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ABSTRACT. A remarkable theorem due to Abramovich (1988) states that any
surjective positive isometry on a Banach lattice has a positive inverse. In
this note we discuss a renorming problem for Banach lattices and show that
the theorem cannot be generalized to the case of the doubly power bounded
positive operators.

Positive isometries of Banach lattices possess many attractive properties. For in-
stance, due to the well-known result of J. Lamperti [2 thm. 3.1], positive isometries
on L,-spaces (1<p < oo, p # 2 have representations as weighted shift operators
with positive weight. However, it can be that we have an operator before one of
equivalent norms on the Banach lattice is fixed. How does one determine whether
the operator is a positive invertible isometry with respect to some appropriate
equivalent lattice norm? In the Banach space setting such a question is trivial,
namely, the necessary and sufficient condition for an operator 7' in a Banach space
X to be an invertible isometry with respect to some equivalent norm is that 7" be
doubly power bounded, i.e., sup{||T"| : n € Z} < oo; then an equivalent norm || - ||
under which 7" and T~! are isometries can be defined as

||| == sup{||T"z| : n € Z} (Vo € X).

However, if we consider a positive operator on a Banach lattice, this is not a Banach
lattice norm, since we do not know if 7-! > 0. Whenever this occurs, the operator
T is a lattice automorphism and the preceding formula really defines an equivalent
Banach lattice norm. Due to Abramovich’s theorem [1, thm. 1] this occurs if T'
is a positive invertible isometry. On the other hand, it is well known that every
doubly power bounded positive operator on a finite-dimensional Banach lattice has
a positive inverse. The discussion above make the following question substantial. Is
T~ positive for any doubly power bounded positive operator on a Banach lattice?
We will show that the answer in general is negative.

Theorem 1. Given w ¢ R, take Q@ = RU {w} and let a measure p on the Borel
algebra B = B(Y) be defined as the Lebesgue measure on B(R) and p({w}) = 1.

Then for any € > 0 there exists a positive operator on L1(Q2, B, p) with nonposi-
tive inverse that satisfies sup, ¢y |T"]| < 1+ €.
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Proof. Let € > 0. Consider a measure-preserving automorphism .S on €2 defined by
S(w) = w and S(t) = t — 1 whenever ¢t € R, and define a positive operator T on
Ll (Qv Ba ‘LL) by

Tf:=foS+e- {/Olfdu} “X{w}>

where as usual x4 is the indicator function of a subset A. Then it is easy to see
that

™f

foS"+e- [Z/ fo 8" ] - xqy
n— ’L+1
foS"+e- [Z/ o S"T 1d,u} X{w}

= foS"+e- [/ foS™" ldu] X{w}
foralln € Z4 and f € L1(Q, B, u). A similar computation shows that
T = foS" -z [/O fo 8" ) xiy
foralln € Z\Z4 and f € L1(Q, B, u); in particular, T~ is not positive. Moreover,

IT"fI < N0l +e | / 1 0" Hdp - x| = L+ &) S

for all n € Z and f € L1(R, B, i), which provides the required property sup{||7"| :
nezZl<l+e. O

Let us give several simple final remarks. First, the adjoint operator T* of T
possesses similar properties on Lo (€2, B, it). Second, the operator T' constructed in
the proof acts in the same manner on L, (€2, B, 1) for any 1 < p < oo; however, in
this case, sup{||T"|| : n € Z} < oo fails in the L,-norm. Third, the adjunction of the
external point w to R is not essential, and an operator with the same properties may
be constructed on L;(R) too, but this leads to complications with the construction.
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