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COMMON BOREL DIRECTIONS
OF A MEROMORPHIC FUNCTION WITH ZERO ORDER
AND ITS DERIVATIVE

TIEN-YU PETER CHERN

(Communicated by Juha M. Heinonen)

ABSTRACT. There is a meromorphic function of zero order for which the func-
tion and its derivative have no common Borel direction.

1. INTRODUCTION

We ask a general question: Is it true that a meromorphic function and its de-
rivative always have a common Borel direction? In 1928, G. Valiron [7] posed such
a problem for meromorphic functions of finite positive order. A. Rauch [4] gave
a sufficient condition such that a Borel direction of an entire function f(z) with
finite positive order is also a Borel direction of f/(z). Chia-tai Chuang [2] extended
Rauch’s result to meromorphic functions under the condition that f(z) has two
distinct Borel exceptional values in an angle containing the Borel direction of f(z).
On the other hand, in 1951, H. Milloux [3] proved that if f(z) is an entire function
of finite positive order A, then each Borel direction with order A for f’(z) is also a
Borel direction with order A for f(z).

Guang-hou Zhang [9] generalized Milloux’s result to meromorphic functions un-
der the condition that oo is a Borel exceptional value of f(z) in an angle containing
the Borel direction of f’(z). However, the Common Borel Direction Problem due
to Valiron is still open for meromorphic functions of finite positive order.

In this paper, for meromorphic functions of zero order, we answer the Common
Borel Direction Problem negatively, as follows.

Theorem 1. There is a meromorphic function f of zero order such that f and f’
have no common Borel direction.

To prove Theorem 1, we need the following results as preliminaries.
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Theorem 2. Let f(z) be a meromorphic function in the complex plane C with finite
log-order A (=limsup logT(r, f)/loglogr). If f(z) satisfies the growth condition

r——+o0
. T(r,f)
1.1 1 =
(L1.1) .t (logr)? o
then there exists a direction A(0) = {z : argz = 0}, 0 < 6 < 27, such that for

every small positive number € (< 5 ) and every a € C = CU {oo}, the equation

(1.2) lim sup logn(r. 6.,/ = a) =A-1

r—s o0 loglogr

holds with at most two possible exceptional values of a, where n(r,0,¢, f = a) de-
notes the number of roots, counting multiplicities, of the equation f(z) = a in
{z:]argz—0| <e, |z] <T}.

The ray A(6) in Theorem 2 is called a Borel direction of log-order A—1 for f(z).

Theorem 3. If f(z) is a transcendental function meromorphic in C with zero
order, then f(z) and its derivative f'(z) have the same log-order.

2. PROOFS

Proof of Theorem 1. Let
i z+ eV

r&=11—#

n=1

Then T'(r, f) = (3 + o(1))(logr)®. So, f(z) has log-order 3. Given any 0 < € < %,

let O ={z: 2 —e<argz < Z+e}, O ={2: 3 —€ <argz < 3 +¢},
3

Qs={z:F+e<argz <3 —¢}, Qy=C-— U Q;. It is well known (see [5]) that
i=1

f(2) — 0 uniformly for z € Q3; f(z) — oo uniformly for z € Q4. In Q1 U Qs, f(2)

omits zero and oo and f/(z) is bounded. Since T'(r, f) has log-order 3, by Theorem

2, f(z) has a Borel direction A(#) of log-order 2, A(f) C Q1 UQs. On the other

hand, by Theorem 3, f/(z) has the same log-order as f(z), and by Theorem 2, f’(2)

has a Borel direction A(#’) of log-order 2, for f’ is bounded in Q3 UQy and f — 0

uniformly in Q3, A(6’) C Q4. This complete the proof of Theorem 1. O

To prove Theorem 2, we employ the following result.
Lemma 1 (A Fundamental Theorem of Valiron-Milloux) (see [8, p. 69, Theorem
3.4]). Let f(z) be meromorphic in |z| < R, and let
(2.1) N=n(R,f=a)+n(R, [ =0)+nR, f=7),

where a, 3 and vy are three distinct complex numbers with their spherical distances
larger than a positive number d. Then, there exists a point zg, with |z0| < R, such
that for every r € (0, R), and every complex number a,

CR? 2R 1
———<{(N+1)lo +log™(1/d) + 1o 7},
e {40/ 4o
where |f(z0),a| denotes the spherical distance between f(zy) and a, and C is a
positive constant.

(2.2) n(r,f=a)<

The method that we use to prove Theorem 2 is due to H. H. Chen [I].
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Proof of Theorem 2. It suffices to prove that the left-hand side of the expression
(1.2) > A — 1, since f is of finite log-order A, and it is well known that for each
aeC=CuU {o0}, n(r,0,¢, f = a) has log-order < A — 1.

Since limsup logT'(r, f)/loglogr = A, by (1.1), there exists a direction A(6)

r—400
with 0 < 6 < 27 such that for every positive number €, 0 < € < /2, we have
logT'(r,0
(2.3) limsup 0BT 3 s 9,
r— o0 loglogr
T(r,0
(2.3") lim sup Tlr,6,¢) = 400 (ifA\=2)

RSP Togr)?
where T'(r, 0, €) denotes the Ahlfors-Shimizu characteristic of f(z) over the angular
region {z : |argz — 0| < €} (for the definition of T'(r, 0, ¢€), see [6] p. 272]).

The direction A(f) is a Borel direction of log-order A — 1 for f(z); for otherwise,

then there are three distinct values a; (i = 1,2,3) in C and two positive numbers
€1 and § such that

(2.4) in(r,@,el, f=a;) < (logr)*~17°
i=1
for sufficiently large r. Without loss of generality, let a; =0, as =1, and a3 = oc.
Set
(2.5) n = %sin €1
and
(2.6) 2= A+n) 7 1+ De,

for each j = 1,2,..., applying Lemma 1 on the function f(z; + (81|z;|)%), where
|z| < 1. For each a € C, if we denote n(r;w; f = a) by the number of roots of the
equation f(z) = a in the disk |z — w| < r, then we have

3
2.7 nMlzlizf=a) < C{l + ) n(8nlzils 25 f = ai) + log e 1) |}

i=1

where 2/ is a point in |z — z;| < 8n[z;|, and C'is a positive number. Since

1
(2.8 // log ————do, = constant,
: e 1f(z)al

/LZKW71%;ﬁ pedy = o // (1l23s 253/ = a)doa

(2.9) <C{1+Z (877|Zj|5zj§f_ai)}

i=1

so we have

where do, is a spherical area element in terms of a.

If r is sufficiently large with (1 +n)7 < r < (1 + n)‘{+1, applying (2.9) and
noticing that the region {z : |argz — 0] < n/2, (1 +7) <r < (1+n)Tt}is
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contained in the disk {2 : |z — zj41| < n|zj11]}, then we deduce

(2.10)

N P
Sr0.5) = //|arg29<g e e

|z[<r

J+1
rer
Sot 2. // sty A PR

J=jo

IA

J+1

So—i—C'Z{l—i—Z (8nlz4l; 25 —ai)},

J=Jo

IN

where S is a positive constant.

For any o € C, the number of the disks |z — z;| < 8n|z;| that contain « is

bounded by an absolute constant. Hence one can deduce from (2.9) that

3
(2.11) S(r, 0, g) < So+ C’{J—I— 1+ Zn((l +8n)|zjli 255 f = ai)}.
i=1
By (2.11) and noticing that J = O(logr) and |zj11| < (1 +n/2)r, we obtain
(2.12) S(r,0.3) = O(logr) + O((log r)*~'~9),
and hence
(2.13) T(r.6,5) = O((log1)?) + O((log1)*~*).

(2.13) contradicts (2.3) together with (2.3"). This completes the proof of Theorem

2.

O

Proof of Theorem 3. Let Ajog(f) denote the log-order of T'(r, f). Since

T(r, f') =m(r. f') + N(r, f') < 2T(r, f) + m(r, f'/ f)

and

m(r, '/ f) = O(logr),

hence we have Aiog(f") < Aog(f)-

On the other hand, applying an inequality of Chia-Tai Chuang [8], p. 95, Theorem

4.1], we have Aiog(f) < Aiog(f). This completes the proof of Theorem 3. O
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