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INTEGRATION BY PARTS ON THE BROWNIAN MEANDER

STEFANO BONACCORSI AND LORENZO ZAMBOTTI

(Communicated by Claudia M. Neuhauser)

Abstract. We prove infinite-dimensional integration by parts formulae for
the laws of the Brownian Meander, of the Bessel Bridge of dimension 3 between
z, z′ ≥ 0 and of the Brownian Motion on the set of all paths taking values
greater than or equal to a nonpositive constant. We give applications to SPDEs
with reflection.

1. Introduction and main result

Let (B(t))t∈[0,1], (M(t))t∈[0,1] and (bz
′

z (t))t∈[0,1] be, respectively, a Brownian mo-
tion, a Brownian Meander and a Bessel Bridge of dimension 3 between z and z′ ≥ 0
over the time interval [0, 1]; see [6]. All the processes here are defined on a complete
probability space (Ω,F ,P).

The aim of this paper is to prove the infinite-dimensional integration by parts for-
mulae (1.2)–(1.4) below for the laws of (M(t))t∈[0,1], (bz

′

z (t))t∈[0,1] and (B(t))t∈[0,1]

on the convex set of paths Kα := {x : [0, 1] 7→ [−α,∞) continuous}, α ≥ 0. In
the last section, we also give applications of (1.2)–(1.4) to SPDEs with reflection.
In the spirit of [7], we identify the reflecting terms in the SPDEs as families of
additive functionals whose Revuz measures are equal to the boundary measures of
(1.2)–(1.4).

We introduce the space E := {u ∈ C([0, 1]) : u(0) = 0} and define the operator
V : [0, 1]× E × E 7→ E:

(1.1) V (r, f, g)(t) := −
√
r f(1) +

√
r 1[0,r](t) f

(
1− t

r

)
+
√

1− r 1[r,1](t) g
(
t− r
1− r

)
, t ∈ [0, 1].

Then, the main result of the paper is the following:

Theorem 1.1. Let H := L2(0, 1), endowed with the canonical scalar product 〈 · , · 〉.
For all maps ϕ : H 7→ R, bounded with bounded continuous Fréchet differential, and
for all h ∈ C2([0, 1]), we denote by h′′ ∈ H the second derivative of h and by ∂hϕ,
the directional derivative of ϕ along h.

Received by the editors June 1, 2002 and, in revised form, October 28, 2002.
2000 Mathematics Subject Classification. Primary 60H07, 60H15, 60J55; Secondary 31C25.
Key words and phrases. Integration by parts, Brownian motion, stochastic partial differential

equations with reflection.

c©2003 American Mathematical Society

875

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



876 STEFANO BONACCORSI AND LORENZO ZAMBOTTI

Let (b00,M) be an independent couple of processes. Then for all h ∈ C2
c ((0, 1]):

(1.2) E [∂hϕ(M)] = −E [ϕ(M)〈M,h′′〉]

−
∫ 1

0

dr h(r)
1√

2πr3(1 − r)
E
[
ϕ
(
V
(
r, b00,M

))]
.

Now let (bz0,M) be an independent couple for all z ≥ 0. Then for all h ∈ C2
c ((0, 1]):

(1.3) E [∂hϕ(B)1Kα(B)] = −E [ϕ(B)〈B, h′′〉1Kα(B)]

−
∫ 1

0

dr h(r)
α exp

(
−α2

2r

)
π
√
r3(1− r)

E
[
ϕ
(
V
(
r, b

α/
√
r

0 ,M
))]

.

Finally, let (bz0, b̂
z′

0 ) be an independent couple for all z, z′ ≥ 0, and assume by
convention that 0/(1− exp(0)) = 1. Then for all k ∈ C2

c (0, 1),

(1.4) E
[
∂kϕ(bz

′

z )
]

= −E
[
ϕ(bz

′

z )〈bz′z , k′′〉
]

−
∫ 1

0

k(r)
exp

(
− z2

2
r

1−r −
(z′)2

2
1−r
r − 2zz′

)
√

2πr3(1− r)3

2zz′

1− exp(−2zz′)
·

· E
[
ϕ
(
z + V

(
r, b

z/
√
r

0 , b̂
z′/
√

1−r
0

))]
dr.

Integration by parts formulae are important tools in infinite-dimensional analy-
sis; see, e.g., [4]. However, the measures that are usually considered in the literature
are supported by suitable topological vector spaces and give strictly positive mea-
sure to every open set. The supports of the measures that are considered in (1.2)–
(1.4) are instead infinite-dimensional closed convex non-affine sets. From this point
of view, formulae (1.2)–(1.4) generalize the integration by parts formulae (1)–(2) of
[7], which are, in fact, particular cases of (1.4) with z = z′.

Consider, for instance, (1.2). The law of the Brownian Meander M is naturally
supported by the set of continuous nonnegative paths x on [0, 1] that satisfy x(0) = 0
and x(τ) > 0 for all τ ∈ (0, 1]. In the second term of the right-hand side of (1.2),
the law of V

(
r, b00,M

)
, r ∈ (0, 1], is supported by the set of continuous paths x on

[0, 1] that satisfy x(0) = x(r) = 0 and x(τ) > 0 for all τ ∈ (0, r) ∪ (r, 1]. Therefore,
the last term in the right-hand side of (1.2) is singular with respect to the law
of M and can be interpreted as a boundary term. Notice also that the function
r 7→ [r3(1 − r)]−1/2 is not integrable in any neighbourhood of 0; the constraints
M(0) = 0 and M ≥ 0 produce a singularity for r close to 0 of the boundary measure,
which turns out to have infinite total mass.

Analogous considerations hold for (1.3) and (1.4). The supports of the laws of
V
(
r, b

α/
√
r

0 ,M
)

and respectively z+V
(
r, b

z/
√
r

0 , b̂
z′/
√

1−r
0

)
are equal to the supports

of the reference measures, i.e., the law of B on Kα and respectively the law of bz
′

z ,
with the further condition that {x(r) = 0}. If z = 0 or z′ = 0 in (1.4), then
the function of r that appears in the boundary term is not integrable near 0 or
respectively 1, and the boundary measure has again infinite total mass. On the
other hand, for z, z′ > 0 in (1.4) and for all α > 0 in (1.3), the singularities
disappear and the boundary measures have finite total mass.
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2. Proof of Theorem 1.1

We recall the following facts:

Theorem 2.1 (Denisov [1]). Let (U,M, M̂) be an independent triple such that
U : Ω → [0, 1] has the arcsine law and M and M̂ are two standard Brownian
Meanders. Then V (U,M, M̂) d= B, where V is defined by (1.1).

Theorem 2.2 (Imhof [3]). The Brownian Meander M is equal in law to bρ0, where
ρ is independent of (bz0)z≥0 and has the Rayleigh density

P(ρ ∈ dx) = x e−
1
2x

2
dx, x > 0.

Theorem 2.3 (Durrett, Iglehart and Miller [2]). The law of B conditioned to Kα,
α > 0, converges weakly in E to the law of M as α ↓ 0.

Without loss of generality, we can assume that

h ≥ 0, ϕ ≥ 0.

In particular, Kα ⊆ Kα − th for all t ≥ 0. Recall that ∂hϕ(x) = limt↓0(ϕ(x) −
ϕ(x− th))/t. By the Cameron-Martin theorem,

(2.1)
1
t
E [1Kα(B)(ϕ(B) − ϕ(B − th))] = −1

t
E
[
1(Kα−th)\Kα(B)ϕ(B)

]
+

1
t
E
[
1Kα−th(B)ϕ(B)

(
1− exp

(
−1

2
‖th′‖2 + t〈B, h′′〉

))]
.

By Theorem 2.1, we have

E
[
1(Kα−th)\Kα(B)ϕ(B)

]
= E

[
1(Kα−th)\Kα

(
V (U,M, M̂)

)
ϕ
(
V (U,M, M̂)

)]
=
∫ 1

0

dr
1

π
√
r(1 − r)

E
[
1(Kα−th)\Kα

(
V (r,M, M̂)

)
ϕ
(
V (r,M, M̂)

)]
.

Let n ∈ N, cn ≥ cn−1 ≥ · · · ≥ c1 ≥ c0 := 0, {I1, . . . , In} a Borel partition of [0, 1]
and I0 := ∅, and set

hi :=
n∑
j=1

(cj ∧ ci) 1Ij , i = 0, . . . , n.

The key point is the following: for i = 1, . . . , n, since hi ≥ hi−1, and hi = hi−1 on⋃i−1
j=0 Ij , then for all r ∈ (0, 1),

V (r,M, M̂) ∈ (Kα − thi)\(Kα − thi−1) ⇐⇒

V (r,M, M̂) ∈ Kα − thi, r ∈
n⋃
j=i

Ij and
√
rM(1) ∈ [α+ tci−1, α+ tci).
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878 STEFANO BONACCORSI AND LORENZO ZAMBOTTI

Indeed, V (r,M, M̂) attains its minimum −
√
rM(1) only at time r. Then we obtain

for all t ≥ 0 and i = 1, . . . , n,

E
[
1(Kα−thi)\Kα(B)ϕ(B)

]
=
∫ 1

0

dr

π
√
r(1 − r)

E
[
1(Kα−thi)\Kα

(
V (r,M, M̂)

)
ϕ
(
V (r,M, M̂)

)]
=
∫ 1

0

dr

π
√
r(1 − r)

E
[
ϕ ·
[
1(Kα−thi−1)\Kα∪(Kα−thi)\(Kα−thi−1)

] (
V (r,M, M̂)

)]
=
∫ 1

0

dr

π
√
r(1 − r)

E
[
ϕ · 1(Kα−thi−1)\Kα

(
V (r,M, M̂)

)]
dr

+
∫
∪nj=iIj

dr

π
√
r(1 − r)

E
[
ϕ · 1(Kα−thi)

(
V (r,M, M̂)

)
1[ci−1,ci)

(√
rM(1)−α

t

)]
.

Proceeding by induction on n we obtain by Theorem 2.2,

E
[
1(Kα−thn)\Kα(B)ϕ(B)

]
=

n∑
i=1

∫
∪nj=iIj

dr

π
√
r(1 − r)

E
[
ϕ · 1(Kα−thi)

(
V (r,M, M̂)

)
1[ci−1,ci)

(√
rM(1)−α

t

)]
=

n∑
i=1

n∑
j=i

∫
Ij

dr

π
√
r(1 − r)

∫ α+tci√
r

α+tci−1√
r

y e−
y2
2 E

[
ϕ · 1(Kα−thi)

(
V (r, by0, M̂)

)]
dy.

Then we obtain

lim
t↓0

1
t
E
[
1(Kα−thn)\Kα(B)ϕ(B)

]
=

n∑
i=1

n∑
j=i

(ci − ci−1)
∫
Ij

dr
αe−

α2
2r

π
√
r3(1− r)

E
[
ϕ · 1(Kα−thi)

(
V (r, by0 , M̂)

)]

=
n∑
j=1

j∑
i=1

(ci − ci−1)
∫
Ij

dr
αe−

α2
2r

π
√
r3(1− r)

E
[
ϕ · 1(Kα)

(
V (r, bα/

√
r

0 , M̂)
)]

=
∫ 1

0

dr

 n∑
j=1

cj 1Ij (r)

 αe−
α2
2r

π
√
r3(1− r)

E
[
ϕ
(
V (r, bα/

√
r

0 , M̂)
)]

=
∫ 1

0

dr

π
√
r3(1 − r)

α e−
α2
2r hn(r)E

[
ϕ · 1(Kα−thi)

(
V (r, by/

√
r

0 , M̂)
)]
.

Now set Ii := h−1([(i− 1)/n, i/n)), i ∈ N,

fn :=
∞∑
i=1

i− 1
n

1Ii , gn :=
∞∑
i=1

i

n
1Ii ,

where both sums are finite, since h is bounded. Then fn ≤ h ≤ gn, fn and gn
converge uniformly on [0, 1] to h as n→∞, and Kα − tfn ⊆ Kα − th ⊆ Kα − tgn,
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t ≥ 0. Therefore, since ϕ ≥ 0, we have∫ 1

0

dr fn(r)
α exp

(
−α2

2r

)
π
√
r3(1− r)

E
[
ϕ
(
V (r, bα/

√
r

0 ,M)
)]

≤ lim inf
t↓0

1
t
E
[
1(Kα−th)\Kα(B)ϕ(B)

]
≤ lim sup

t↓0

1
t
E
[
1(Kα−th)\Kα(B)ϕ(B)

]
≤
∫ 1

0

dr gn(r)
α exp

(
−α2

2r

)
π
√
r3(1 − r)

E
[
ϕ
(
V (r, bα/

√
r

0 ,M)
)]

and by (2.1),

E [∂hϕ(B)1Kα(B)]

= lim
t↓0

1
t
E [1Kα(B)(ϕ(B) − ϕ(B − th))]

= −E [ϕ(B)〈B, h′′〉1Kα(B)]−
∫ 1

0

dr
h(r)αe−

α2
2r

π
√
r3(1 − r)

E
[
ϕ
(
V (r, bα/

√
r

0 ,M)
)]

so that (1.3) is proved. In order to prove (1.2), we recall that

P (B ∈ Kα) = P
(

inf
[0,1]

B ≥ −α
)

= P (|B1| ≤ α)

=

√
2
π

∫ α

0

e−
y2
2 dy ∼

√
2
π
α

as α → 0. We divide (1.3) by P(B ∈ Kα). Since h has compact support in (0, 1)
and the laws of er0,α are weakly continuous in α ≥ 0, we can let α ↓ 0 in the last
term of (1.3). Then we apply Theorem 2.3 to the first and second term in (1.3) and
the proof of (1.2) is complete.

Now we prove (1.4). We choose h = k ∈ C2
c (0, 1). Since k has compact support

in (0, 1), we have for all z ≥ 0,

〈B, k′′〉 = 〈B + z, k′′〉 − z(k′(1)− k′(0)) = 〈B + z, k′′〉.

Therefore, we can write (1.3) in the following way:

(2.2) E [∂kϕ(B + z)1K0(B + z)] = −E [ϕ(B + z)〈B + z, k′′〉1K0(B + z)]

−
∫ 1

0

dr k(r)
z exp

(
− z2

2r

)
π
√
r3(1− r)

E
[
ϕ
(
z + V (r, bz/

√
r

0 ,M)
)]
.

For all ε > 0, let γε ∈ C1(R) such that

0 ≤ γε ≤ 1, γε ≡ 1 over [−ε, ε], γε ≡ 0 over R\[−ε− ε2, ε+ ε2].

We set for z, z′ ≥ 0 and ε > 0,

ψε : E 7→ R, ψε(x) :=
γε(x(1)− z′)

E [γε(B(1) + z − z′) · 1K0(B + z)]
.
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880 STEFANO BONACCORSI AND LORENZO ZAMBOTTI

Then we have

∂k [ϕ · ψε] (x) = [∂kϕ] (x) · ψε(x) +
[γε]′ (x(1)− z′) · k(1)

E [γε(B(1) + z − z′) · 1K0(B + z)]
.

Since k has compact support in (0, 1), we have k(1) = 0, and therefore,

E [[(∂kϕ) · ψε] (B + z)1K0(B + z)](2.3)

= −E [ϕ(B + z)〈B + z, k′′〉1K0(B + z)]

−
∫ 1

0

dr k(r)
z exp

(
− z2

2r

)
π
√
r3(1 − r)

E
[
[ϕ · ψε]

(
z + V (r, bz/

√
r

0 ,M)
)]
.

Notice now that

ψε
(
z + V (r, bz/

√
r

0 ,M)
)

=
γε(
√

1− rM(1)− z′)
E
[
γε(
√

1− rM(1)− z′)
] · E

[
γε(
√

1− rM(1)− z′)
]

E [γε(B(1) + z − z′) · 1K0(B + z)]
.

By the Reflection Principle (see, e.g., III.3.14-(4) in [6]), for all f : R 7→ R bounded
and Borel we have

E [f(B(1) + z) · 1K0(B + z)] =
1√
2π

∫ +∞

0

f(y)
(
e−(z−y)2/2 − e−(z+y)2/2

)
dy.

Moreover, by Theorem 2.2, M(1) has the Rayleigh density xe−
1
2x

2
dx on {x > 0}.

Then

lim
ε↓0

E
[
γε(
√

1− rM(1)− z′)
]

E [γε(B(1) + z − z′) · 1K0(B + z)]

= lim
ε↓0

√
2π
∫ (z′+ε)/

√
1−r

(z′−ε)/
√

1−r ye
−y2/2dy∫ z′+ε

z′−ε
(
e−(z−y)2/2 − e−(z+y)2/2

)
dy

=

√
2πz′ exp

(
− (z′)2

2(1−r) + (z−z′)2

2

)
(1 − r)(1 − exp(−2zz′))

.

Therefore, by Theorem 2.2, letting ε ↓ 0 in (2.3) for all z, z′ > 0, we obtain

E
[
∂kϕ(bz

′

z )
]

= − E
[
ϕ(bz

′

z )〈bz′z , k′′〉
]

−
∫ 1

0

dr k(r)
exp

(
− z2

2
r

1−r −
(z′)2

2
1−r
r − 2zz′

)
√

2πr3(1− r)3

2zz′

1− exp(−2zz′)
·

· E
[
ϕ
(
z + V

(
r, b

z/
√
r

0 , b̂
z′/
√

1−r
0

))]
and (1.4) is proved. �

3. SPDEs with reflection

Arguing as in [7], the formulae (1.2)–(1.4) find applications to SPDEs with re-
flection (see [5]). Let {W (t, θ) : t ≥ 0, θ ∈ [0, 1]} be a Brownian Sheet.
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Theorem 3.1. For all α ≥ 0 let Eα := {x : [0, 1] 7→ [−α,∞) continuous, x(0) = 0},
and for all x ∈ Eα let (vα, ζα) be the solution of the following SPDE with reflection:

(3.1)



∂vα
∂t

=
1
2
∂2vα
∂θ2

+
∂2W

∂t∂θ
+ ζα,

vα(0, θ) = x(θ), vα(t, 0) =
∂vα
∂θ

(t, 1) = 0,

vα + α ≥ 0, dζα ≥ 0,
∫

(vα + α) dζα = 0,

where vα := [0,∞) × [0, 1] 7→ R is continuous and ζα is a locally finite positive
measure on [0,∞) × (0, 1). We write vα = vα(t, θ, x), t ≥ 0, θ ∈ [0, 1], x ∈ Eα.
Also, let mα be the law of B conditioned to Eα for α > 0 and the law of M for
α = 0. Then for all α ≥ 0:

1. The process (vα(t, ·, x))t≥0,x∈Eα is symmetric with respect to its unique in-
variant probability measure mα.

2. The process (vα(t, ·, x))t≥0,x∈Eα is the Markov process properly associated
with the symmetric Dirichlet Form (Γα, D(Γα)) in L2(mα), and the closure
of the bilinear form

C1
b (L2(0, 1)) 3 ϕ, ψ 7→ 1

2

∫
Eα

〈∇ϕ,∇ψ〉 dmα.

3. For all Borel sets I ⊂⊂ (0, 1), the process t 7→ ζα([0, t] × I) is an Additive
Functional of vα, with Revuz-measure

α > 0 :
∫
Eα

E
[∫ 1

0

ϕ(vα(t, ·, x))ζα(dt, I)
]
mα(dx)

=
1
2

α∫ α
0
e−

y2
2 dy

∫
I

exp
(
−α2

2r

)
√

2πr3(1− r)
E
[
ϕ
(
V
(
r, b

α/
√
r

0 ,M
))]

dr,

α = 0 :
∫
K0

E
[∫ 1

0

ϕ(v0(t, ·, x))ζ0(dt, I)
]
m0(dx)

=
1
2

∫
I

1√
2πr3(1− r)

E
[
ϕ
(
V
(
r, b00,M

))]
dr,

for ϕ : L2(0, 1) 7→ R Borel and bounded.
4. For all x ∈ Eα, there exist a random Borel set Sα ⊂ R+ and a map
rα : Sα 7→ (0, 1), such that a.s.

ζα ([R+ × (0, 1)] \{(s, rα(s)) : s ∈ Sα}) = 0

∀ s ∈ Sα : vα(s, rα(s)) = 0, vα(s, θ) > 0 ∀ θ ∈ (0, 1)\{rα(s)}.

5. Let δr denote the Dirac mass at r ∈ (0, 1). For all x ∈ Eα, we have a.s. on
[0,∞)× (0, 1),

ζα(ds, dθ) = δrα(s)(dθ) ζα(ds, (0, 1)).

Theorem 3.2. For all z, z′ ≥ 0 let Dz′

z := {x : [0, 1] 7→ [0,∞) continuous, x(0) =
z, x(1) = z′}, and for all x ∈ Dz′

z let (wz
′

z , γ
z′

z ) be the solution of the following
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SPDE with reflection:

(3.2)



∂wz
′

z

∂t
=

1
2
∂2wz

′

z

∂θ2
+
∂2W

∂t∂θ
+ γz

′

z ,

wz
′

z (0, θ) = x(θ), wz
′

z (t, 0) = z, wz
′

z (t, 1) = z′,

wz
′

z ≥ 0, dγz
′

z ≥ 0,
∫
wz
′

z dγ
z′

z = 0,

where wz
′

z := [0,∞) × [0, 1] 7→ R is continuous and γz
′

z is a locally finite positive
measure on [0,∞) × (0, 1). We write wz

′

z = wz
′

z (t, θ, x), t ≥ 0, θ ∈ [0, 1], x ∈ Dz′

z .
Also, let nz

′

z be the law of bz
′

z . Then for all z, z′ ≥ 0:

1. The process (wz
′

z (t, ·, x))t≥0,x∈Dz′z is symmetric with respect to its unique

invariant probability measure nz
′

z .
2. The process (wz

′

z (t, ·, x))t≥0,x∈Dz′z is the Markov process properly associated
with the symmetric Dirichlet Form (Γz,z

′
, D(Γz,z

′
)) in L2(nz

′

z ), and the
closure of the bilinear form:

C1
b (L2(0, 1)) 3 ϕ, ψ 7→ 1

2

∫
Dz′z

〈∇ϕ,∇ψ〉 dnz′z .

3. For all Borel sets I ⊂⊂ (0, 1), the process t 7→ γz
′

z ([0, t]× I) is an Additive
Functional of wz

′

z , with Revuz-measure∫
Dz′z

E
[∫ 1

0

ϕ(wz
′

z (t, ·, x))γz
′

z (dt, I)
]
nz
′

z (dx)

=
1
2

2zz′

1− exp(−2zz′)

∫
I

exp
(
− z2

2
r

1−r −
(z′)2

2
1−r
r − 2zz′

)
√

2πr3(1− r)3
·

·E
[
ϕ
(
z + V

(
r, b

z/
√
r

0 , b̂
z′/
√

1−r
0

))]
dr,

for ϕ : L2(0, 1) 7→ R Borel and bounded.
4. For all x ∈ Dz′

z , there exist a random Borel set Sz
′

z ⊂ R+ and a map
rz
′

z : Sz
′

z 7→ (0, 1), such that a.s.

γz
′

z

(
[R+ × (0, 1)] \{(s, rz

′

z (s)) : s ∈ Sz
′

z }
)

= 0

∀ s ∈ Sz′z : wz
′

z (s, rz
′

z (s)) = 0, wz
′

z (s, θ) > 0 ∀ θ ∈ (0, 1)\{rz′z (s)}.

5. Let δr denote the Dirac mass at r ∈ (0, 1). For all x ∈ Dz′

z , we have a.s.
on [0,∞)× (0, 1):

γz
′

z (ds, dθ) = δrz′z (s)(dθ) γ
z′

z (ds, (0, 1)).
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