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ABSTRACT. This paper studies, using the Bochner technique, a sharp lower
bound of the first eigenvalue of a subelliptic Laplace operator on a strongly
pseudoconvex CR manifold in terms of its pseudo-Hermitian geometry. For
dimensions greater than or equal to 7, the lower bound under a condition on
the Ricci curvature and the torsion was obtained by Greenleaf. We give a
proof for all dimensions greater than or equal to 5. For dimension 3, the sharp
lower bound is proved under a condition which also involves a distinguished
covariant derivative of the torsion.

1. INTRODUCTION AND MAIN RESULTS

Let M be a (2n+1)-dimensional strongly pseudoconvex CR manifold and H (M)
the structure bundle, where H (M) is a subbundle of the complexified tangent bun-
dle Tc (M) of which each fiber is an n-dimensional complex vector space. Let 6 be
a real nonvanishing one-form on M that annihilates H(M) @ H(M). Then, (M, )
is a strongly pseudoconvex pseudo-Hermitian manifold in the sense of Webster [9].
Locally, one can choose n complex one-forms 6%, so that (6,60%,6%) form a basis of
complex covectors and

(1.1) do =i6* NO%, 0% =g,

The local coframe (6, 6%,60%) is uniquely determined up to
_ a _ o' Brra a _ o Brr@

(1.2) 0=0, 60*=0"Ug, 6°=0 Uz

where

(1.3) USUS = by, Uz =Ug.

If we compare the dual frame
(14) XO :X()v Xav XE:Xa
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790 SONG-YING LI AND HING-SUN LUK

to (6,6%,0%), then the transformation (1.2) gives

(1.5) Xt =Xo, XL=UPXs XL=UZX;,

which singles out a unique transversal Xo to H(M) @ H(M). Furthermore,

(1.6) o> = 60° Nw§ + 0 AT

where wj are connection 1-forms that are skew-Hermitian:

(1.7) wg = —wg

and the 7% are torsion 1-forms of type (0,1):

(18) T = Ao?y977 Ao?y = A,on(

Moreover, if we define curvature 2-forms €23 by

(1.9) 8 =dw —w] AwS —i07 AT+ 0P A9,

then

(110) Q% = Rﬁ@pﬁep A\ HE + Ag@ A 9,

where A\gg are 1-forms and the curvature tensor components Rgg,7 satisfy

(1.11) Rpape = Rapzp = Ryapz-

Let

(1.12) Ig =wi(X;), TF, =wj(X;)

where o, 3 € I with I = {1,--- ,n} and j € {0}UTUI. Then R 5,5 can also be
written as

R,5,5 = X,(I0,) — X(T8 )+ T8 10, —T0.T7 4+ 17,15 — T T7 +id00.

For X = Y"_, X, where z* are local functions, we let

(1.13) Ric(X,X) = Ry52°2", R.5=9"R,5,5 = Ruj,m
and
(1.14) Tor(X, X) = i(Agzzoal — Aqpr®a”).
Then the covariant derivatives and the sub-Laplacian of a function f on M are
given by
(115) 5 =Xif. foj = Xifa—Tlfsn fuj = Xifa—T0
and
(1.16) Af = 2Re(tr(m D*f)) = fum + faa-
«

Let A1 be the first positive eigenvalue of A. We shall prove the following theorems.

Theorem 1.1. Let n > 2 and let M be a (2n + 1)-dimensional strongly pseudo-
conver pseudo-Hermitian manifold in the sense of Webster. If

Ricy (X, X) 4 (n/2) Tor,, (X, X) > ko gm (X, X)
for allm e M and X € H,,(M), for some positive constant kg, then Ay >

nk:o
n+1-°
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When n > 3, Theorem 1.1 was established and proved by A. Greenleaf in [5],
where he gave a fundamental Bochner formula for the sub-Laplacian. Our contri-
bution here is proving the theorem when n = 2, but the argument in Section 2
works for n > 2.

For the case n = 1, we need one more condition on the torsion term A;;. We
shall prove the following theorem.

Theorem 1.2. Let M be a 3-dimensional strongly pseudoconvex pseudo-Hermitian
manifold in the sense of Webster. Let

1 3
(1.17) Ricy, (X, X) + 5 Tor (X, X) = = B2, (X, X) 2 ko g (X, X),
0
for allm € M, X € H,,(M), and for some positive constant kg, where
(118) Bfn(xle,xle) = 2|A11|2|$1|2 — Re XQ(Aﬁ)J?% — ZRQAﬁF%OJ?%
Then A\ > %

The above two theorems are sharp when M is the unit sphere in C**!, in which
case the torsion vanishes and \; = nLHko =n.

Observing that (Agp)o = XoA — 2411}, = XoAqs + 24171, we remark that
while the pseudo-Hermitian case differs from the Riemannian case in that torsion
enters into the picture in addition to the Ricci curvature, the 3-dimensional pseudo-
Hermitian case differs from the higher-dimensional cases in that the first covariant
derivative of the torsion along the distinguished transversal X also plays a role in
Theorem 1.2.

2. PROOF OF THEOREM 1.1

We shall start to prove Theorem 1.1.

Proof. Let (X, X, X&) be a local frame given by (1.4). Let X} be the adjoint of
X, with respect to dv. Then

(2.1) Xi=—Xo+ (D Th) and A=—> (X:Xo + X:Xz),
B

«

Let Vf = Yoo faXa € T(H(M)) and df = fa0* + f50%. We recall the following
formulae proved in [5].
Bochner formula:

(22) SARSP = ms DI + DI + Re (£, V(AS)
+ (Ric + (n = 2)/2Tor)(V £,V f) + i(D* f)(Xo, (df)"),
(2:3) [ (D P)(Xo, (@) )0 = = [ me DA  n- D Rie(T£. V)
M M
and

) [ D200, @) = | —fur(e D) P (AR Tox(PF 9 i

1

n
where |7 D2f||2, ||7_D2f||?, tr(7, D?f) and D?f(Xo, (df)*) are locally given by
> foatfsas 30 foaf5a: 22 fom and 3 fafao — fafao, respectively.
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If f is a non-constant real-valued function so that Af = —\; f, then fM fdv=0
and

(2.5) A1 /M If|2dv = — /M(f, Af)dv = 2/M |V f|?dv.

Consequently, for any c € [0,1], (1 —¢) x (2.3) + ¢ x (2.4) gives

Aﬂﬂﬂ@MWW%

2(1 —c 4c 2(1 —c
@0 = [ P - Lt p2)? - D e
M n n n
2 1— - -
2001 - 2L ORie(9£.97) + Tor(9 £, 9)]d
By the Cauchy-Schwarz inequality,

(27) Iy DI > < [ox(r, D)

Then

I
i\\

A|V f|2dv

l\.')

[HW+D2ﬂP-+Hw D] = MRe (V/, V)

+ (Ric + (n 2)Tor)(Vf, Vf)
2(1-¢)

2)\1(3

20

— C
T 2029 prype

4e
| D2 fI|” — g|tr(7T+D2f) ?

V2 - WRic(@ﬂ Vf)+ c¢Tor(Vf,Vf)|dv

z/[@+%¥¥Lfﬁmmﬁwm+u—KtﬁmeMP
M n n

= 2 (- 2 Dy 22 9, 9 )

%_%:Oforcandlet

To get rid of the [tr(myD?f)|? term, we solve L +
%?TJF;L)' For this choice of ¢, the above inequality becomes

CcC =

- A V£,V
OZ/M 21(7122)[”LD2f“2 %Wﬂ? (R1c+gTor)(vf,Vf)]dv

By the hypothesis, (Ric + % Tor) (Vf, @f) > k0|@f|2. Hence

0z [ 2= im o2+ (

which implies that for n > 2, ”T“)\l > kg. Therefore, we have proved Theorem
1.1. O

ki 1/\1) |@f|2}dv
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SHARP LOWER BOUND ON A PSEUDO-HERMITIAN MANIFOLD 793

3. PROOF OF THEOREM 1.2

For n = 1, we need more on the pseudo-Hermitian geometry of M. First we
compute the curvature 2-form Q} in (1.9) to get A\;7 in (1.10) explicitly. The result
is

(3.1) Q! = dw! = Ryg10" AOY + Wy,0' A0 — Wi 7100 A6
where

Rﬁﬁ = le‘h - XTFh + Filrh - Fhf% + ZT%O’

Wit = Xal'jg — Xol'f, + T30 — AIIP}T

and Wr;1 = Wi, There is another curvature 2-form Q! defined by

(3.2) Q' =drt — 7 Awy.

Explicit computation gives

(3.3) Q' = (X1 Ay + 245T1)0" A0 — |Arp[20" A0+ (—XoAgg — 2A7T1,)0% A 6.

It was shown in [J] that the coefficient of ' A @ in Q! is equal to Wy in Q.
Equating the two expressions of W11, we get

(3-4) XlAﬁ = XOriT - XTF%O + FiTF%O - Aﬁrh-

With this extra information, we will be able to prove the following lemma. For
convenience, we shall henceforth write A = Aqy.

Lemma 3.1. Let Af = -\, f and fo = Xof. Then

1 -
(3.5) —/ Afgdv:—/\l/ f§dv+2/ |X1f0|2dv—4Re/ Af1 X1 fodv
2 M M M M

(both sides being zero).

Proof.

2D = (Rt ()
= [ - TG+ X (e - T ()]
= Xi(foX1fo) — Ti1(foX1fo) + X1(foXtfo) — TT, (foX1fo)
= X1 fol? + 2foRe (X1X1 fo) — 2foRe (rhxl fo).
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Using the Lie bracket [Xg, X1] = '}, X; — AX7, (1.15) and (1.7), we get

XtX1fo = XgXoXif + X7[X1, Xo]f

= XoXgXif + [X1, Xo] X1 f + X3[Xq, Xo]f
Xo(fi1 + Tipf1) + (AX1 = T{X7) X1 f + Xp(AX7 — T X1)f

= Xofit + Xo(Dipfi + D11 Xofi + (AX 1 Xy + AXXT)f
~TL X1 X1 f + X1(A)X1f — X7(Tio) X1 f — T X1 X1 f

= Xofi1 + Xo(Tip)f1 + T X1 fo+ T (—AX7 + T X0) f
+HAX 1 Xy + AX7X7) f + X1(A) X7f — X1(T1o) X1 f

= Xofi1 + [Xo(Tig) = X7(T1p) + DTyl f1 + (X7(A) = Ti7A) fr
+(AX1 X1 + AXTXT)f + T X1 fo.

Thus,
2Re X1 X1fo = Xo(fi+ fir) +2Re[Xo(T'};) — X1(I'}p) + 1113, + X14 — AT 1 fy
+2(AX X, + AX7XT)f + 2Re [11.X1 fo.
Therefore,
l~ 2 _ 2 _ 1
2Afo = 2[X1fol” —2foRe (I';1X1/fo

+fo| Xo(fi1 + fr1) + 2Re [Xo(T'17) — X7(T]p)
LT+ XA — ATL £
+2(AX1 X1 + AX7X7)f + 2Re[17X1 fo
= 2[X1fo|* + 2fo(AX1 X1 + AX1X7)f
+foXoAf +2foRe[Xo(T}y) — X1(TTp) + T}To + X1 4 — ATq ] f1.

Using X7 = —-X1 + F%, we get

) /M fo AX1 X1 f dv

=9 /M X(foA) frdv

=2 [ Xi(hipdo+2 [ 1 faddo

= —2/M X1(A) f1 fodv — 2/M Af1 X1 fodv + 2 /M F%Afofl dv.
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SHARP LOWER BOUND ON A PSEUDO-HERMITIAN MANIFOLD 795

Then, by (3.4) with A = A4y,
2 / Jo AX Xy fdv + / (Fhr%o — X7(Tlo) + Xo(T'yy) + X1 A~ Al“%) fi fodv
M M

= _2/ Afi1 X1 fodv +/ (F}TF%O — X7(T'}p)

M M
+ Xo(T}y) = X14 + AT} ) f1 fodv

= —2/ AlelfO dv.

M

Therefore,

/M %Afg dv = 2/M | X1 fol?dv — N /M(f0)2 dv — 4Re /M Af1 X1 fodv
and the proof of the lemma is complete. O
Notice that
i(frfio0 = fifro)
= ift(Xofi — Tlof1) — ifs(Xofr — Lo fr)
= ifT(leo + (Tiof1 — Af7) — 1“iof1)

0 —ify(Xfo + (PR fr = Af) = Tho fr)

= i(frX1fo — 1 X1fo) +i(AfE - AF)

=i(frX1fo — f1X7fo) + Tor(V £,V f),
and
(3.7) X;=-X;+Tk and [Xi,X7] = —iXo - T X; + L Xy
By (3.7)

Im /M frXifodv=1Im /M(—Xlef +TL ) fo dv

(3.8) —Tm /M %Xo F fodv

1

Hence, for n = 1, by (2.2), (3.6), (3.8) and the equation
[ o= [ (e fo)? 4 (i o
M M
= [ JIAFE+ Il
I goray

— Mgz, Ligpe
= [ 1P+l
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796 SONG-YING LI AND HING-SUN LUK
we have
1 .
0= 4 /M AT fPdv
Al 1 -
= [ (IR ) + 1 = Ml
FRIC(V S, V1) — 5 Tor(V 1,V 1) + i frfio — i fro) do
Al 1 -
= [ (AP + UE) + P = 2P
+(Ric 4+ 3 Tor) (V£ 97) +i(fs X1 fo — i Xefo) do
= [ (GMITIE AR + |l
+(Ric + %Tor) (Vf,Vf) = 2Im (fy X, fo) dv

= / (—%>\1|@f|2 + | fun? + (RiC + %TOT) (V. V) - ;Im (fr X1fo) dv.
M

By Lemma 3.1, where [, Afgdv =0, and (3.8), we have

(3.9) 2/ |X1f0|2—4Re/ Alelfodv:Al/ fgdv:2>\11m/ f5X1 fodv.
M M M M

Thus,
(3.10)

/|X1f0|2:2Re/ Aleldev—i—)\lIm/ fTleOdU
M M M

5.\ /2 5\ 1/2
<ore [ apxipdo+ ([ 1) ([ Xasf)
M M M

2 1
§2Re/ Alelfodv—i—ﬁ/ |fT|2dv—|——/ |X1f0|2dv.
M 2 Ju 2 Ju

Since
(3.11) /XO(Aff)dv:o,
M
we have
1
(3.12) /MAfIXOfldv:—E/MXO(A)ffdv.
Thus,
R AfiX1fod
e/M fiXifodv
= Re/ Afl(XOfl +ZXTf—F%Of1)d’U
(3.13) M )
~Re [ (APIAP - Xo(4)7 - AT )0
M
= %BQ(W,W)dv.
M
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If there is no confusion, we shall simply write
(3.14) B*(Vf,Vf) = B*|fi]*.
(3.10)—(3.14) imply that

/ X, folPdv < 4Re / Af X1 fodv + A2 / | fef2dv
M M M

(3.15)
< [ @B+ infd
M
Therefore,
3
——Im/ fTleOdU
2 M
3 1/2 1/2
Z-g(/ |f1|2d’0 /|X1f0|2dv
M
(3.16) "
z——/ |ul2do ——/ X fol2du
> =

T [ nkao- g [ @B binkde

For simplicity, we will use the notation
. 1 -
(3.17) Ric(Vf,Vf)+§Tor(Vf, V) =klfi]>

Therefore,
1
0 > ——/\1/ |f1|2dv+/ k|1 [2dv
2 M M
3b 3
ST [ anka - 5 [ Bt
4 M b M

A B?
= < [ GHTRIARE e [ =TSl

Let b = ko/2. Then by (1.17) and (1.18),

3B? 3B
k— ST k— o > ko
Thus,
A (k:o — by _ (4ko —3b)b _ 5k3 .
R 2b+ 3\ 4(ko + 3M1)

797

This holds if and only if 1203 4+ 4kg\; > 5k2, i.e., (2A1 — ko)(6A1 + ko) > 0. Since
A1 > 0, we have 61 + 5kg > 0. Hence A\ > % Therefore, the proof of Theorem

1.2 is complete.

O

Finally, we remark that for n = 1, (1.2) and (1.5) reduce to 6 = ¢, §* = ¢'0)
and X = Xo, X| = ¢"*X; where a € R. Under these transformations, it can be
checked that the quantities considered in Theorem 1.2 also have intrinsic meaning

even though they are expressed locally.
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