything in this section, we have

Theorem 3. For a quintic fourfold X defined over Q, let ¥ be the two-dimensional
parameter space of lines on X. Then, the family has an infinitesimal invariant

TS — Qg0 @ H(X)

induced by

TS © QLo © HY(X)

H°(Np/x)® HY(Ny,x) ® H(O(4))
N? HO(Np)x) ® HY(Np x(-1))
HY(A\’ Npjx(-1))

H' (K1)

C.

U A

This map is nonzero whenever Q}C*}Q — HO(H|, /x ) is nonzero, which happens in
the generic case. So, we have

Corollary 1. Two general lines on a general quintic fourfold defined over Q are
not rationally equivalent.
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