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ABSTRACT. We obtain sufficient conditions for the existence of almost peri-
odic solutions of almost periodic linear differential equations thereby extending
Favard’s classical theorem. These results are meant to complement previous
results of the authors who have shown by means of a counterexample that
the boundedness of all solutions is not, by itself, sufficient to guarantee the
existence of an almost periodic solution to a linear almost periodic differential
equation.

1. INTRODUCTION

This paper is motivated by a previous paper [7] in which the authors show
that there exists a second order real linear differential equation on the line with
almost periodic coefficients for which every solution is bounded but no nontrivial
solution is almost periodic (in the classical sense of H. Bohr). This surprising
phenomenon shows that boundedness, by itself, is not sufficient to guarantee the
existence of almost periodic solutions of even the simplest linear equations. This
is in sharp contrast with the periodic case in which Floquet’s theory applies and
gives the existence of almost periodic solutions in the case of bounded solutions.
The authors’ task of finding sufficient conditions for the existence of almost periodic
solutions of linear systems of ordinary differential equations was undertaken by Jean
Favard [4], a central figure in the theory of almost periodic differential equations
whose work also inspired S. Bochner [I] in his extensions of the theory of almost
periodic functions to Banach space. See [1|, [5l, [L0] for further details. In order to
guarantee the existence of at least one (always assumed nontrivial in the sequel)
almost periodic solution for the system

(1) o' = At)z + (1),

denoted by (E4,¢), Favard [4] established the following condition. If any nontrivial
solution z(t) of the system

(2) ¥ = B(t)x
satisfies

inf
(3) inf |2(t)] > 0,
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for every B(t) belonging to the uniform hull of the almost periodic matrix A(t),
where f is also almost periodic and (Il has a bounded solution, then there exists
at least one solution of (I) which is almost periodic. There are results in various
directions in the literature which imply Favard’s Theorem (see [1l, 5l 8 [10] and
the references cited therein) but none of these results relax condition (3]). A conse-
quence of the results in this paper consists of the relaxation of condition (3) thereby
producing an extension of Favard’s Theorem under an assumption weaker than (3).
R. A. Johnson [9] constructed an example that shows that if condition (3) does not
hold, there does not exist any almost periodic solution of the system (1), but there
may exist an almost automorphic solution. W. Shen and Y. Yi [10] established a
general result on the existence of almost automorphic solutions for general linear
systems. H. Ishii [§] and A. Haraux [6] considered nonlinear contractive almost
periodic processes on a Banach space and, under some assumptions, they both es-
tablished the existence of almost periodic solutions in different ways. In particular,
Ishii [R] mentioned that when A(¢) is a skew symmetric n X n matrix for all ¢t € R,
the corresponding result can imply Favard’s Theorem. We will start within the
framework of simple linear almost periodic differential equations because our main
point is that we can weaken condition (3) by requiring instead that

1 t+1
(4) inf (E /t_l |x(s)|ds> >0

where [ > 0 is some real number. On the other hand, for the first order equation,
if we assume some uniformity, the weaker condition

1 [t
inf [ liminf—
(5) inf | liminf /t_l |z(s)|ds | >0

also guarantees the existence of an almost periodic solution of the corresponding
differential equation. Our results can be extended to general almost periodic pro-
cesses and these will appear in another paper.

2. EXISTENCE OF AN ALMOST PERIODIC SOLUTION

Throughout this paper, R™ denotes an n-dimensional Euclidean space with the
norm | e | and C'(R, R") denotes the continuous function space with the topology
of uniform convergence. Following Bochner’s definition [2] for an almost periodic
function, we define the almost periodicity of a function as follows: A function
f € C(R,R"™) is called (Bohr) almost periodic or, simply, almost periodic, if
for any sequence {0,} of R there exists a subsequence {o/,} C {0,} such that the
sequence {f(t+al,)} converges to some function g € C(R, R™) uniformly for ¢t € R.
If f,g € C(R, R™) and there exists a sequence {a,} C R such that, for each t € R,

(6) Jim f(t+an) = g(t),

then we write this as Ty, f = g. If the limit (B) holds uniformly for all ¢ € R, we
write UT,,, f = g. We use H(f) to denote the uniform hull of f, i.e.,

(7)  H(f) ={g € C(R, R™)| there exists a sequence «,, such that UT,, f = g}.

More generally, we say that the pair (B, g) € H (A, f) if there exists a sequence a,
such that UT,,,A = B and UT,, f = g. For convenience, we label the equations
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' = A(t)x + f(t) and 2’ = A(t)z by (Ea,r) and (E4), respectively. The following
preliminary results will be used in the sequel and are included for completeness.

Lemma 2.1 (S. Bochner [2]). Let f € C(R,R"). Then f is almost periodic on R
if and only if for any pair of sequences {an}, {Bn} C R, there exist two common

subsequences {cy,} C {an}, {0} C{Bn} such that Tos 1p: [, Tor |, Tar (T f) all
exist and Tor 1 f = Tor (T f).

Lemma 2.2 (A. M. Fink [B]). Let f, g € C(R, R™). If f is almost periodic on R
and g € H(f), then g is almost periodic on R.

Lemma 2.3 (A. M. Fink [3]). Let x(t) be a bounded solution of (E4 r). Then,
for any (B, g) € H(A, f), there is a sequence {a,} C R and a solution y(t) of the
equation (Ep g4) such that lim, o 2(t + o) = y(t) pointwise in t € R.

Now for any z(t) € C(R,R™) and | > 0, we define

1 [t
Li(z) = sup —/ |z(s)|*ds
ter \ 2l /iy

Lemma 2.4. If u,v € C(R, R™) and there ezists a sequence {an} C R such that
u(t + ay) converges to v(t) for any t € R, then for any 1> 0, Li(v) < Li(u).

2

Proof. For any | > 0,t € R, u(t + ay,) converges to v(t) uniformly on [t — ;¢ +1].
Therefore,

1 t+1 2
lim | = / lu(s + an) —v(s)?ds | =0.
n—oo 21 -1

Using Minkowskii’s inequality, we have

1 t+1 ) 2
<§;/fl|v@ntk>
1 [t 2 1 [t 3
<|= / lu(s + an)|?ds | + | = / lu(s + an) — v(s)|*ds
2l Ji 2l Ji
1 [t 3 1 [t 3
<sup| = / lu(s)|?ds | + | = / lu(s 4+ o) — v(s)|?ds | .
ter \ 2L Ji 2l Jy

Letting n — oo, we have

2

1 t+1 1 t+1
5 [ wePds) <sw (o [t ) = L),
20 )iy ter \ 21 Ji—y

and thus L;(v) < L;(u). This completes the proof of the lemma.

N

We assume that for any (B,g9) € H (A, f) and (t,2) € R x R"™, the equa-
tion (Ep,4) has a continuous solution through (¢,z) on R, and that there exists a
(to,x0) € R x R™ such that the solution x(¢,to, xo), denoted by z((t), of the equa-
tion (E4,f) is bounded on R™. From these assumptions, Lemma and Lemma
23, for any (B,g) € H (A, f) there exists a sequence {a,} and a solution y(t) of
the equation (Ep 4) such that UT,, A= B,UT,, f=gand T,,x0 =y fortec R.
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Now, by way of notation, we define K = clco{(t, to zo)|t € R} where clco{- -}
denotes the convex closure of the set {---}, and
Fi,g = {y(t)| y(t) satisfies (E 4), and y(t) € K, forallt € R}.
By Lemma 23] for any (B,g) € H (A, f), F B,g is not empty.

Lemma 2.5. For any (B,g) € H (A, f) and any | > 0, there exists yo € F B4
such that

Ll(yo) = inf Ll(u) =\

u€EFpB,g

Proof. From Lemma P2 and Lemma 23] F p, is sequentially compact in the
topology of pointwise convergence. Therefore, F p 4 is closed under the topology
of uniform convergence on compact subsets. We define

1 [t ,
Ap = inf su —/ u(s)|“ds
uE]:B,g ‘tlSIZT)’L 2l t—1 | ( )|

Then, A, < A, and lim, o A, = A. Take u,, € F p 4 such that

1 t+1 9 % 1
sup | = un(8)|“ds <\, + —.
s i [ o) -

Therefore, there exists a yo € Fp 4 such that u,(t) converges to yo(t) uniformly on
any compact subset of R, i.e., |u,(t) — yo(t)| — 0 uniformly on any compact subset
of R. Now, for fixed t € R, there is a positive integer n > 0 such that |t| < n. An
application of Minkowskii’s inequality gives

1 t+1 2
(5w
1
< —
< (3

t+1 3
® < (% | |yo<s>—un<s>|2ds> TSV

Letting n — 400, we see that the left-hand side of () is bounded above by A,
independently of ¢t € R, so that

=

I3
=
S
—~
5y
SN~—
|
e
3
&
—
jsW
5y
~_—
W=
+
VR
2]
—~
~ %
=
3
@
—
QL
@
~__—
(NI

1 [t P
sup | = / lyo(s)?ds | <\
ter \ 20 Jiy

Since yo € F B,g, from the definition of A we have that L;(yo) = A. This completes
the proof of the lemma.

Lemma 2.6. For any (B,g), (D,h) € H (4, f) and any I > 0, we have

inf L = inf L .
L Litw)= il Li(u)
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Proof. From Lemma 2.5, we can take ypy € F By and yp,, € F p, such
that Ll(yB,g) = infw’:‘fs,g Ll(u) and Ll(yD,h) = infue]:DJL Ll(u) We show that
Li(ys,g) = Li(yp,n). In fact, since (B,g),(D,h) € H (A, f), we have (D,h) €
H (B,g). From Lemma [23] there is a sequence {a,,} and a solution yp p(t) of the
equation (Ep ;) such that yp n(t) € Fpr and yp,¢(t + n) converges to yp u(t)
pointwise in R. By Lemma B4, for any I > 0, Li(yp,n) < Li(ys,y) and thus
Li(yp,n) < Li(yp,g). Similarly, we have Li(yp 4) < Li(yp,n). This completes the
proof of the lemma.

Lemma 2.7. Let (B,g) € H(
nontrivial solution y(t) of (Eg)

t+1
(9) in (% /t_l |y<s>|ds>> >0,

then there exists a unique solution yp 4(t) of the equation (Ep 4) such that

(10) Li(yp,g) = uelfflfBg Li(u).

A, f) and let I > 0 be some real number. If any
satisfies

Proof. Lemma implies the existence of yp 4. Now we show the uniqueness of
YB,g- Assuming the contrary, suppose that there exist two distinct trajectories
yB,g and zp, 4 of the equation (Ep ) satisfying (I0). Let w = 3(yp,4 + 25,4) and
v = 3(yp,y — 2B,9)- Then, we have that w is a solution of the equation (Ep ),
w € Fp,g, and that v is a solution of the equation (Eg) and v(t) # 0 for all t € R.

We define
1 [tH
=1 f —

and \ by the inf in Lemma B

Since v is a nontrivial solution of (Eg), we must have § > 0 by hypothesis ([@).
Furthermore, Cauchy’s inequality gives

1 [t , 3 1 [t
inf | — > inf | =
1 [t , 3
: 1 S .
tlng% 57 /til [v(s)|*ds | >6>0

1 t+1 ) 1 t+1 )

g/t_l [w(s)|"ds | + ﬂ/t_l v(s)[*ds

1 [t ) 1 .
— <2_l /t_l §|yB,g(S)| ds + Z_Z/t_l §|ZB,g(5)| ds

1 t+l 1 0 1 t+l 1

a1 o d J— _ 2d
fgg (21 /til 2|y15<’,g(8)| S +§1€111;> 5 /til 2|,zB,g(s)| s,

and so

Next,

IN
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422 ZUOSHENG HU AND ANGELO B. MINGARELLI

from which we obtain

3 | te)Pds < 51 p) + 5L eng) — int (57 [ (oPas ).

Since Li(yp,g) = Li(zB,g) = A, we have the following inequalities:

2 1 2 1 2 : 1 o 2
Liw) < §LHmo)+5LHGr,) —jnf (5 [ o)Pds
t7

1 1
S LT N
- 2 + 2
< A\
This contradicts the definition of A thereby completing the proof of the lemma.

Theorem 1. Let A(t), f(t) be almost periodic on R. Suppose that there is some
I > 0 such that for every (B,g) € H (4, f), any nontrivial solution y(t) of the
equation (Eg) satisfies @). If there exists a (tp,x0) € R x R™ such that K =
{z(t,t0, x0)|t € R} is bounded in R™, then for any (B,g) € H (A, f), there exists a
solution of the equation (Ep,4) which is almost periodic on R.

Proof. From Lemmas and 27, for any (B, g) € H (4, f), there exists a unique
solution yp 4(t) of the equation (Ep 4) such that yp,4(t) € K for all t € R and

Li(yp.,g) = uelng Li(u).

Now we show that yp 4(¢) is almost periodic. From Bochner’s theorem (Lemma
2)) we have that for any pair of sequences {ay,},{3,} C R, there exist common
subsequences {a),} of {a,, } and {G],} of {3, } such that B(t+«],) converges to some
D € H (A) and ¢(t + af,) converges to some h € H(f), and B(t + !, + 3},) and
D(t+f),) converge to some E € H (A) and g(t+ o, + 0,,) and h(t+ 3],) converge
to some e(t) € H(f). By Lemma[23] there exist a solution yp 5 (¢) of the equation
(Ep,n), two solutions yg (t) and zg(t) of the equation (Eg.) such that ypp €
FD.hs YE,e, 2E,e € F B,e and such that yp 4(t+a),) converges to yp n(t), yp,n(t+035,)
converges to yg,(t), and yp 4(t + o), + 3,) converges to zg (t), respectively. From
Lemma 24 we have

Li(ypn) < Li(ys.g), Li(yp.e) < Lilypn), and Li(zp.e) < Li(ys.g)-
Lemmas and .7 together imply that

yE,e(t) = ZE,e(t)v

for all t € R. By Lemma[2] we have that yp 4(¢) is almost periodic on R. This
completes the proof of Theorem [II

3. A SPECIAL CASE

In this section, we discuss the simplest equation, the first order differential equa-
tion
o' =a(t)z + f(1),
where a(t) and f(¢) are scalar functions defined on R. We denote this equation by
(Eq,r). We always assume that a(t) and f(¢) are almost periodic on R. First, using
Theorem [0 we can specify the condition on a(t) that will guarantee the existence
of an almost periodic solution.
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Theorem 2. Assume that the equation (E, ) has a bounded solution. If there is
an 1 > 0 such that for any b(t) € H(a) we have that

t+l
inf — elo bwdugg 5
ter 21 J,_, ’

then (Ep,g) has an almost periodic solution.

At the same time, if we assume some uniformity in the function a(t), we can
extend Favard’s theorem under slightly weaker conditions than those presented in
the previous section. To this end, we define

1t
L(u) =sup | lim —/ lu(s)|*ds
teR \ l—o0 21 t—1

and establish an integral condition on the function a(t) and f(t).

1
2

Integral Condition. We say that a and f satisfy the Integral Condition if the
following two conditions hold:

(1) For any b € H(a), there is a real number M > 0 such that, for all ¢t € R,

1 [t
lim | — e2Jo dNdxgs | < M
l— oo 2Z t—1 -

(2) Let (b,g) € H(a, f) and (d,h) € H(b,g). Let u(t) and v(t) be solutions
of (Epg) and (Eg,p), respectively. If u(t) is bounded on R and, for some
{an} C R, u(t + ay) — v(t) pointwise for t € R as n — oo, then, for any
t €R,

[N

1 [t
lim | lim | = / lu(s + o) — v(s)|?ds =0.
n—oo l— oo 2l t—1

Lemma 3.1. Let a and f satisfy the Integral Condition, (b,g) € H(a, f) and
{n(t)} € Fuq4. Then there is a subsequence, denoted by {vn(t)} again, and a
solution v(t) of (Es,g) such that v(t) € Fp 4 and, for any t € R,

1
2

1 [t
lim | lim —/ [un(s) — v(s)|*ds =0.
n—oo l—o0 2l t—1

Proof. Since Fy 4 is sequentially compact, there is a function v(t) and a subsequence
of {vn(t)}, denoted by {v,(t)} again, such that v(t) € Fpy and v,(t) — v(t)
pointwise as n — oco. Now,

Un(s) = v(s) = el " (0, (0) — v(0)).
So, by (1) of the Integral Condition,

-

t+1
lim | lim (2% / |vn(s) — v(3)|2d8> =0 for any ¢t € R.

)

n—oo | l—oo t—1
Lemma 3.2. Let a, f satisfy the Integral Condition, (b,g) € H(a, f). If u(t) is a

bounded solution of (Eq.r), then there exists a bounded solution v(t) of (Epq) such
that L(v) < L(u).
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Proof. By Lemma [23] there exists a bounded solution v(t) of (Es 4) and a sequence
{a,} such that a(t + o) — b(t), f(t+ an) — ¢(t) uniformly for t € R as n — oo
and u(t + a,) — v(t) pointwise for ¢t € R as n — oo. From the Integral Condition,
we have that for any t € R,

t+1 2
(11) lim (Hi/t lu(s + an) — v(s)|2ds> =0.

n—oo \ l—oo2l —1

Using Minkowskii’s inequality and suppressing some variables for ease of expo-
sition, we have

t+1 % t+1
(% /| |v<s>|2> < (% | |u<s+an>|2>
t+1 2
+<% /. |u<s+an>—v<s>|2> ,

[N

(12)

from which

IA
N
=
g B
|
e\ﬁ
= t
=
@
_l_
o)
2
o
N——

W=
_l_
~
=
g8
R =
r\ﬁ
i
=
@
_|_
o)
2
|
S
=
s
N———
[Nl

1 [t 3 1t 3
< sup | lim — / lu(s)|> | + | Tim — / lu(s 4+ an) —v(s))? | .
ter \l=o02l J,_; =002l J;

1 [t B 1t 3
(13) lim —/ lu(s)* | <sup | lim — / lu(s)|* | = L(u),
l—o0 21 t—1 teR \ 1= 2 t—1

and thus L(v) < L(u). This completes the proof of the lemma.

Lemma 3.3. Let a, f satisfy the Integral Condition. For any (b,g) € H(a, f), there
exists ug € Fp g such that L(ug) = infuer, , L(u).

Proof. Since F 4 4 is sequentially compact in the topology of pointwise convergence,
F 4,4 is closed under the topology of uniform convergence on compact subsets. We
define A, as usual, by

A= inf L
o L(u)

and

1 [t 2
Ap = inf sup limsup—/ u(s)|*ds
o= i | s (limsup gy |u(s)|

Then, A, < X and lim, o A, = A. Take u,, € F 4 4 such that

1

1 t+1 ) 2 1
sup | lim —/ un(8)|“ds <\, + —.
lt|<n 1—o00 2l t—1 | ( )| n
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From Lemma[3.], there exists a ug € F 4,4 such that, for any ¢ € R,

1 [tH 2
lim | lim [ = / |t (5) — uo(s)|*ds =0.
n—oo l—oo 2l t—1

Now, for fixed t € R, there is a positive integer n > 0 such that |¢| < n. Minkowskii’s
inequality implies

t+1
<21l /. |uo<s>|2ds>

1
2

1 [t 3 1 [ B
< 111110102—1 /FZ luo(s) — un(s)|?ds | + lli>n<>102_l /til |y, (s)[2ds
1t : t+ 2
< lim — / luo(s) — un(s)|?ds | + sup [ lim — / |, (8)|*ds
l—o0 2l t—1 [t|<n 10021 t—I
t+1 % 1
(14) < lim — / luo(s) — un(s)|?ds |+ An + —.
—o0 2l t—1 n
Therefore,

A~
=E
ry=
|
1%
=
[}
=
o
Y
»
N———
[N
N
—
=E
ry=
|
1%
=
[}
=
|
S
3
=
o
Y
»
N——
(S
_|_
>~
3
_|_
| =

1 t+1
ZEI&Z_Z /til luo(s)?ds | < A,

1 t+1
sup | lim —/ luo(s)|?ds | < A
teR \l—o0 21 t—1

From the definition of A and since ug € F 4, we have that L(ug) = A. This
completes the proof of the lemma.

so that

Lemma 3.4. Let a, f satisfy the Integral Condition. For any (b,g), (d,h) € H
(a, f), we have
W= B )

Proof. From Lemma [33] we can take y,, € F 14 and yqn € F g5 such that
L(ys,g) = infyer, , L(u) and L(yan) = infuer,, L(u). We show that L(ys4) =
L(yq,p). In fact, since (b,g),(d,h) € H (a, f), we have (d,h) € H (b,g). From
Lemma there is a sequence {a,} and a solution yg (t)of the equation (Eq p)
such that yqn(t) € Fan and yp4(t + o) converges to yq n(t) pointwise in R. By
Lemma B2, L(Ya,n) < L(yb,) and thus L(yan) < L(ysg). Similarly, we have
L(yb.g) < L(ya,n)- This completes the proof of the lemma.

Using the above three lemmas and an argument similar to that in Lemma 2.7]
we can prove this final lemma.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Lemma 3.5. Let a, f satisfy the Integral Condition. If (b,g) € H(a, f) are such
that for any to € R,

1 t+l to+s
(15) inf <liminfa / el b<">d’7ds> >0,
t

teER l—o0 _1

then there exists a unique solution vy 4 of (Epg) such that L(vy,g) = infuer, , L(u).

For this special case, we can now formulate the following theorem in which
Favard’s condition is replaced by the weaker condition (IH), where ty € R is arbi-
trary but fixed.

Theorem 3. Let a, f satisfy the Integral Condition. Suppose that for any b € H(a),
(@3) holds. If (Eq ) has a bounded solution, then for any (b,g) € H(a, f), (Esg)
has an almost periodic solution on R.

The proof of this theorem is similar to that of Theorem [l so we omit it.

4. EXAMPLE

Next, we construct a simple example in which Favard’s condition (3] does not
hold, but the key condition of Theorem Bl holds and the system has an almost
periodic solution. Consider the first order linear differential equation (E, ¢), where
a(t), f(t) : R — R are almost periodic functions. Let x(¢,7,x0) be the solution
through (7, z¢) of (E, f) for any 7,29 € R. For any b(t) € H (a) and g(t) € H (f),
there exists a solution y(t, T, yo) of the equation (Ep 4) through (7, yo). We assume
that the function a(t) satisfies the following three conditions:

(i) a(t) is almost periodic on R,
(ii) fg a(s)ds < 0 for all t € R, and
(iii) there is a sequence {t,} such that lim, . [," a(s)ds = —ooc.

Consider the special differential equation (Eq, _q)
¥ =a(t)(z—1).

Obviously, this equation has an almost periodic solution z(t) = 1, but the unper-
turbed equation, ' = a(t)z, does not satisfy Favard’s condition (@)). However, we
will show that this system satisfies the key condition of Theorem [J] for a special
function a(t). In order for the key condition of Theorem B to hold, we construct
a(t) as follows:

—osr2t, te[0,32 -2
gQ(t): _22%27 t=3,
linear, te[32-2132 -2 +1]U[32-1,37,
— g X 2t, t€[0,3" —2"71],
gn(t) =3 —5i>, te[3n —2n-l 41,37 — 1],
linear, te[3n —2n-l 3n —on-l 11U 3" —1,3".
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Extend g, (t) to be odd and periodic with period 2 x 3". Then g, (t) satisfies the
following conditions:

¢
/ gn(s)ds <0, for all t € R;
(1) "

t
n 1
t)| = ; ds > ——
f‘elgwn( )| on—2’ /0 gn(s) sz n’

forallt ¢ [k-2-3" =271 k.2.3" 4+ 2771k =0,41,+2,..., and

/ gn(s)ds < 1,
0

for each n € Z*. Letting an(t) = Lgn(t), we see that a,(t) is a periodic function
for each n, |a, (t)| < (n2"~2?)~!, and setting a(t) = > o~ an(t), it follows that a(t)
is almost periodic on R. According to the definition of a,(t) and a(t), we have that

Alt) = /Ota(s)ds - ni/ot an(s)ds < 0.

We let
(o] oo
J=R\|J | B"+k-2-3" 2" 3" +k-2.3" 42",

n=2k=—o0

Then, it is easy to show that for any [ > 0, the length of J N [—I,1] > I. Therefore,
for any ¢t € R, we can take [ > 0 such that the length of [t —,¢t +{]NJ > . Thus,

1 t+1 ) 1 A 1 s
—/ A ds > —/ eA)ds > e
20 Jio 20 J 1p—,640 2

where § = Y > n~2. Therefore, for any nontrivial solution z(t) = z¢e*® of (E,),
we have that

1 t+1 |£E0| 5
(17) inf 1iminf—/ |z(s)|ds | > —=e"° > 0.
20 J, 2

teER l—oo _1

It is easy to show that for any b € H (a) the solution y(¢) of (Ep) also satisfies an
inequality similar to (7).

Since a is almost periodic and fot a(s)ds < 0, its mean value m {a} < 0. Thus,
for ¢ty € R, by the uniformity of this mean value, ¢f. [3], we obtain

1 to+t
lim — a(s)ds <0.

t—oo t to

So, for any b € H (a), we can show that fot b(s)ds < 0 and, therefore, for all t € R,

1 t+1 )
lim | — e2Jo bV g ) < 1,
l— oo 21 t—1 -

Now, let u(t) and v(¢) be bounded solutions of (Eq —g), and (Ep,—p), respectively
and let {a,} C R such that a(t + a;,) — b(t) uniformly and u(t + o) — v(t)
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pointwise on R as n — oo. Then

ttan antt s
u(t +an) —o(t) = Jatem a(s)ds (u(an) +/ ol “(’\)d’\a(s)ds>
[e3

n

t
—elo b(s)ds <v(0) +/ e o “(’\)d’\a(s)ds>
0

_ efot a(eran)ds(u(an) + 1) _ efot b(s)ds (’U(O) + 1)

Hence, we can prove that, for any ¢t € R,

N

1 t+1
lim | lim — / lu(s + an) — v(s)|*ds | =0.
t

n—oo \ l—oo2l 1
Thus the pair a, —a satisfies the Integral Condition.
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