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ABSTRACT. We prove infinite-dimensional integration by parts formulae for
the laws of the Brownian Meander, of the Bessel Bridge of dimension 3 between
z,2" > 0 and of the Brownian Motion on the set of all paths taking values
greater than or equal to a nonpositive constant. We give applications to SPDEs
with reflection.

1. INTRODUCTION AND MAIN RESULT

Let (B(t))tejo,1), (M(t))efo,1) and (bj,l (t))tefo,1] be, respectively, a Brownian mo-
tion, a Brownian Meander and a Bessel Bridge of dimension 3 between z and z’ > 0
over the time interval [0, 1]; see [6]. All the processes here are defined on a complete
probability space (2, F,P).

The aim of this paper is to prove the infinite-dimensional integration by parts for-

mulae (L2)-(L4) below for the laws of (M (t)):e[o,1], (b7 (t))tepo,1) and (B(t))ieqo,1)
on the convex set of paths K, := {z : [0,1] — [—a,00) continuous}, @ > 0. In
the last section, we also give applications of ([2)—(L4) to SPDEs with reflection.
In the spirit of [7], we identify the reflecting terms in the SPDEs as families of
additive functionals whose Revuz measures are equal to the boundary measures of
C2)-TD.

We introduce the space E := {u € C([0,1]) : u(0) = 0} and define the operator
V:[0,1]x ExE — E:

(L) Virfa)0) =~ V7S + Viten () £ (1- 1)

VI () g (t_—r> te0,1].

1—r
Then, the main result of the paper is the following;:
Theorem 1.1. Let H := L?(0, 1), endowed with the canonical scalar product (-, -).
For all maps ¢ : H — R, bounded with bounded continuous Fréchet differential, and

for all h € C?([0,1]), we denote by h" € H the second derivative of h and by e,
the directional derivative of ¢ along h.
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876 STEFANO BONACCORSI AND LORENZO ZAMBOTTI
Let (b3, M) be an independent couple of processes. Then for all h € C%((0,1]):
(1.2) E[0np(M)] = —E[p(M)(M,1n")]

_/0 drh(r)mE[w(V(rvbgvM))]'

Now let (b3, M) be an independent couple for all z > 0. Then for all h € C2((0,1]):

(1.3) E[Onp(B)lk, (B)] = —E[o(B)(B, ")k, (B)]

- /01 dr h(r) %E [gp (v (r,bg/ﬁ,M))} .

S

Finally, let (b(z),lA)S/) be an independent couple for all z,2" > 0, and assume by
convention that 0/(1 — exp(0)) = 1. Then for all k € C2(0,1),

(1L4) E[0p(v?)] = —E [w(02) 02 k)]

/1 k) exp (_22_2 T~ (Z;)z 17 - 232,) 227
— T
0 2mr3(1 — )3 1 — exp(—222')

- E [gp (z +V (r, bg/ﬁ,égl/m))} dr.

Integration by parts formulae are important tools in infinite-dimensional analy-
sis; see, e.g., [4]. However, the measures that are usually considered in the literature
are supported by suitable topological vector spaces and give strictly positive mea-
sure to every open set. The supports of the measures that are considered in ([CZ)—
(C4) are instead infinite-dimensional closed convex non-affine sets. From this point
of view, formulae (I.2)-(L4) generalize the integration by parts formulae (1)—(2) of
[7], which are, in fact, particular cases of with z = 2/.

Consider, for instance, ([.2). The law of the Brownian Meander M is naturally
supported by the set of continuous nonnegative paths = on [0, 1] that satisfy 2(0) = 0
and z(7) > 0 for all 7 € (0,1]. In the second term of the right-hand side of (.2,
the law of V (r, b3, M), r € (0, 1], is supported by the set of continuous paths = on
[0, 1] that satisfy #(0) = z(r) = 0 and z(7) > 0 for all 7 € (0,r) U (r, 1]. Therefore,
the last term in the right-hand side of ([Z) is singular with respect to the law
of M and can be interpreted as a boundary term. Notice also that the function
r — [r3(1 = 7)]7/2 is not integrable in any neighbourhood of 0; the constraints
M(0) = 0and M > 0 produce a singularity for r close to 0 of the boundary measure,
which turns out to have infinite total mass.

Analogous considerations hold for (L3) and (L4). The supports of the laws of
V (r, bg/ﬁ, M) and respectively z+V (r, bg/ﬁ, Bgl/m) are equal to the supports
of the reference measures, i.e., the law of B on K, and respectively the law of bﬁl,
with the further condition that {x(r) = 0}. If z = 0 or 2/ = 0 in (), then
the function of r that appears in the boundary term is not integrable near 0 or
respectively 1, and the boundary measure has again infinite total mass. On the
other hand, for z,z’ > 0 in (I4) and for all @« > 0 in ([3), the singularities
disappear and the boundary measures have finite total mass.
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2. PrOOF OoF THEOREM [I1]
We recall the following facts:

Theorem 2.1 (Denisov [1]). Let (U, M, M) be an independent triple such that
U:Q — [0,1] has the arcsine law and M and M are two standard Brownian

Meanders. Then V (U, M, M) 2L B, where V is defined by (LI).

Theorem 2.2 (Imhof [3]). The Brownian Meander M is equal in law to bf, where
p is independent of (b§).>o0 and has the Rayleigh density

P(p € dz) = ze 2™ du, x> 0.

Theorem 2.3 (Durrett, Iglehart and Miller [2]). The law of B conditioned to K.,
a > 0, converges weakly in E to the law of M as « | 0.

Without loss of generality, we can assume that
h>0, ¢>0.
In particular, K, C K, —th for all ¢ > 0. Recall that Onp(z) = limo(p(z) —
o(x —th))/t. By the Cameron-Martin theorem,
1 1
(21) 1E[1x,(B)@(B) ~ ¢(B — th))] = —1E [1(x, -y k. (B)(B)]

+ %E [1Ka_m(3)<p(3) (1 —exp (‘%“tthQ - t<B’hN>>>} '

By Theorem [ZT], we have

E (1, o ieo (B)#(B)] = E e, o, (VIO M ND) o (VU M, 1) )|

1
= dr ————FE {1 _ (
) - ﬁ(l = (Ko—th)\Kq

Let neN ¢, >cp1 > >c¢1>¢:=0,{h,...,1,} aBorel partition of [0, 1]
and Iy := (3, and set

V(r, M, M)) o (V(r, M, M))} .

hi::Z(Cj/\Ci)]-Ija 1=0,...,n.
j=1

The key point is the following: for i =1, ..., n, since h; > h;—1, and h; = h;_1 on
U;;E I;, then for all r € (0,1),

V(T, M, M) S (Ka - thq/)\(K(y - thi_l) —

V(r,M,M) € K, —th;, r € UIj and /rM(1) € [a+tei—1,a + te;).

j=i
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878 STEFANO BONACCORSI AND LORENZO ZAMBOTTI

Indeed, V (r, M, M) attains its minimum —/7M (1) only at time . Then we obtain
forallt >0andi=1, ..., n,

E [1(k.—n)\k.(B)e(B)]
/ me[
/ bl (st ) (VD)

mE[ LK —thi_1)\Ka (

+ /u';ijj mﬂi {90. (K o—thy) (V(T, M, M)) Liei1.e0) (%)} .

Proceeding by induction on n we obtain by Theorem [Z2]

(V(r, M, M)) © (V(r, M, M))}

V(r,M,M))} dr

E [1(Ko—thn)\Ku (B)SO(B)]

n

- Z [ L(Ko—thy) (V(?“, M, M)) e ven) (W)]

v, Wi
n n r:v+fr‘ A
:ZZ/I wm / Ve = B[t (Vi A0) o

i=1 j=1

Then we obtain

1
ltllm E [1(k.—th,)\k. (B)e(B)]

a?

- Z — ¢ / dr 12__ T)E [QO' L(ro—thy) (V(Tv bg,M))}

i=1j
E ¢ 1, (V057,00

j 2

i d
; -t /J T?T\/’I"B —7)

I
M:

J=1
1 n B )
:/o dr jzz:lcj 17,(r) mE [50 (V(ﬁ by 7M))}
! dr _a? Y
e = L CLIE L Ae)]

Now set I; :== h=([(i — 1)/n,i/n)), i € N,

oo . oo

fn ::ZZZLllIH 9n :22%1[1‘,7

i=1 i=1

where both sums are finite, since h is bounded. Then f, < h < g,, f, and g,
converge uniformly on [0,1] to h as n — oo, and K, —tf, C K, —th C K, — tgn,
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t > 0. Therefore, since ¢ > 0, we have
2
' ae (%) o/ VF
/o dr fn(r) T\/TT)E [50 (V(ﬁ by ,M))]

.1
< ln?l%)nf -E []—(Ka—th)\Ka (B)SD(B)]

< hnillsoup E [L(Ko—th)\ 10 (B)(B)]

< [ arantn %QE o (vt 00)]

and by 2.1,

E [Onp(B ) «(B)]
= lim E[lK (B)(¢(B) — ¢(B —th))]

=—E [SO(B)<B7hH>1Ka (B)] - 1 dTME © V(T, bg/ﬁ,M)
o m/r3(1l-r)

so that ([I23)) is proved. In order to prove (I.2)), we recall that

P(Be€ K,) = <1nf]B>—a) =P(Bi <)
0,1

S

as a — 0. We divide (L3) by P(B € K,). Since h has compact support in (0, 1)
and the laws of ef , are weakly Contmuous in @ > 0, we can let a | 0 in the last
term of (). Then we apply Theorem X3 to the first and second term in (T3] and
the proof of (2] is complete.

Now we prove (). We choose h = k € C2(0,1). Since k has compact support
n (0,1), we have for all z > 0,

(BK") = (B +2,k") — 2(K (1) — (0)) = (B + 2, k).

Therefore, we can write (L3) in the following way:

(2.2) E[0pp(B+ 2)1k,(B+2)] = —E[p(B+ 2)(B + 2, k"1, (B + )|
/ dr k(r Zexfggl_B)E[go (z—l—V(r,b(Z)/\/?’M))} .

For all € > 0, let v¢ € C!(R) such that
0<9°<1, 7° =1 over [—¢,¢], v° =0 over R\[—e — €2, ¢ + €7].
We set for 2,2z’ > 0 and € > 0,

7 (z(1) — )

A TV (R R PR
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Then we have

[ (=(1) = 2) - k(1)
E[ye(B(1)+2z—2') 1k, (B +2)]

O lp- v (x) = [Okg] () - ¥ (x) +
Since k has compact support in (0,1), we have k(1) = 0, and therefore,

(2:3) E[[(Orp) - (B + 2)1k, (B + 2)]
= —Ep(B + 2)(B + 2, k')1K, (B + 2)]

1 Zexp —Z—i S
—A(ﬁmmgyﬁ%%%Eﬁ¢wﬂ@+vwwyfwnﬂ.

Notice now that

Y (V1I—rM(1)—2) . E[’yﬁ(\/l—rM(l)—z’)]
E [y¢(v1=rM(1) — 2')] E[y«(B(1)+2z—2') -1k, (B +2)]

By the Reflection Principle (see, e.g., 111.3.14-(4) in [6]), for all f : R — R bounded
and Borel we have

oo 2 2
E[f(B(l) +2) 1k, (B+2)] = \/%_ﬂ /0 f(y) (ef(zfy) /2 _e=GHY) /2> dy.

Moreover, by Theorem M(1) has the Rayleigh density ze~ 2% dz on {z > 0}.
Then

. E [’ye(\/l —rM(1) — z')}
o BB + 2 ) 1m(B + 2

o= ((FHONTT 279 oy, _(z)? <Z‘Z/)2>
= lim 27 [ Sy ve Y Py _ v eXp( 20
€l0 fZZ/I:r: (ef(zfy)2/2 _ e*(2+y)2/2) dy (1 - 7“)(]. - exp(—?zz’))

Therefore, by Theorem B2 letting € | 0 in (2.3)) for all 2z, 2’ > 0, we obtain

E[0re(v2)] = = E [0 02, 1))
1 exp _z L (z")? 1;7’ 9 ,
- /0 dr k(r) ( — 27rr3(12— r)3 ) 1-— exzpz(Z—sz’).
Elp (v (nes V5]
and (4) is proved. 0

3. SPDES WITH REFLECTION

Arguing as in [7], the formulac (L2)—(T4) find applications to SPDEs with re-
flection (see [5]). Let {W(¢,0) :t >0, 6 € [0,1]} be a Brownian Sheet.
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INTEGRATION BY PARTS ON THE BROWNIAN MEANDER 881
Theorem 3.1. For alla > 0 let E, := {x : [0,1] — [—a, 00) continuous, z(0) = 0},
and for all x € Eq let (va, (o) e the solution of the following SPDE with reflection:

%_l@QUQ_’_(‘)QW_’_C
ot 20602  otos Y

O0vg

0a(0,0) = 2(0), va(t,0) = W(tv 1) =0,
Vo +a>0, dio >0, [(va+a)dl, =0,
where vy := [0,00) X [0,1] — R is continuous and (, is a locally finite positive

measure on [0,00) x (0,1). We write vq, = v4(t,0,2), t > 0, 0 € [0,1], z € E,.
Also, let m,, be the law of B conditioned to E, for a > 0 and the law of M for
a=0. Then for all a« > 0:
1. The process (va(t, -, T))t>0,zcE, S symmetric with respect to its unique in-
variant probability measure my,.
2. The process (va(t,+,))t>0,zcE, 1S the Markov process properly associated
with the symmetric Dirichlet Form (U, D(I'®)) in L?(my), and the closure
of the bilinear form

CHIH0.1) 3 90 5 [ (0, 90) dma.

3. For all Borel sets I CC (0,1), the process t — (o ([0,%] x I) is an Additive
Functional of v, with Revuz-measure

a>0: E lw(va(t,-,x))@y(dt,l) me (dz)
E. 0

bt [ sy g )

foae*%dy 1\/2mr3 (1 =7)
a=0: /KO]E [/Olga(vo(t,-,x))go(dt,l)} mo(dz)

1 1
= | ——FE o (V (1,03, M))] dr,
5 | s Bl b )i
for ¢ : L?(0,1) — R Borel and bounded.

4. For all x € E,, there exist a random Borel set S, C Ry and a map
Ta 1 So — (0,1), such that a.s.

Co ([Ry x (0, )] \{(s,ma(s)) : s € Sa}) =0
Vs€Sa: va(s,7a(s)) =0, wva(s,0) >0 Ve (0,1)\{ra(s)}

5. Let 6, denote the Dirac mass at r € (0,1). For all x € E,,, we have a.s. on
[0,00) % (0,1),

Coz (d87 d@) = 5%(5) (de) Ca (d87 (Oa 1))

Theorem 3.2. For all z,2' >0 let D? := {z : [0,1] — [0,00) continuous, x:(0) =
z,x(1) = 2'}, and for all x € D? let (w?,~y7) be the solution of the following
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SPDE with reflection:

ow? B 18211}5 n o?w o
ot 2 002 ' otog T

3.2 2 2’ 2
( ) wy (079) = x(@), wy, (t,O) =z, wy (tv 1) =2/,
w? >0, dyZ >0, [w?dyZ =0,
where w? = [0,00) x [0,1] — R is continuous and vZ is a locally finite positive

measure on [0,00) x (0,1). We write wjl = wjl(t,H,a:), t>0,0€]0,1], x¢€ Dj/.
Also, let nﬁl be the law of bﬁl. Then for all z,2" > 0:

1. The process (wj/ (t, -,x))t>0@eDz/ is symmetric with respect to its unique

invariant probability measure nZ .

2. The process (wjl (t,,2))y>0.2cp= 15 the Markov process properly associated

with the symmetric Dirichlet Form (0*% D(T'**")) in L?*(n?), and the
closure of the bilinear form:

Cy(L*(0,1)) 2 9,9 — %/ (V, Vi) dn? .

Dz’

z

3. For all Borel sets I cC (0,1), the process t — 2 ([0,t] x I) is an Additive

. ’ .
Functional of w? , with Revuz-measure

/D ?E [ /01<p(w§' (t,- )7 (dt,I)] n? (dz)

22 ( /)2 1—r
1 222" /eXp (_7 T 223/)
2 1 —exp(—222') J; 273 (1 — r)3

E o (24 v (roy 55V ar,

for ¢ : L?(0,1) — R Borel and bounded.

4. For all z € Dj/, there exist a random Borel set Sj/ C Ry and a map

r? 2 8% — (0,1), such that a.s.

72 Ry x (0. 0]\ (5,77 (5)) s s € $7}) =0
Vse S w’(s,r7(s)) =0, w?(s,0) >0 VOe(0,1)\{r7(s)}

5. Let 0, denote the Dirac mass at r € (0,1). For all x € Dj/, we have a.s.
on [0,00) x (0,1):

7z (ds, d) = 6,04y (d0)~Z (ds, (0,1)).
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