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ABSTRACT. Let Upn(q) denote the unitriangular group of degree n over the
finite field with g elements. In a previous paper we obtained a decomposition
of the regular character of Uy (q) as an orthogonal sum of basic characters. In
this paper, we study the irreducible constituents of an arbitrary basic character
Ep(p) of Un(q). We prove that £p(¢p) is induced from a linear character of an
algebra subgroup of Un(q), and we use the Hecke algebra associated with this
linear character to describe the irreducible constituents of {15 () as characters
induced from an algebra subgroup of U,(g). Finally, we identify a special
irreducible constituent of £p (), which is also induced from a linear character
of an algebra subgroup. In particular, we extend a previous result (proved
under the assumption p > n where p is the characteristic of the field) that
gives a necessary and sufficient condition for 5 (¢) to have a unique irreducible
constituent.

Let p be a prime number, let ¢ = p® (e > 1) be a power of p, and let F, denote
the finite field with g elements. Throughout the paper, we will denote by U the
the unitriangular group U, (q) of degree n over Fy; by definition, U consists of all
unipotent uppertriangular n x n matrices with coefficients in F,. We clearly have
U = 14u where u = u,,(q) is the F4-space consisting of all nilpotent uppertriangular
n X n matrices over Fg; in particular, the p-group U is an Fy-algebra group (in the
sense of [5]; see also [4]). Moreover, let u* denote the dual F,-space of u.

For simplicity, we write ® = {(¢,5): 1 <14 < j < n} and we refer to an element
of ® as a root. For any (i,j) € ®, let e;; € uy(g) be the n x n matrix e;; =
(0ri0sj)1<r,s<n Where § denotes the usual Kronecker symbol. Then, (e;;: (¢,7) € ®)
is an Fg-basis of u to which we will refer as the standard basis of u. On the other
hand, for any (7, j) € @, let ej; € u* be defined by e};(a) = a;; for all a € u (given a
matrix z, we will denote by z;; the (i, j)-th coefficient of z). Then, (ej;: (i,]) € @)
is an [F4-basis of u*, dual to the standard basis of u.

Let : IE‘qJr — C be an arbitrary nontrivial character of the additive group IFq*
of F, (this character will be kept fixed throughout the paper) and, for any f € u*,
let ¢7: u — C be the function defined by 9 ¢(a) = ¥(f(a)) for all a € u. It is clear
that this function is a linear character of the additive group u™ of u and that the
mapping f +— 1 defines a one-to-one correspondence between u* and the set of all
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irreducible characters of u*. (Throughout the article, all characters are taken over
the complex field.)

The group U acts on u* via the coadjoint representation: for any x € U and any
f € u*, we define the linear map z - f € u* by (z- f)(a) = f(x taz) for all a € u.
Let O C u* be an arbitrary U-orbit. By [2| Lemma 1], we know that the cardinality
|O] of O is a power of ¢%. Let ¢po: U — C be the class function defined by

bo(1+a) = —— 3" o(f(a))

|O| feo

for all @ € u. In general, ¢o is not a character (see [0]). However, there are
some examples where they are, in fact, irreducible characters of U. A particular
family consists of the elementary characters of U, which are defined as follows. Let
(7,7) € ® be any root and let a € Fy, be any nonzero element. (Throughout the
paper, we will denote by F,* the subset of F, consisting of all nonzero elements.)
Let Oj;(a) C u* be the U-orbit that contains the element aej; € u*, and let &;;(«)
denote the class function éf’ogj(a) that corresponds to Oj;(«). By [2, Lemma 2], we
know that this class function is, in fact, an irreducible character of U. We will refer
to &;;(a) as the (4, j)-th elementary character of U associated with a.

Now, a subset D C ® is called a basic subset if |DN{(i,7): i< j<n} <1 for
all 1 <i<mn,and if DN {({,7): 1 <i<j}| <1foralll<j<n. Inparticular,
the empty set is a basic subset of ®. Given an arbitrary nonempty basic subset D
of ® and given an arbitrary map ¢: D — F, we define the basic character {p(¢p)
of U to be the product of elementary characters

Eo(0) = [ &ileli )
(i,5)€D
For our purposes, it is convenient to consider the trivial character 1y of U as the
basic character £p () corresponding to the empty subset of ® and to the empty
function p: D — F. By [2, Theorem 1], we know that every irreducible character
x of U is a constituent of £p () for a unique basic subset D C ® and a unique map
¢:D—Fr.

The purpose of this paper is to study the decomposition of an arbitrary basic
character &p () of U. Throughout the paper, the basic subset D C ® and the map
¢: D — F will be kept fixed. Moreover, we will simplify the notation and write §
to denote the basic character {p (). We begin by proving that ¢ is induced from
a linear character of a certain algebra subgroup of U. (Following [5], a subgroup
of U = 1+ u is called an algebra subgroup if it is of the form 1 + J for some
multiplicatively closed Fg-subspace J of u.) In order to construct this subgroup,
we consider the U-action on u* given by left translation: for any x € U and any
[ € u*, we define the linear map zf € u* by (zf)(a) = f(z7'a) for all a € u. For
any f € u*, let U(f) = {x € U: af = f} be the centralizer of f in U. Therefore,
we have

U(f)={xe€U: f(zb) = f(b) for all b € u}.
On the other hand, let
u(f) ={a €u: f(ab) =0 for all b € u}.

It is easy to see that u(f) is a multiplicatively closed Fy-subspace of u. In fact, the
following (easy) result holds.
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Lemma 1. For any f € u*, we have U(f) = 1+ u(f); hence U(f) is an algebra
subgroup of U.

Proof. Let a € u(f) be arbitrary and let « = 1 + a. Then, f(zb) = f(b+ ab) =
f(b)+f(ab) = f(b) for all b € u, and this implies that =1 € U(f) (hence, x € U(f)).
Conversely, let # € U(f). Then, f(z=1b) = f(b) for all b € u. Replacing b by zb, we
deduce that f(b) = f(xb) for all b € u, and so a = x — 1 € u satisfies f(ab) = 0 for
all b € u. This means that a € u(f), and so the equality U(f) = 14+u(f) holds. O

As a special case, let (i,7) € ® and consider the element ej; € u*. It is not

difficult to show that u(ej;) = {a € u: a;; = 0 for all i < k < j}; hence,
Ulei;) =1+u(e;) ={xr € U: xy, = 0 for all i < k < j}.

For simplicity, we write n;; = u(ej;) and N;; = U(ej;). Let o € F¥ be arbitrary and
let Aij(a): N;; — C be defined by X;;(a)(z) = ¢(ax;;) for all x € U;;(q). Then, by
[2, Lemma 2], A\;; () is a linear character of N;; and the (7, j)-th elementary char-
acter &;;(a) is the induced character \;;(a)V. More generally, for the (arbitrarily)

given basic subset D and for the map ¢: D — F, let ¢* € u* denote the element

e = > oli,je;
(4,5)€D

and consider the centralizer U(e*) of e* in U. Moreover, let A: U(e*) — C be the
map defined by

Al +a) = y(e*(a))
for all @ € u(e*) (we recall that U(e*) = 1+ u(e*)). Then, X is a linear character

of U(e*). In fact, let z,y € U(e*) be arbitrary and let a,b € u(e*) be such that
r=1+aandy=14b. Then, zy =1+ a+ b+ ab and so

Azy) = M) A(y)(e (ab)) = Az)A(y)
(because a,b € u(e*), hence e*(ab) = 0). We note that
Aa)= [ v, 5)miy)
(4,5)€D

for all z € U(e*). In order to prove that & = AV, it is very useful to describe the
centralizer U(e*) as follows. Let

s= |J {Gh):i<k<j}cCe,
(i,§)€D

and let R = @ — 8. Let n be the Fy-subspace of u spanned by the vectors e;; for
(4,7) € R. Then, n = {a € u: a,s = 0 for all (r,s) € 8}, and son =, cpni;. In
particular, we deduce that n is a multiplicatively closed IF;-subspace of u. Therefore,
we may consider the algebra subroup N =1+ n of U. Then,

N = ﬂ Nijj={zxeU: z,s =0forall (r,s) € §}.
(4,5)€D

We have the following result.

Lemma 2. The subgroup N is the centralizer U(e*) of e* in U.
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Proof. We consider the standard basis (e;;: (4,7) € ®) of u. By Lemma [T it is
enough to prove that n consists of all matrices @ € u that satisfy e*(ae;;) = 0 for
all (i,j) € ®. Given an arbitrary element a € u, we have ae;; = > |, _; arier;.
Therefore, e*(ae;;) can be nonzero only if (r,5) € D for some 1 < r < i; and, if this
is the case, we have e*(ae;;) = ari(r, j). Now, let a € n, let (4, j) € ® and suppose
that (r,j) € D for some 1 < r < i. Then, a,; = 0 and so e*(ae;;) = 0. It follows
that a € u(e*). Conversely, suppose that a € u(e*) and let (i,5) € D. Then, for all
i < k < j, we have a;p(i,j) = e*(aeg;) = 0 and so a;; = 0. Thus, a € n and the
proof is complete. ([

We are now able to prove the following result.
Theorem 1. The basic character € of U is induced by the linear character A of N.

Proof. We proceed by induction on the cardinality d of the set D. The result is
trivial if d = 0 and, as we mentioned before, the case d = 1 is given by [2] Lemma 2].
Now, suppose that d > 1 and assume that the result is true for all the basic
characters that correspond to the basic subsets Dy C ® with less than d elements.
Let (i,7) € D, let Do = D — {(i,7)}, and let ¢o: Dy — Fx be the restriction
of ¢ to Dg. Moreover, let a = (i, j), let ef = e* — aej;, and let Ng = Ul(ef).
Then, N = No N N;; and U = NoNj;. Let A\g: Ny — C be the linear character
defined by A\o(1+4a) = ¢(ef(a)) for all a € u(el) (we recall that U(ef) = 1+u(eg)).
By induction, we know that (\g)V is the basic character & = &p,(po) and so
€ =&C = (Mo)YuY where ¢ = &;(a) and u = Aij(a). By Mackey’s Subgroup
Theorem (see [3, Theorem 10.13]), we have (y, = (1Y) n, = (un)™° and so

€= (X0)"¢ = (Moln)” = (olun)™)".
Since Ao(un)™ = ((Ao)nun )™ and since A = (A)nun (as we observed above),
we conclude that & = (ANo)V = \U, O

Now, let C[U] (resp., C[N]) be the group algebra of U (resp., of N). As usual,
we consider C[N] as a subalgebra of C[U]. Let

€= |_]17| Z Az)z € C[N]
rEN

be the central primitive idempotent that corresponds to the linear character A
of N (hence, the left ideal C[N]e of C[N] affords the character A of N; see [3]
Proposition 9.21]). By [3| Proposition 11.21], the left ideal C[U]e of C[U] affords
the induced character AU of U, and the multiplicity of an arbitrary irreducible
character x of U as a constituent of AV is given by the value x(¢). Let H = eC[U]e
be the Hecke algebra associated with the linear character A of N. Since C[U] is a
semisimple algebra, the Hecke algebra H is also semisimple (by Proposition 5.13
and Theorem 5.18 of [3]). Moreover, by [3, Theorem 11.25], the mapping x — xx
defines a bijection between the set of all irreducible constituents of A and the set
of all irreducible characters of H. In the following result, we describe a C-basis of
‘H. First, we introduce some notation. Let 8’ C ® be the subset consisting of all
roots (i,j) € ® for which there exist j < k <1 < n with (i, k), (j,1) € D. It is clear
that 8’ C 8. Let ¢ be the Fy-subspace of u spanned by the vectors e;; for (i,7) € §
andlet X =1+ CU.

Proposition 1. For each © € U, let indz = |[N : N N2~ 'Nx| be the index of x
and let a, = (indz)exe € H. Then, (ay: x € X) is a C-basis of H.
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Proof. First, we observe that, for an arbitrary element x € U, the intersection
Nz~ ' N N is the algebra subgroup 1 + (znz~! Nn) of U. On the other hand, for
any b € n, we have xbz~! € n if and only if b € n. In fact, since n = u(e*) (by
Lemma P)), we have zbx~! € n if and only if e*(zbxr~'a) = 0 for all @ € u. Replacing
a by xa, we conclude that xbz~! € n if and only if e*(zba) = 0 for all a € u. It
follows that xbz~! € n if and only if b € u(e*) = n, as required.

Next, we observe that each double coset of N in U may be represented by an
element z € U with the form z = 1+ a where a € }_; . s Fqei;. In fact, let us
denote by T' the subset of U consisting of all these elements. Then, |T| = |U : N|
and, in fact, T is a complete set of representatives for the right cosets of N in U
(hence, it contains a set of representatives for the double cosets of N in U). To see
this, let x,y € T be such that x = zy for some z € N. Moreover, let a € n be such
that z =1+ a, so that z = y + ay. Since a € n = u(e*), we have e¢*(ab) = 0 for all
b € u. Therefore, we also have e*(ayb) = 0 for all b € u, and so ay € u(e*) =n. It
follows that x — y = ay € n, and this clearly implies that = y.

Now, by [3 Proposition 11.30], the Hecke algebra H has a C-basis formed by some
of the elements a, for x € T satisfying A(z~lyx) = A\(y) for all y € Nz~ N N.
We claim that such an element z lies in X. Suppose that this is not the case.
Then, there exists (i,k) € ® with (i,k) € 8§’ and z;, # 0. Since z € T, we must
have (i,k) € 8, and so there exists k < j < n with (i,5) € D. By the definition
of 8, we have (k,I) &€ D for all j < I < n. Moreover, we may choose the root
(i,7) € D such that, for any (r,s) € D with j < s < n, we have (r,t) € 8’ whenever
r < t < s is such that z,4 # 0. Now, we claim that z(1 + eyj)z™! € aNz=! NN
(we note that 1+ ex; € N, because (k,j) € §). To prove this, it is enough to show
that xzex; € n. In fact, let (r,s) € 8§ be arbitrary. Then, the (r, s)-th coefficient
of zey; can be nonzero only if s = j and r < k; and, if this is the case, that
coefficient is z,. Since (r,j) € 8 (by our choice), there exists j < t < n with
(r,t) € D and so, by the choice of j, we must have x,;, = 0 (because (r,k) & §).
It follows that zer; € n, as required. Now, let o € F; be arbitrary and consider
the yo = (1 + aegj)z™! = 1+ azer;z~'. We note that y, € zNz~! N N because
zer;z~t € n (hence awerjz~! € n). Therefore, by the definition of T', we have
Mz yaz) = A(yo) and so

blac*(exy)) = Ylae* (werza))
(by the definition of A). On the one hand, we have e*(ey;) = 0 (because (k,j) ¢ D)
and, on the other hand, we know that xex; € n; hence e*(zre;jb) =0 for allb € u
and this implies that e*(ze;z) = e*(zvey;) for all z € U. In particular, we deduce
that
blae (wery)) = blac™ (werga)) = lae (ers)) = 1.
Now, suppose that e*(zrey;) # 0. Then, the mapping a — ae*(zeg;) defines a
permutation of Fgy, and so the equality ¢(ce*(zer;)) = 1 (which holds for any
a € F,) implies that ¢ is the trivial character of F;r, contrary to the choice of .
Therefore, e*(zex;) = 0. However, xex; = erj + > 1<, op Trkerj, and so
e*(zek;) = zine™(eij) = wirp(i, J).

Since (i,7) # 0, we get a contradiction and so x € X, as claimed.

By the result mentioned above, we conclude that the set {a,: € X} contains
a C-basis of H. By the same result, to complete the proof we must show that, for
z,7" € X with x # 2/, the double cosets NxN and N2’ N are distinct. To see this,
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suppose that @’ = yxz for some y,z € N. Let (i,5) € 8§ be the largest root such
that x}; # x;;; this means that z;, = x,s whenever (r,s) € X is such that, either
j<s,orj=sandr < i Since (i,j) € 8 and since y € N, we have y;, = 0 for
all i < r < j, and so zj; = Zigsgj ZisZgj. Now, suppose that ;s # 0 for some
i < s < j. Then, (i,s) € § and so there exists j + 1 < k < n with (s,k) € D.
Therefore, (s,j) € § and this implies that z5; = 0 (because z € N). It follows that
x}; = w5 + 2ij. However, (i,j) € 8; hence 2;; = 0. Therefore, z}; = z;; and this
contradiction implies that the double cosets NxN and Nz'N are distinct. ([l

In the next result, we show that the C-basis (a,: € X) is (in certain sense) a
“group basis” of H.

Proposition 2. The [Fy-subspace s = n @ ¢ of u is multiplicatively closed, and so
S =1+4s is an algebra subgroup of U. Moreover, N is a normal subgroup of S and
X is a complete set of representatives of the elements of the quotient group S/N.

Proof. We recall that n is spanned by the vectors e;; for (¢,j) € R where R = & 8.
Therefore, the first assertion of the proposition will follow once we prove that the
(disjoint) union RU§’ is a closed subset of @, i.e., we have (i, k) € RUS’ whenever
(4,7),(4, k) € RUS'. This is clear in the case where (i,75), (j,k) € R. It is also
clear that (i,k) € R in the case where (i,j) € R and (j, k) € 8. Now, suppose
that (i,7) € 8 and that (j, k) € R. By definition of 8, there exist (i,7),(j,s) €
D with j < r. Moreover, we must have s < k because (j,k) € R. Therefore,
r < k and so (i,k) € R. Finally, suppose that (i, 7), (j, k) € 8'. Then, there exist
(¢,7),(4,9), (k,t) € D with j < r and k < s. We have two cases: on the one hand,
if r < k, then (i,k) € R; on the other hand, if ¥ < r, then (i,k) € 8 because
(i,?"), (kat) €D.

For the second assertion, we note that, since N = 1+ n and since z(1 + a)z
1+ zaz~" for all z € U and all a € u, it is enough to prove that zaz~' € n for all
xz € Sandalla en. Let z €S and let a € n be arbitrary. Then, by Lemma 2] we
have zax~! € n if and only if e*(zaz~'b) = 0 for all b € u. Replacing b by xb, we
conclude that zax~! € n if and only if e*(zab) = 0 for all b € u. Therefore, we have
rax~—! € nif and only if za € n. Now, let (r,s) € 8. Then, (za),s = D op<i<s Trilis.
If ats # 0, we must have (¢,s) € R. On the other hand, z,; can be nonzero only if
(r,t) € 8'. Therefore, there exist (r,u), (t,v) € D with u < v. Since (r,s) € S, we
must have s < u < v and so (¢,s) € 8. This contradiction implies that (r,t) & 8
and so x,; = 0. It follows that (za),.s = 0, and this implies that za € n. O

71:

Corollary 1. For any x € X, we have a, = ex = ze. In particular, (xe: z € X)
is a C-basis of H.

Proof. Let x € X be arbitrary. Then, z € S and so indz = 1 (because N is normal
in S). Moreover, since A is S-invariant (by definition of X'), we deduce that

1 1
reE = — Z My Ny = — Z Motz e)ze = ex.
INI INl =
The result follows because € is an idempotent. O
Now, let C[S] be the group algebra of S. Then, C[S] is a subalgebra of C[U] and

so Hp = C[S]e is a subalgebra of H. Since a, € Hy for all z € X, we conclude
that Ho = H. Since H is the Hecke algebra associated with the (normal) subgroup
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N of S and with the linear character A\ of N, we may use [3, Theorem 11.25] to
deduce the following result.

Theorem 2. The mapping ¢ — ¢U defines a bijection between the set of all irre-
ducible constituents of the induced character \° and the set of all irreducible con-
stituents of the basic character &. Moreover, this bijection preserves multiplicities,
i.e., (Y, &)y = (¢, \%) s for all irreducible constituents ¢ of \°. (Given any finite
group G, we denote by (-,-)c the usual Frobenius scalar product on the C-space of
all class functions of G.)

Proof. By [3, Theorem 11.25], the mapping x — X defines a bijection between
the set of all irreducible constituents of AU and the set of all irreducible characters
of H. By the same result (and by the paragraph above), the mapping ¢ — ¢y
defines a bijection between the set of irreducible constituents of \° and the set of
irreducible characters of H. Therefore, the irreducible constituents of AV are in
one-to-one correspondence with the irreducible constituents of \°.

Now, let x € Irr(U) be a constituent of AU and let § = x3; be the irreducible
character of H that corresponds to x. (Given any finite group G, we denote by
Irr(G) the set of all irreducible characters of G.) On the other hand, let ¢ € Irr(S)
be the (unique) constituent of A such that ¢z = 6. We claim that y = ¢V. To see
this, let x’ € Irr(U) be any irreducible constituent of ¢V. Then, x’ is a constituent
of AU and so X% is an irreducible character of H. Since ¢ is a constituent of
X's (by Frobenius reciprocity), we conclude that 6 is a constituent of X%, and so
6 = x% (because 6 and x4, are irreducible). Therefore, x’ is the unique irreducible
constituent of \V with X3 = 0. Thus, X’ = x and so x is the unique irreducible
constituent of ¢U. It follows that ¢V = my where m = (¢V, x)y. In particular,
we have ¢U (1) = mx(1) and so |U : S|#(1) = mx(1). Finally, for each z € X, let
Gy = ex~'e € H. Then, by [3, Theorem 11.32], we have

ex(1) = |U : N|{x, A)v
where ¢ =+ 0(a.)0(a;) (we recall that indx = 1 for all x € X). Similarly,

cp(1) = | : N|(¢,X%)s.
Since (x, \")y = 0(e) = (6, \%)s (by [3, Theorem 11.25]), we deduce that

x(1) = U : S[¢(1) = mx(1)
and so m = 1. It follows that ¢V = y is an irreducible constituent of \U = ¢. [

Next, we identify a distinguished irreducible constituent of the arbitrary basic
character £ of U. In particular, we generalize [T, Corollary 5] for an arbitary prime,
proving that £ has a unique irreducible constituent if and only if the derived set D’
of D is empty. We start by recalling the definition of D’. A chain in ® (of length
r—1)is asubset C C ® with the form C = {(i1,i2), (i2,%3), .. ., (§r—1, %) }. Given two
chains 61 Z{(il, ig), (’ig, ig), ey (’i,«_l, ’LT)} and GQZ{(jl,jg), (jg,jg), ey (js—l;js)}
in @, we say that €; and Cy intertwine if r = s and if iy < ji < 4441 < jiy1 for all
1 <t <r—1. Finally, given a basic subset D C &, we say that a root (i,j) € ®
is D-derived if there exist two intertwining chains C;1,C2 C D (of length r — 1)
with ¢ =41 and j = j1 (where the notation is as above) satisfying the following two
conditions: (1) if (ig,41) € D for some 1 < iy < i1, then j1 < ig; (2) if (jr,jr41) €D
for some j, < jr+1 < n, then j,.4+1 < i,.. We denote by D’ the set of all D-derived
roots and call it the derived set of D. Now, the set 8’ can be decomposed as
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a disjoint union of maximal chains. Let € = {(i1,2), (i2,43),..., (ir,ir41)} C &
be a chain. Then, by the definition of &', the sets C; = {(i1,13), (i3,15),...} and
Co = {(42,%4), (i4,¢), ...} are intertwinning chains in D. On the other hand, it
is clear that the chain € is maximal in 8’ if and only if 8’ does not contain roots
(4,71), (ir41,J) € @ (for some 1 < i < iy and some i,41 < j < n). We note that, if
C is maximal in §’, the root (i1,42) € € is D-derived if and only if the length r of C
is odd. Moreover, every D-derived root (if it exists) must appear as the initial root
of a unique maximal chain in 8’. Hence, the derived set D’ is empty if and only if
all maximal chains in 8’ have even length.

Now, we define the subset 8f, of 8’ as follows. Let (i,5) € 8 be arbitrary and
let € = {(i1,42), (i2,13), ..., (ir,ir+1)} be the maximal chain in 8’ that contains the
root (4,7). Let 1 < s < r be such that (i,5) = (is,is4+1). Then, (i,5) € 8 if and
only if the subchain C;; = {(is,4s41);-- -, (ir,4r+1)} of € has odd length. Therefore,
we have 8 N C = {(ir,4r+1), (ir—2,%7—-1), ...} We have the following result.

Lemma 3. Let rg be the Fy-subspace of u spanned by the vectors e;; for (i,j) € 8.
Then, the Fy-subspace p = n® o of u is multiplicatively closed and so P =1+p is
an algebra subgroup of S.

Proof. Suppose that p is not multiplicatively closed. Then, we may choose the
largest 1 < k < n with the property that there exist (4,7), (j,k) € RU 8|, with
(i,k) € RUS[ (we recall that R = ® — §). If (i,5) € R, then (i, k) € R. Therefore,
we must have (,7) € 8(; hence (i,7) € 8 and so there exist (i,7), (4, s) € D with
r < s If (j,k) € R, then s < k and so (i,k) € R (because r < s < k and
(¢,7) € D). Since this cannot happen, we must have (j,k) € 8, and so k < s
(because 8 C & C §). If r < k, then (i,k) € R, which cannot happen. Therefore,
we have k < r. Since (j,k) € 8§ C &', there exists (k,t) € D with s < ¢. Now,
since (i, k) ¢ 8f, there exists (r,u) € D with ¢t < u (otherwise (r,t) € R and this
implies that (i, k) € 8f). It follows that (k,r) € 8’ and so (k,r) € 8] (otherwise,
(i,k) € 8). Hence, we have (j,k), (k,r) € 8. Since (j,s),(r,u) € D and since
s < u, we have (j,7) € 8. On the other hand, since (i,j) € §;, the root (j,)
does not lie in 8. Since & < r, this contradicts the choice of k. The proof is
complete. O

Let u: P — C be the map defined by

p(l+a) = (e (a))

for all @ € p. We claim that p is a linear character of P. To see this, let a,b € p
be arbitrary and let £ = 14+ a and y =1+ 6. Then, zy = 1+ a + b+ ab and so
w(zy) = plx)u(y)p(e*(ab)). Since e*(e;) # 0 if and only if (i, k) € D, we clearly
have e*(e;je;r) = e*(ei) = 0 for all (4, §), (4, k) € RUS). It follows that e*(ab) = 0
and so p(zy) = p(z)u(y). Therefore, u is in fact a linear character of P. (Moreover,
it is clear that uy = A and so, by Gallagher’s Theorem (see [3, Theorem 11.5]), we
have A\ = 3" w(1)(wp) where the sum extends over all the irreducible characters
of the quotient group P/N (viewed as characters of P).) In the following, we prove
that the induced character U is irreducible and that, in fact, u¥ = ¢o where
O C u* is the coadjoint U-orbit that contains the element e*. We start by proving
the following result.

Proposition 3. The induced character p° is an irreducible constituent of 5.
Moreover, let O C s* be the coadjoint S-orbit that contains the element e* € s*.
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Then, we have

po(1+a) =

> w(f(a)

1
|O| feo

for alla € s.

Proof. By [2] Proposition 1]), the induced character p° is a linear combination
of the class functions ¢o: corresponding to the coadjoint S-orbits @' C s*. Let
m: 5% — p* be the natural projection (given by the restriction of functions) and
let 2* denote the set of all coadjoint S-orbits @’ C s* such that e* € 7(O’) (here,
we abuse the notation and write e* instead of m(e*)). Since e*([a,b]) = 0 for all
a,b € p, the group P centralizes the element e* € p* and so {e*} is a single coadjoint
P-orbit on p*. Therefore, by [Z, Proposition 2] (and by Frobenius reciprocity), p°
is a linear combination of the class functions ¢o: for @' € Q*; moreover, for each
O’ € Q*, the multiplicity mor = (4, ¢or)s is a positive integer.

Now, let B: s x s — I, be the skew-symmetric [ -bilinear form defined by
B(a,b) = f([a,b]) for all a,b € s and let v = {a € s: €*([a,b]) = 0 for all b € s}
be the radical of B. It is well known that m = dims — dimt is an even number.
Moreover, by [2] Lemma 1], we have |O| = ¢. On the other hand, let M be the
matrix with entries e*([e;;, exs]) for (4,7), (k,1) € 8 UR. Then, since rank M =
dim s — dimt, we have |O| = "M Let €y, ..., C; be the distinct maximal chains
in 8 and, for each 1 < s < t, let M, be the submatrix of M defined by the roots
(i,7) € Cs. Tt is easy to see that rank M = rank My + - - - + rank M; and that, for
each 1 <s <t

|Csl, if |G| is even,
[Cs| — 1, if |Cs| is odd
(see the proof of [I, Theorem 3]). It follows that rank M = |8'| — |D’|. Since
dims — dimp = 1(|8'| — |D’|), we conclude that |O] = ¢rankM = g(dims=dimp) —
|S : P|%. Finally, since
1S:Pl=p51) = ) modo(l)= > mo/]0]
0reqx 0’eQ~

(and since O € Q*), we conclude that Q* = {O}, that mo = 1 and that % = ¢o.
Since (o, d0)s = 1 (by [2} Proposition 1]), the induced character p° is irreducible.
Moreover, 1° is a constituent of A% because y is a constituent of \¥. O

rank My = {

We now may apply Theorem [ to justify the first assertion of the following
corollary.

Theorem 3. The induced character Y is an irreducible constituent of €. More-
over, uU is the class function ¢o that corresponds to the coadjoint U-orbit O C u*
that contains the element e* € u*.

Proof. It remains to show that U = ¢p. Let Oy C s* be the coadjoint S-orbit
that ontains the element e* € s*. By the previous proposition, we have p° = ¢o,
and so uY = (¢o,)Y. Therefore, we must prove that (¢o,)V = ¢o. Let m: u* — s*
be the natural projection. Since Oy C 7(Q), the class function ¢o occurs as a
constituent of (¢, )V = pu¥ with positive integer multiplicity (by [2} Proposition 2]
and by Frobenius reciprocity). Let M be the matrix with entries e*([e;;, exi]) for
(,7), (k,1) € ®. Tt is easy to prove that rank M = rank My + 2(|8| — |8'|) where M
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is the submatrix of M defined by the roots (i,7) € RUS’. As in the proof of the
previous proposition, we conclude that

O] = grank M — grank Mo _ 2(81-15') — 0| U : S2

and so
9o(1) = V10 = |U : S|V/|0o] = U : S|go, (1) = (¢0,)” (1)-
It follows that ¢o = (¢o,)Y, and this completes the proof. O

Finally, [2, Theorems 1 and 2] imply that

(¥, v =q" " u (1)
where s = [§| and s’ = |8'|; we note that, since ¢ = AU (by Theorem [I]), we have
£(1) = |U : N| = ¢*). On the other hand, it is easy to see that ¢* = |[S : N|.
Since pY (1) = |U : P|, we conclude that (1Y, &)y = |S : P|. Now, suppose that the
derived set D’ of D is empty. Then, all maximal chains in 8’ have even length and
so S : P| =/q¥ = u5(1) (see the proof of Proposition[d). On the other hand, by
Theorem Bl we know that

(1%, X%)s = (1), €)v = (W, v =15 : Pl.
Since A%(1) = |S : N| and since |S : N| = |S : P|? (because D’ = ()), we conclude
that \S = |S : P|u¥. Therefore, we deduce the following result (see [I, Corollary 5]
for the case where p > n).

Theorem 4. The basic character £ has a unique irreducible constituent if and only
if the derived set D' of D is empty. If this is the case, we have & = muY where
m=|S: P| (and m*=|S: N|).

Proof. If D' is empty, we deduce that £ = AV = (A5)V = m(u®)Y = muY. In
the general situation, we know that p® is an irreducible constituent of \° with
multiplicity m = |S : P|. On the other hand, it is easy to see that |P : N| =
¢®'1|S : P| and so |S : N| = ¢/®'|S : P|%. Therefore, A5(1) = mq!®'15(1) and
this implies that A¥ = mu® if and only if D’ is empty. The result follows (using
Theorem B)). O
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