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ABSTRACT. The main purpose of this paper is to obtain the well-known results
of H.Fujita and K. Hayakawa on the nonexistence of nontrivial nonnegative
global solutions for the Cauchy problem for the equation

() ur = Au+ |u|Tty
with ¢ € (1, 1+%] on the half-space S := (0, +00) xR"™, n > 1, as a consequence
of a new Liouville theorem of elliptic type for solutions of (x) on S. This

new result is in turn a consequence of other new phenomena established for
nonlinear evolution problems. In particular, we prove that the inequality

lule > Au+ [ul?,
has no nontrivial solutions on S when ¢ € (1,1 + %} We also show that the
inequality
ug > Au + |u\q71u
has no nontrivial nonnegative solutions for ¢ € (1,1 + %] , and it has no
solutions on S bounded below by a positive constant for ¢ > 1.

1. INTRODUCTION AND PRELIMINARIES

We obtain the well-known results of H. Fujita and K. Hayakawa ([I], [2]) on the
nonexistence of nontrivial nonnegative global solutions for the Cauchy problem for
the equation

(1) ug = Au+ |u|?

with any fixed ¢ € (1,1 + %] on the half-space S := (0,400) x R", n > 1, as a
consequence of a new result on the nonexistence of nontrivial nonnegative “entire”
(defined on the whole half-space) solutions for (1) without taking their traces on the
hyperplane ¢ = 0 into account. This new result, which we naturally call a Liouville
theorem of elliptic type, is especially interesting in connection with weak solutions
on S, which have no “good” traces on t = 0.

Actually, we obtain a Liouville theorem of elliptic type for nonnegative solutions
of equation (1) on the half-space S as a consequence of another new phenomenon
established for nonlinear evolution problems. Namely, we prove that for any fixed
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ge (1,14 %] the inequality

(2) lule = Au+ ful?

has no nontrivial solutions on S. As a simple consequence of this result we obtain
that for any fixed ¢ € (1,1 + %] the inequality

(3) ug > Au+ |u|f

has no nontrivial nonnegative solutions on S. We also prove that for ¢ > 1 inequality
(3) has no solutions on S bounded below by a positive constant.

The approach developed herein is directly applicable to obtaining similar blow-
up results for wide classes of equations, inequalities and systems of equations and
inequalities with linear and nonlinear differential operators, considered on the half-
space S as well as on Riemannian manifolds; in particular, it is applicable to ob-
taining similar Liouville-type results for inhomogeneous analogues of (1)—(3), for
example, in the framework of [3].

2. THE RESULTS
In what follows, ¢ > 1 and the symbol C*°(S) denotes the space of all C'*°-
functions f : S — R with compact support.

Definition 1. By a solution of (1) on S we understand a function (¢, z) which
belongs to the space Ly 10.(S) and satisfies the integral equation

(1) /[—ugot — ulAy| dtdr = /u|u|q_1gadtdx
S S

for any function ¢ € C*°(S).

Theorem 1. Let1 < g <1+ %, and let u(t,x) be a nonnegative solution of (1) on
S. Then u(t,z) =0 a.e. onS.

Definition 2. By a solution of (2) on S we understand a function u(¢,z) which
belongs to the space Lg0c(S) and satisfies the integral inequality

(2" /[—|u|gpt — ulAy| dtdz > /|u|qg0dtdx
s s

o
for any nonnegative function ¢ € C*(S).

Theorem 2. Let 1 < ¢ < 14 2, and let u(t,x) be a solution of (2) on'S. Then
u(t,z) =0 a.e. onS.

In addition to Theorem 2, we obtain below (Proposition 1) an a priori estimate
for solutions of (2), which is of independent interest and is needed in the proof of
Theorem 2.

In what follows, P(r) := {(t,z) € S: t + |z|> < r} for any fixed r > 0.

Proposition 1. Let ¢ > 1, and let u(t,z) be a solution of (2) on S. Then there
exists a constant ¢ > 0 such that the inequality

nt2

(4) ¢cRT "7 > / |u|9dtdx

P(R)

holds for any R > 0.
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Definition 3. By a solution of (3) on S we understand a function w(¢,z) which
belongs to the space Ly 10.(S) and satisfies the integral inequality

(3) / [—up; — ulyp] ditdz > / ulu|? Y pdtda
S S

for any nonnegative function ¢ € C*°(S).

Theorem 3. Let 1 < ¢ <1+ 2, and let u(t,z) be a nonnegative solution of (3) on
S. Then u(t,x) =0 a.e. on S.

Remark 1. Since the nonnegative solutions of (1) and (3) are solutions of (2),
Theorems 1 and 3 are simple consequences of Theorem 2. In addition, a priori
estimates for nonnegative solutions of (1) and (3) hold, and are similar to the
estimate of Proposition 1.

Remark 2. Tt is clear that in the case ¢ = 1 and g € (—o0, 1] the function u(t, x) := e

is a positive classical solution of equation (1) and inequalities (2) and (3), respec-
tively, on S. If ¢ > 1 + %, then, by the well-known results on the existence of
nontrivial nonnegative global solutions of the Cauchy problem for equation (1) (see
1] or, e.g., [, [6]), it is clear that there exist nontrivial nonnegative solutions of
(1), (2) and (3) on S.

However, the nonexistence of nonnegative solutions of (1) and (3) on S, bounded
below by a positive constant, is covered by Theorem 4 below. We need the following
definition.

Definition 4. A function u € Ly ;0.(S) is said to be bounded below by a positive
constant on S if there exists a constant K = K (u) > 0 such that u(t,z) > K a.e.
on S.

Theorem 4. Let g > 1. Then there exist no solutions of (1) and (3) on S bounded
below by a positive constant.

Remark 3. Since Theorem 1 is a simple consequence of Theorem 3, and since we im-
pose no conditions on the behavior of the solutions of (1) and (3) on the hyperplane
t = 0, the nonexistence of nontrivial nonnegative global solutions for the Cauchy
problem with arbitrary initial data for (1) and (3) with ¢ € (1, %], in particular,
the famous blow-up results of Fujita and Hayakawa ([1], [2]), are special cases of
Theorem 3. Similar results hold for solutions of inequality (2), namely, the nonex-
istence of nontrivial global solutions for the Cauchy problem with arbitrary initial
data for (2) with ¢ € (1, 2] is a special case of Theorem 2. Also, the nonexistence of
nontrivial global solutions, bounded below by a positive constant, for the Cauchy
problem with arbitrary initial data for (1) and (3) with any fixed ¢ > 1 is a special
case of Theorem 4. For a survey of the literature on blow-up results for the Cauchy
problem we refer to [4]—[6].

3. THE PROOFS

In what follows, a “smooth” function is a C'°°-function.

Proof of Theorem 2. Let ¢ > 1 and let u(t, z) be a solution of (2) on S. Let 0 < 7 <
+ooand 0 < r < R < 4o00. Let n: [0,+00) — [0,1] be a smooth function which
has the nonnegative derivative ' and equals 0 on the interval [0, 7] and 1 on the
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interval [27, +00). Let ¢ : [0, +00) x R™ — [0, 1] be a smooth function which equals

1 on P(r) and 0 on {[0, +00) x R} \ P(R). Substituting (¢, z) = (*(¢,x)n?(t) as
a test function in (2’), where the positive constant s > 2 will be chosen below, we
obtain

() -—s / lu| ¢S I dtdr — 2 / |u|¢*n'ndtdx
P(R) P(R)
- / un? A dtdr > / |u|9¢n?dtdz.
P(R) P(R)

Since i’ > 0 for all ¢ > 0, the second integral on the left-hand side of (5) is
nonnegative. Therefore,

© s [ e e+ [ alacPdie > [ ¢t
P(R) P(R) P(R)

Since
AQ® = s¢THAC+ s(s = 1)Vl
it follows easily from (6) that

(@) s / il Golc dtda + 5 / | ACIC* P dtde

P(R) P(R)
+s(s—1) / lu||V ¢ ¢ 2 nPdtde > / lu|?¢ 3 dtda.
P(R) P(R)

Estimating all the integrals on the left-hand side of (7) by Holder’s inequality,
we arrive at

1 g—1
© | [ weerads| | [ et
P(R)\P(r) P(R)
1 g=1
+ / |u|91¢5n? dtda /|AC|4371C574371772dtdx
P(R)\P(r) P(R)
1 g—1
+ / |u|?¢n=dtdx / |V Cla-1¢° a1 dtdx
P(R)\P(r) P(R)

> / |u|9¢n?dtdz.
P(R)

In what follows, we use the symbols ¢;, ¢ = 1,2, ..., to denote constants depend-
ing on n, ¢, and s, but not on 7, 7, or R.

Now, we choose in (8) the function ((¢, z) := ¥((t+|z|*)/R), where 1) : [0, +00) —
[0,1] is a smooth function such that ¢ = 1 on [0,1/2] and ¢ = 0 on [1, +00). Since,
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for arbitrary R = 2r > 0 and (t,x) € S, the volume of P(R) is less than or equal
to CQR# and v can be chosen such that

Gl <R, A < eR™ V()P <R

inequality (8) yields, for any fixed s > 2L

q—1’
9) / lu|?¢ 2 dtdx (R#_qu)“q;l > c3 / |u|9¢n?dtdz.
P(R)\P(r) P(R)
Furthermore, since
n+2_ q n—+2

—— <0 f 1<g< ,
2 q—1 "~ o 7= n

it follows from (9) that [ |u|9n®dtdz is bounded. Thus, by monotonicity,

(10) / lu|n?dtdz — 0
P2ri)\P(r)

for any sequence ry — 400, which, combined with (9), gives

(11) / |u|9n?dtdr — 0
P(rg)

as r, — +oo. This in turn implies [ |u[?9?dtdz = 0. Using the fact that the
function n(t) equals 1 on the interval [27,+00) and 7 > 0 is arbitrary, we obtain
u(t,z) =0 a.e. on S.

Proof of Proposition 1. Here, we use notation from the proof of Theorem 2 in order
to prove a priori estimate (4) for solutions of (2). This estimate follows directly
from inequality (9). Indeed, given R = 2r > 0, inequality (9) implies, for a certain
cy >0,

o > / |u|9n?dtdz,

P(R/2)

(12) caaR

where 1 : [0,+00) — [0,1] is a smooth function which equals 1 on the interval
[27,4+00). Passing to the limit in (12) as 7 — 0, we obtain inequality (4).

Proof of Theorem 4. We show our claim via contradiction. Let ¢ > 1 and let there
exist a solution u(t,x) of (3) on S bounded below by a certain positive constant.
As above, let 0 < 7 < 400, 0 <7 < R < 400. Let n : [0,+00) — [0,1] be a
smooth function which has nonnegative derivative 7', and equals 0 on the interval
[0,7] and 1 on the interval [27,+00). Let ¢ : [0, +00) x R™ — [0,1] be a smooth

function which equals 1 on P(r) and 0 on {[0,4+00) x R"} \ P(R). Substituting
@(t,z) = ¢5(t,z)n?(t) as a test function in (3'), where the positive constant s > 2
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will be chosen below, we obtain

(13) —s / uCeCE P dtde — 2 / uCEn'ndtdz
P(R) P(R)
/unQACSdtde /uqfluCSUthdx.
P(R) P(R)

Since ' > 0 for all ¢ > 0, the second integral on the left-hand side of (13) is
nonnegative. Therefore, (13) yields

(14) s / u| G| ¢ P dtdx + / u| ACE [n?dtdr > /quSnthdl‘.
P(R) P(R) P(R)

Since for a nonnegative solution u we have u = |u|, we may repeat the proof of
Theorem 2 word for word from (6) to (9). As a result we obtain the inequality

q
q—1

(15) / u?Cndtdx (Rn;z*q%)T > c5 / wIn?dtdz.

PR\P(r) P(R)

As above, we use the symbols ¢;, i = 1,2,..., to denote constants depending on
n, ¢, and s, but not on 7, r, or R. It follows from (15) that

n+2 g

(16) cgR 2 a1 > / uin?dtdz.
P(R/2)

Passing to the limit in (16) as 7 — 0, we have

n+t2 g
2

-1 > / uwidtdzx.

P(R/2)

(17) CGR

Since, by the assumption of Theorem 4, u(¢, ) is bounded below by a positive con-

stant and since the volume of P(R/2) is greater than or equal to C7R#, inequality
(17) yields

(18) csR

for any fixed ¢ > 1 and any R > 0. Thus, for sufficiently large R, we have the con-
tradiction to our assumption about the existence of solutions for (3) on S bounded
below by a positive constant. O

n+2 g n+2
2 —1 > R™2
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