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HARDY INEQUALITIES RELATED TO
GRUSHIN TYPE OPERATORS

LORENZO D’AMBROSIO

(Communicated by David S. Tartakoff)

ABSTRACT. We prove some Hardy type inequalities related to the Grushin
type operator Ag + |z|27A,.

1. INTRODUCTION

The purpose of this paper is to prove Hardy type inequalities related to the
degenerate Grushin type operator A, := A, + |z]27A, (z € RY, y € RF).

The well-known Hardy inequality for the first-order derivative of a function u €
61(), where Q is an open set of R, is given by

2
(1.1) c/ u—2dm§ /|Vu|2dx,
a |zl Q

(see, for instance, [8] and the references therein). Much effort has been made to
give explicit values of the constant ¢, and even more, to find its best value ¢, (see
1, ).

The pre-eminent rule of the Hardy inequality in the study of linear and nonlinear
partial differential equations is well-known. For instance, let us consider the linear
initial value problem

u —Au= Az, z€R™ n>3 t€]0,T[, NeR,
(12) ] 2
u(z,0) =uo(x), x€R" wuye L*(R"), wug>0.
Problem (C2) has a solution if and only if A < (252)? = ¢, (see [2] for more details).

In recent years this result has been extended in several directions; see, e.g., [3], [4],
[11], [13], [I8]. As an example, consider the following quasilinear problem:

up — div(|VulP=2Vu) = M 20 (2,1) € Qx]0, T n > p > 1, A > 0,
u(z,0) = up(x), z€0, wuy >0,

u(z,t) =0, x €9, te€o,T],

where ug satisfies suitable regularity assumptions and €2 is a bounded domain in
R™ containing the origin. In [11], the authors proved that the above problem with
p> n2—f1 has a solution if and only if A < ¢, , := (%)p. Again, the result depends
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726 LORENZO D’AMBROSIO

on the relation between A and the best constant ¢, ;, in the inequality of type (I.I])
in LP:

P
(1.3) c/ Mclaz:g /|Vu|pda:.
a lzlP Q

In the Heisenberg group setting, Garofalo and Lanconelli in [I2], Niu, Zhang and
Wang in [I7] and the author in [5] proved, among other results, the following Hardy
type inequality related to the Kohn Laplacian operator:

2
(1.4) C/Q%w%zg < /Q|VHu|2d£, we G Q)

where Vi denotes the vector field associated to the Kohn Laplacian (Ay = Vi -
Vu), p and ¢ are, respectively, a suitable distance from the origin and a weight
function such that 0 < ¢ < 1 (for a detailed description of these results we refer
the interested reader to [5], [12], [T7]).

Recently, in [13], it has been pointed out that the analogue problem of ([L2)
involving the Kohn Laplacian Ap, namely

ur — Agu = /\wQP% on R2n+1X]O,T[, A€ER,
u(+,0) = uo(+) on R gy € LR, v >0,

has a positive solution if and only if A < ¢ g, where cp i is the best constant in

Furthermore, an important connection between the Gelfand problem and Hardy
inequality has been pointed out in [3] and [4].

Having in mind some extensions of these kinds of results in the setting of second-
order linear degenerate (or singular) partial differential operators, it appears that
an important step towards this programme is to establish some fundamental in-
equalities of Hardy type.

In this paper we shall prove some inequalities of the type (I]) associated to the
Grushin type operator A, := A, + |z|?YA, with v > 0 (z € R, y € R¥); see [14],
[10] and the references therein.

Let V., be the gradient operator defined by

Yy = (Va, [2[7Vy).

We have A, =V, - V.
Our aim is to prove inequalities of the type

(1.5) o [ pwrd < [ [vapic

where w is one of the following functions: 1/|z|, 1/[¢] or |z|7/[¢]**” and [-] denotes
a suitable distance from the origin (see below for the definition). Furthermore, we
give an estimate on the optimal constant in (LCH) and in some cases we show its
sharp value.

For this goal we shall mainly use a technique developed in [5] and [16]. An
interesting outcome of this approach is that, in some cases, one can easily obtain
the best constant even for a higher-order generalization of (ICIl). We refer to Niu,
Zhang and Wang [17] for a different and interesting approach based on the Picone
identity [I] in the Heisenberg group setting.

This paper is organized as follows. In the next section, we introduce notation
and basic facts about the degenerate operator A,. Section 3 is devoted to the proof
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HARDY INEQUALITIES RELATED TO GRUSHIN TYPE OPERATORS 727

of some Hardy inequalities of type (LH). In the same section, as a consequence of
the technique used in the proof of our main result, we prove a Poincaré inequality
related to the operator A,.

2. NOTATION AND PRELIMINARY RESULTS

In this section we shall introduce some notation. Let ~ be a positive real number
and let & = (z1,...,%d,Y1,---,Uk) = (7,9) € R x R¥ = RN with d,k > 1 and
N = d + k. We denote by |z| (resp. |y|) the Euclidean norm in R¢ (resp. RF):
|| == at+ -+ a3 (vesp. |y| == \/yi+---+yi). Unless otherwise stated,
Q c RY will denote an open set.

The symbols div, V¢ and A¢ stand respectively for the usual divergence operator
on RY, the gradient and the Laplace operator for functions defined on RY with
respect to the &-variable.

Fori=1,...,d,and j =1,...,k consider the vector fields

XZ‘Z 9 Y = |(E|A/ 9
Oz, dy;’
and the associated gradient as follows:
V= (X1, Xas Vi, Vi) = (Vi 2 7V,).

The Grushin operator A, is the operator defined by
d k
Ayi= Do X4 Y VP = Ae a8y =9 ¥

Defining on R¥ the dilation ) as
(21) (S)\((E, y) = ()\1[,’, >‘1+7y)a

it is not difficult to check that X; and Y; are homogeneous of degree one with respect
to the dilation X;(dx) = Adr(X5), Yi(dx) = Ada(Y5), and hence V,(0x) = Aor (V).
Let [¢] = [(z,y)] be the following distance from the origin on RN

H[[xy]]—<zx )+ (1+9) Zy> :

The function [-] is related to the fundamental solution at the origin of the Grushin
operator A, (see [6]). Furthermore, it is easy to see that [-] is homogeneous of
degree one with respect to dy. Let R > 0. We shall denote by Bg the set

Br:={¢ eRY : [¢] < R}.

A function u :  — R, such that u(§) = u([§]) (u depends only on [£]) is said
to be radial.
Let u € €1(Q). If u is radial, then it is easy to check that

(2.2) IVu(é)] =

="

' ([EDI-

Moreover, if u € €2%(2) and is radial, we find

u = |m|2'y ’U,N d+(1+7)k_1u/
Bt = [ ( TTE ) |
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728 LORENZO D’AMBROSIO

Let Q = Bg, \ Bg,, with 0 < R; < Ry < 400 and u € €(2). As we shall see
below, in some intermediate inequalities appearing in the proof of our main results,
we shall need to compute fQ u. For this task we can proceed by considering the

transformation € := ®(p,0,61,...,04_1,w1,...,wi_1), introduced in [6] and defined
by
. .9 N — el
x1 = psind(sin® )" T coswy,
. . 0 _
Ty = psin t_‘)(sm2 0)™ 20T sinw coswa,
. . R 2 .
Tg_1 = psin 9(sm2 0)” T sinw; sinws . .. COSwWg—1,

. . 0 _ . .
(2.3) T4 psin t_‘)(sm2 0)” 20T sinws sinws . . . sinwg—1,
y1 = ——p"*7 cosfcoshy,

Tty
— ﬁppﬂ cos 0sin 6, cos 0,

Y1 = ﬁppﬂ cosfsin @y sinfs ... cosOp_1,
T ﬁppﬂ cosfsin @ sinfy . ..sinOy_1,

for Ry < p < Ro, Gi,wj S ]O,TF[ fori=1,....k—2,j=1,....d—2,0p_1,wq—1 €
10,27[ and 6 € Jag, by[ where ap and by depend on d and k; that is,

0el0,3[, ifdk>2,

0 €)0,n[,if k=1and d> 2,

0c]—-7%, 5[ ifd=1and k> 2,

0 €10,2n,if d=k =1.

Let J(®) be the Jacobian of ®. By a simple computation we have |det J(®)| =
p9710(0,6,...,04 2,wi,. .., wr_2), where Q := d + (1 4+ )k and

~—~ @& e o o

d—2

1 . _d _ . _ . . .
0= (?)HSIH )7 "t cos L sin® 26, .. .sin B _osin? 2wy ... sinwg_o.
vy

Therefore, if u: Q — R is radial, i.e., u(¢) = u([€]), then
R>

(2.4) LLMMM%:sﬁ/ 22 u(p)dp,

Ry
where

bg T T 27 T ™ 27
Sp = / d9/ d(gl .. / d(gk_g d(gk_l / dw1 .. / dwd_g dwd_1®.
ag 0 0 0 0 0 0

Let |-| be the Lebesgue measure on RY. We note that from (Z4) one gets
|Br| = |B1| R,
where @ := d 4 (1 4 )k is the so-called homogeneous dimension.

Remark 2.1. Using (23), we can deduce the following criteria for the integrability
of the function |z|P[£]?:

i) if d > —p and @ > —p — ¢, then
[ tallernds < +ocs
B1
ii) if d > —p and Q < —p — ¢, then

/ 2 P[] 9dg < +oo.
RN\ By
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HARDY INEQUALITIES RELATED TO GRUSHIN TYPE OPERATORS 729

Let () be the set of functions with compact support belonging to €% ().
Let p be such that 1 < p < co. We shall denote by D1?(Q2) the closure of 6;°(2)

in the norm (f,|Vyu[Pd¢)/?. If w € L}, () and w > 0 a.e. on €, then D1P(Q, w)
denotes the closure of 5° () in the norm (fQ|V7u|pwd§)1/p.

3. HARDY INEQUALITIES

Throughout this section we shall denote by © an open subset contained in R,
The results of this paper are the following.

Theorem 3.1. Letp > 1,d, k > 1 and o, 8 € R be such that d+(1+~v)k > a—0F—p
and d > ~vp — 3. Then, for every u € DYP(Q, |z 8P [P we have

(3.1) ’p7 ,ﬁ/|u|1’[[£]] dé </|vu|p|x|ﬁ PE] (1+7)p— o g,
where cgpapi=(Q+0B—a)/p=(d+(1+v)k+5—a)/p.

If 0 € Q, then the constant cg pap i (I is sharp.
In particular, if Q :=d+ (1+~)k >p> 1, then

(3.2) (MY luP? Wp de < /|Vu|pd§, ue DhP(Q),

p [GRIGE
Q-p\' [ lup [ o (o 7
o3 (472) [ fgpee= [ ; e @>mue Dl (0. F0).
Q-p\' [ [0
(3.4) (T) Q|ac|pdg /|V7 | |z |(1+v)p dc

L [[5]](1+v)p
d > (1+7)p7u S D,)/p (Q,W> .

Remark 3.2. If v = 0, then the operator A, is the standard Laplace operator acting
on functions defined on RY and (32 is the classical Hardy inequality (see (I3)).

Theorem 3.3. Let d > p > 1. Then, for every u € D#”(Q) the inequalities
(3.5) o /de </|Vu|pd€
W fo lap ™ T o 7

(3.6) i | %dé < [ 1w

hold with bq,p := (d — p)/p.
In particular, if p=2 and d > 3, we have

d—2 d—2 u?
(T)Q/QH <42 )/Wd«/ﬂmwdf.

Remark 3.4. From the above results it follows that the best constants in (3.5]) and

@) lie in [(=2)7, (2)7].

Before proving our results, we fix some notation.
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730 LORENZO D’AMBROSIO

d 1/2
=1

I, O
0 1)’
The symbol V¢ stands for o.V. For any vector field h € (€, RY), we shall write
divy (h) == div(och).
Clearly, if € = 0, then ro = |z| and
V, =V =00V, A, =div)(V).
Let Q be an open subset of RN and h € (2, RN) be a smooth vector field
with compact support. By the divergence theorem we have

/divgizdg :/ h-owds =0,
Q N

Let € > 0. Define

Oe

where v denotes the exterior normal at point & € dQ. Choosing h := |u[’h with
p>1,u€ % (Q) and h € €1(Q,RY), we obtain
(3.7) /Q|u|pdiv§hdg = —p/Q|u|p—2uv;u.hd§.

Using the Holder inequality and (B7), we can prove the following.

Theorem 3.5. Let € > 0 and h € €1 (Q, R*" 1) such that divih > 0. Then, for
any p > 1 and u € €, (Q), we have

(3.8) /Q|u|pdiv;hdg gpp/Q|h|p|div§h|’(p’1)|V;u|pd§.

The main idea for proving Theorems [3.1] and and the Poincaré inequality
(B14) (see Theorem below), is to specialize the choice of the vector field h in

the inequality (3.8).

Proof of Theorem [3-1l Without loss of generality, we shall consider smooth func-
tions u € 65°(2). The general case will follow by a density argument.
Let € > 0. Define

k pes)
pe = (7“3*2” +(1+7)° Zy2>

i=1

and the vector field h! as

1 B
(3.9) he (€) := o ((1 + 7)yf~%—7—2|xl2> '
A simple computation shows that
_ ;_Z (d+((1+’>’)k‘+5_0‘)%> ,
m| = w (P2 [ + (1 4+7)2[y]?) -
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Let f. (e > 0) be defined by fc(r) :=d+ (1 +v)k+ 06— a)ﬁ, r>0.

It is not difficult to see that
d it 1+v)k+0—a>0,

1 > .
(3.10) fﬁ(r)—{d+(1+v)k+ﬂ—a if (1+9)k+8—-a<0,
for every r > 0 and € > 0. Since 7 > ¢, if d+ (1 + )k > a — (3, it follows that
divih! > 0.

Thus we are in a position to apply Theorem B5lto h = hl. Indeed, from (B)

we obtain
e
[ a2 el
Q Pe

2p - B=20=vP (427 | 1|2 1 2\p/2
B ol (RS T
Q Pe f6(|x|)p
Let m := min{d,d+ (1 + )k + 5 —a} > 0. By BI0) and r < r, the integrand in
the right-hand side of ([BI1), can be estimated as follows:

(o222 o+ (1 P2 [Vl
pe fe(lz|)P—t
Therefore, by our assumptions d+ (14++)k > a— 3 and d > p— (3, we can apply the

Lebesgue dominated convergence theorem to (B.11l), and letting ¢ — 0, we obtain
the claim.

The choices (o, ) = (1 +7)p, vp), (o, 8) = (p,0) and (a, 8) = (0, —p), in B.I)),
yield the inequalities (3.2)), B-3) and (3.4) respectively.
It remains to show that the constant cg’p’a,ﬁ appearing in ([B.1) is sharp.

(3.11)

€ B— 1+ —a 1
el LI € 1A(9).

First we consider the case Q@ = RY. In doing so we shall adapt the original idea
of Hardy (see [15]) for the one-dimensional Euclidean case.
Given € > 0, consider the function

e if p € [0,1],
u(p) = { Cepcarasc if p>1,

where C¢ := (¢ p,a,3 + €)' We have

0 if p €]0, 1],
—p P if p>1,

and by computation

(3.12)

[ ([[ﬁﬂ)l”g[fﬁa cp(
<
)

/. Hadf +/ - |x|ﬁﬂf]]‘”“pd5>
J,

1[[]]71)

z|? _ _
d¢ + 2 |P||B—7P (1+v)p aq >
/B1 II ]]O( g /]RN| ’Yu| |§C| ﬂg]] f )

[ g “*”—E|p|x|ﬁW[[fﬂ“ﬂwdf)
RN\ B
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732 LORENZO D’AMBROSIO

where, in the last identity, we have used the relation ([22) and the fact that o’
vanish on Bj. Since the addenda in the right-hand side of (3.I2)) are integrable (see
Remark [Z71]), by letting ¢ — 0, we easily get the claim.

In order to conclude in the general case, we proceed as follows: let ¢;(€2) be the
best constant in (B.1)). By invariance of (3.1)) under the dilation § we have

ep(Br) = cp(By) for any R > 0.
Furthermore, we note that, if B C Q C RY, then
(3.13) & pap = bRY) < (Q) < e(Br) = cp(By).

Let ¢ € €2°(RY). Since the support of ¢ is compact, then (BI) holds for ¢ with
Q) = Bg, R large enough and ¢ = ¢,(Bgr) = cp(B1). Therefore, ¢,(B1) < cp(RY)
and from (3I3)) we conclude the proof. O

Remark 3.6. Let ¢ € €2(Q2) and € = 0. Setting h := V, ¢, we see that Theorem
can be reformulated as follows: if A,¢ > 0, then for any p > 1 and u € % () we
have

/Q [P A, b < pP / 9,6/ | Ay ¢~ ulPde.

Following this idea, one can easily realize that the main problem is to decide whether
such a function exists. Indeed, via a standard regularization argument, we see that
(B2) can be proved if there exists ¢ € €2(2) such that V,¢ = h{, where hj is
the vector field defined in (B9) with ¢ = 0, « = (1 +7)p and 8 = ~yp. A simple
computation shows that this is possible only when v =0 or p = 2.

In the case v = 0 and p > 1, we obtain the classical Hardy inequality associated
to the p-Laplacian operator on RY (see [d]), while if 4 > 0 and p = 2, the function
¢ is given by ¢(¢) := In[¢].

This show that in the framework of Hardy type inequalities associated to second-
order elliptic operators with degenerate or singular coefficients, the method based
on the choice of a general vector field is more efficient.

Proof of Theorem [Z3 Define h? as follows:
1 [z
20 =5 ()

We have
. 1 |z
€12 _
le"/he = E (d — p?"—Q s
||
hZ| = X

Since d > p, we get divih? > 0, and, as in the previous case, by (BH) it follows that
P Ja? el
(@ p e < v Vil
Q ¢ r? rf(d—pliyp-17

By the Lebesgue dominated convergence theorem, the last inequality implies (B.5).
Finally, using the fact that [¢] > |z| and (35), we obtain (B:6). This concludes the
proof. O

We note that (B8) also yields a Poincaré inequality for the vector field V, on
domains 2 contained in a slab. More precisely, we have
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HARDY INEQUALITIES RELATED TO GRUSHIN TYPE OPERATORS 733

Theorem 3.7. Let Q be an open subset on RN . Suppose that there exist R > 0, a
real number s and an integer 1 < j < d such that for any & = (z,y) € Q, it follows
that |z; —s| < R.

Then, for every u € 64 (), we have

(3.14) o [lulrde < [ 9ups
Q Q
where ¢ = (pLR)p_

The proof of the theorem follows from Theorem [B.5] by using the vector field

defined by
0
hi=1x;—s
0
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