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ABSTRACT. We introduce and study a g-analogue y(q) of the Euler constant
via a suitably defined g-analogue of the Riemann zeta function. We show, in
particular, that the value v(2) is irrational. We also present a g-analogue of
the Hurwitz zeta function and establish an analogue of the limit formula of
Lerch in 1894 for the gamma function. This limit formula can be regarded as
a natural generalization of the formula of v(q).

1. INTRODUCTION

The Euler constant

1 1
v = lim (1+§+~-~+E —10gn> = 0.5772156649 - - -

n—oo

is a famous mysterious constant. Actually, the true nature of the Euler constant
concerning the irrationality and the transcendency is not known. The most natural
appearance of the Euler constant seems to be

(11) =ty () - 2 )

s—1 s—1
where
1
C(s)=) —, Re(s)>1,
n=1 n

is the Riemann zeta function. More precisely, the Laurent expansion of {(s) around
s =1 is given by

C(s):ST11+7+01(5—1)+02(3—1)2+--'.

Keeping the expression (1.1) in mind, in 1894, Lerch [L] found the remarkable
limit formula:
F/

(12) ti (¢(o0) = 27 ) =~ o)
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936 NOBUSHIGE KUROKAWA AND MASATO WAKAYAMA

Here ((s,x) is the Hurwitz zeta function defined by the series

S |
(1.3 (s, ) = —_—, Re(s) > 1,
) ) nz:% et e )

for © ¢ Z<o and I'(z) is the gamma function. Since we know the facts I'(1) = 1,
I"(1) = —~, the formula (1.2) is considered as a natural generalization of (1.1).
This (1.2) is also a prototype of many important limit formulas such as Kronecker’s
limit formulas.

The aim of the present paper is to investigate a g-analogue of the Euler constant
and further to establish the g-analogue of Lerch’s limit formula (1.2) using Jackson’s
¢-gamma function I'y(z) (cf. Moak [M]). Throughout the present paper we assume

that ¢ > 1 and put [z], = q;:ll for z € C.

2. A ¢-EULER CONSTANT

In order to introduce a g¢-Euler constant properly, we study the following g-
analogue of the Riemann zeta function ((s):

(2.1) Gl =3 o

1 -, Re(s) > 1.
Ja

First we look at the analytic nature of (4(s).

Theorem 2.1. Suppose ¢ > 1. We have

(1) ¢4(s) is meromorphic for s € C.
(2) Around s =1 we have the Laurent expansion

_qg—1 1
(22) Gl) = G 5
with

+7(@) + (s —1)+-

Proof. Using the binomial expansion, one calculates

G(s)=(g—1)*> q"(¢"—1)*
== V-

=(q—1)° i g g:) (_ks) (—1)kg ¥

n=1

iS5+ (5+E—1) o= _pnisine
:(q_l)kz k'( )Zq (s+k—1)
k=0 ’ n=1

s(s+1)---(s+k—1) 1
k! gsth=1 —1°

=(q—-1)°

[M]8

E
I
o

This shows that (,(s) is meromorphic for s € C.
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To prove the second assertion, let us look at the expression above around s = 1:

s 1 1 s(s+1) 1
Cq(s):(q_l) {qs_l—l—’_s'qs—l—’_ 2 'qs+1_1+'”}'

Then, since

(g—1)°=@g-1)+{(g=Dloglg— 1)} s—1)+as(s —1)>+---,

! - ! L +bi(s—1)+
¢ 1—1 logg s—1 2 18 ’
we find
qg—1 1 qg—1 qg—1)log(q—1
Gls) = ~2o2 la-losg o)
logg s—1 2 log q
+(¢@-1) ! + ! + ! + +ea(s—1)+
I -1 ¢&-1 ¢-1 o '
Hence we observe that the constant term is given by
~ 1 (@-Dlog(g—1) ¢-1
) =) — - :
@ ,; [nlq loggq 2
This completes the proof of the theorem. O

In view of the formula (1.1) for representing the Euler constant, the formula
(2.2) yields the following definition.

Definition. We call y(q) the q-Euler constant.

Example. We list a few examples:

=1 1
7(2)* 2n_1_§’
n=1
=1 2log 2
3) =2 —1
7(3) ;3n_1 * Toud
o0
1 3  3log3
=3y — -2
7(4) ;471—1 3 T 2T0g2’
o0
1 8log2
=4 —2
16 =4) 5y * Jogs
n=1
= 1 5 b5logh
= 2420 ete
7(6) 5;@—1 3" Joge ¢

We recall the g-gamma function I'y(z) of Jackson [J] constructed as

R g
n=0
(25) =g 17l IT (10 ).

We refer to Moak [M] concerning the g-gamma function (also cf. [A]).
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938 NOBUSHIGE KUROKAWA AND MASATO WAKAYAMA
Theorem 2.2. We have

’ g—1
(2.6) v(q) = =T (1) - Togq

Proof. By logarithmic differentiation we have

(1) 1 e 1
el A A | log(q — 1) + (1 R
T ) 5 log ¢ +log(q — 1) + (log q) n§:0 e —

Thus, using the fact that T'y(1) = 1, we obtain

log ¢
~Ty(1) = 1@

This proves the theorem. O

We show next that the ¢-Euler constant tends to the Euler constant for the limit
q | 1 as follows.

Theorem 2.3. We have
(2.7) limv(q) = 7.
qll

Proof. From the fact (see Moak [M])
limTy(x) = I'(x),
ql1

where I'(z) is the usual gamma function given by

[(z)™! = ze® H (1 + %) e n

n=1
we have
limIY (1) =T7(1) = —~.
lim (1) (1) =—v
Since limg |y % =1, the result follows from Theorem 2.2 immediately. O

Remark 2.1. In [KKW] we have shown that
(2.8) liﬁl Cq(s) =¢(s) (Vs € C,s #1).
q

Note that we are assuming ¢ > 1 here, but in [KKW] ¢ is taken as 0 < ¢ < 1. Thus,
in view of the definition of y(¢) in terms of (,(s), the assertion in the theorem above
seems quite consistent with this equation (2.8). (See also Remark 2.3 below.)

As to the question concerning the irrationality of the g-Euler constant y(g) we
have the following partial answer.

Theorem 2.4. Let ¢ > 2 be an integer. Then

v(q) - i 1)1:;g;q 1)

is an irrational number. In particular, ¥(2) is irrational.
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Proof. By Theorem 2.1 we have

v(q) — i 1)1:;1@ —b

8

q—l

8\\

q—l

)

where d(n) denotes the number of the divisors of n. Hence the irrationality of the
left-hand side follows directly from the result of Erdés [E]. O

Remark 2.2. Tt is interesting to judge the irrationality of vy(q) for ¢ = 3,4,5,.. ..
One may also ask the transcendency of v(¢). The point is, of course, the existence
of the log-term. As to the series expression for the Euler constant v = limg)1 v(q)
involving a log-term, the following is known (for instance, see [S]):

N

where the bracket [x] denotes the integer part of z € R.

Remark 2.3. The g-analogue (4(s) of ((s) that we are treating here is a special case
of f4(s,t) considered in [KKW]| and defined by

H=3¢ ",

In fact, (4(s) = fq(s,—1). It is known in [KKW] that f,(s,t) is meromorphically
extended via the formula (the proof is the same as our assertion (1) of Theorem

2.1)
Fals.t) = (¢ — 91§j(s+r )t+s+rwl

Let ¢ be a positive integer. Writing
1 1 s(s+1) 1
_ _1)s
f(](57 _6) - (q 1) {qsé —1 + qufEJrl —1 + 2 qS*E‘FQ -1
s(s+1)(s+2) 1
3! gs—tt3 —1

s(s+1)(s+2)---(s+£-2) 1
(£ —1)! ey T

if we define (g, —£), the g-Euler constant of level —¢, by the constant term of the
Laurent expansion of f,(s, —¢) around s = 1, we have similarly

> 1 q—1[&2 g—1
n=1—¢,n#0 q g4 n=1
-1 -1
g—1 1 1
=(a) + 5 —+)
ogq “—in  —[-nlg

In particular, one has also lim,1 (g, —¢) = v by Theorem 2.3. It would also be
interesting to study a g-analogue of the higher version of Euler’s constant developed
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in [HIKW]. (See also [KW] for some natural appearance of the higher Euler’s
constant.)

3. A ¢-ANALOGUE OF THE LIMIT FORMULA OF LERCH

Define a g-analogue of the Hurwitz zeta function ((s, z) by

(3.1 G =3 I Re(s) > 1
) J(s,2) = = e(s) > 1,
nzo[n—i—x]q

for © ¢ Z<o. In this section, we present the following theorem, a g-analogue of
Lerch’s limit formula using Jackson’s ¢g-gamma function I'y(z) (see (2.4)). We shall
give two proofs of this limit formula. The first proof is a direct one and is given
here. We shall give another proof of the theorem using a different g-analogue of
¢(s,z) in the next section.

Theorem 3.1. Let ¢ > 1. Then (4(s,x) is meromorphic in s € C. Moreover,
Cq(s,x) has a simple pole at s =1, and we have the limit formula

. g—1 1 g—1 Iy
3.2 1 - : - . ,
(32) lim (Cq(s,fc) logqg 5= 1) logg T, (z)

Proof. Similar to the proof of Theorem 2.1, the classical binomial expansion asserts

[eS) S(S + 1) o (S + k— 1) q(s+k—1)(1—x)

G(s,2) = (¢ —1)° kz_(:) k! 11
_ ( B 1)5 q(sfl)(lfm) N qu(lfx) S(S + 1) q(erl)(lfz) N
=\ ¢1—1 ¢ —1 2 ¢t —1 :

This shows that (,(s,z) is meromorphic in s € C. We now look at the Laurent
expansion around s = 1. Actually, since

(g—1)°=@g-1D)+{(g=Dloglg— 1)} (s—1)+as(s —1)>+---,
gV =14 {(1 - 2)logg}(s — 1) +ba(s —1)* + -+,
1 1 1 1

fr— . _— = —1 DY
g¢~1—1 logg s—1 2+Cl(s )+

we find without difficulty that

_g-1 1 g—1  (g—1)log(g—1)
Cals @) = log q s—1+ [ 2 + log q
S IEED)
+@—DA—2)+ (-1 . +di(s—1)+--
k=1
On the other hand, from the definition (2.4) of I'y(z), we have
—1
—logly(z) = — % loggq + (z —1)log(q — 1)
(oo} (oo}
Y 1 qk(lfx)
(3.3) —log | [JA—a™) | =D 75—
n=1 k=1 k q 1
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It follows immediately that

qk(lfz)

¢* -1

(34)  —pi(e) = (~a+ 5)logq +loglg— 1) + (loga) Y
k=1

Hence we conclude that

g—1 1 g—1 T
- ) _ .4 di(s —1) 4+ ---.
Cals:) logg s—1 ( logg T, (@) ) +di(s = 1)+
This completes the proof of the theorem. O

Remark 3.1. Since (4(s) = (4(s,1) and T'y(1) = 1, the theorem above implies, in
particular, that

(3.5) nm(gq(s) ¢—1 1 >—-‘f‘1-r;(1).

s—1 B logg s—1 ogq

This clearly shows again the relation (2.6).

4. ANOTHER PROOF OF THE LIMIT FORMULA

We define a different g-analogue (7 (s, z) of the Hurwitz zeta function given by

o0

(4.1) G (s,2) = Z ! Re(s) > 0,

o [n+ x]g

for & Z<o. We first show the following theorem to give another proof of the limit
formula (3.2).

Theorem 4.1. Let ¢ > 1. Then (j(s,x) is meromorphic in s € C. Moreover,
Cq(s,7) has the following Laurent expansion at s = 0:

42 o) = ot {5 et P oy (T g

logg s 2 log q 4
where
1 1_ log(g—1) s n
(4.3) Co=q =(q—1)7 2esa [J(1-q").
n=1

Proof. The meromorphic continuation is exactly similar to the one in Theorem 3.1.
In fact, we have

° s = s(s+1)---(s+k—-1) glsth-z)
Cq(s,x):(q—l) kz_o i . qs+k_1

= ( - 1)9 qS(l_x) + Sq(s+1)(1_x) + S(S + 1) q(g+2)(1_x) —|— ..
q qs -1 qs—i-l -1 2 qs+2 -1

Hence, using the expansions

(01 =1+ (ogfa - 1) + L0BL=0P

2

g L1 1 . 22 v, 1 (logq) - 5 +
= R — —x - — J— o) .S

¢ —1 logg s \2 9 ~ 2 12)Vo8d ’

_|_
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we obtain

R 11 1 log(q — 1)
C‘I(S’x)_logq s+{2 T log q

 (ETELL (R -

2logq 2
2 T 1 1 qk(l—:c)
A B | Z.
+<2 24—12>0gq+;1]{J pr— 5+

The rest of the proof follows immediately from the expression (3.3) of log'y(z). O

The following simple relation between (,(s, ) and (7 (s, ) holds.

Proposition 4.2. Let ¢ > 1, (4(s,x) and (] (s,x) be as above. Then the following
formula holds for Re(s) > 0:

log g
1 Ce(s+1, ).

n+z_1 —S
[n+x]qs—(7q > ,

qg—1

(4.4) %C;(s,x) = —5

Proof. Since

we have easily

o e qn—i-:c qn-i-x -1 —s—1

log q n el
:—s-q_l-q””-[n+x]q )

It follows hence that

8 o 10 - n—+x —S5—
SoGisia) = =5 2L S g ]

q= 1 n=0
lo
= —S- g?lgq(s—i—].,x)
This shows the proposition. O

We now give the second proof of Theorem 3.1, the g-analogue of Lerch’s formula
(3.2). In view of the relation (4.4), Theorem 4.1 provides also the meromorphic
extension of (,(s, ) around s = 1. Hence, write the Laurent expansions of (7 (s, z)
at s = 0 and (,(s,z) at s = 1 respectively as

¢(s,0) = = 1 ag(@) +ar(ays+ oo
Cols,x) = b;%(xl) +bo(x) +bi(z)(s—1)+---.

Then, by Proposition 4.2 we have

log ¢
/ e
am(x) = q— 1bm_1(.13)
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for m =0,1,2,.... In particular, we obtain
qg—1,
b =— .
o(e) = i @)

Thus, using the result of Theorem 4.1 described as

a1(z) = log <FT@)> |

q—11%
logq Iy

we have

bo(x) = ().

This certainly gives (3.2).

Remark 4.1. One can prove an expected relation of a g-analogue of the Hurwitz
zeta function (limg 1 (4(s,z) = ((s,z) for all s € C) by the same way exactly as in
IKKW] and similar to the relation that the g-analogue of the Riemann zeta function
possesses. However, it should be remarked that the relation lim,|; ¢ (s, ) = (s, x)
does not hold for Re(s) <1 in general.
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