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AN ASYMPTOTIC STABILITY RESULT
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ABSTRACT. We give sufficient conditions for the global asymptotic stability
of the scalar delay differential equation z(t) = (1 + z(t))F (¢, x¢), without
assuming that zero is a solution. A result of Yorke (1970) is revisited.

1. INTRODUCTION

Let C := C([-r,0];R) be the space of continuous functions from [—r,0] to R,
r > 0, equipped with the sup norm |p|c = max_,<g<o |¢(f)|. Consider a scalar
functional differential equation (FDE)

(1.1) #(t) = 1+ 2()F(t,z;), t>0,

where F' : [0,00) x C' — R is continuous. As usual, z; € C is defined by x(0) =
z(t 4+ 0),—r < 6 < 0. Due to the biological interpretation of the model, we only
consider solutions of (IT]) with admissible initial conditions

(1.2) ro=¢p, ¢elC_,

where

Co:={peC:¢0) >aforbe[-r0)and ¢(0) > a},
for a € R. Uniqueness of solutions for the initial value problems (1)) and (C2) is
assumed.

Our purpose is to establish sufficient conditions for boundedness of solutions
of (CI), and for the global asymptotic stability of (II)) in the set of admissible
solutions. Recall that an FDE in C is said to be globally asymptotically stable
(in the set of admissible solutions) if any two solutions z1,z2 : [0,00) — R with
admissible initial conditions satisfy

(1.3) lim (21 (t) = 25(t)) = 0.

Equation (I.I)) usually appears in population dynamics. In fact, for a general
scalar delayed population model

(1.4) y(t) =y f (), =0,
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1164 TERESA FARIA

where f :[0,00) x C — R is a continuous function, consider only positive solutions
of (L4), or, in other words, solutions with initial conditions yg = ¢ € Cy. Through
the change of variables z(t) = y(t) — 1, (L4) reads as (ICTl), where F' is defined by
F(t, ) = f(t,1+¢). Clearly, initial conditions yo € Cy for (L4) become x¢ € C_4
for

When zero is an equilibrium of (I.I)), sufficient conditions for its global asymp-
totic stability have been recently established:

Theorem 1.1 ([1). For F as in ([LL1), assume that

(H1) there exists a piecewise continuous function a : [0,00) — [0,00) and Ty > 0,
such that for each € > 0 there is n = n(e) > 0 and such that for t > Ty and
p € C_1, we have

F(t,p) < —na(t) if ¢ 2 e and  F(t,9) = na(t) if p < —¢;

(H2) for a as in (H1), [ a(t)dt = oo;
(H3) there exists a piecewise continuous function b : [0,00) — [0,00) such that

—b(t)M(p) < F(t,0) < b{t)M(—y), for t>0,p€C_q,

where

M(p) =max {0, sup ¢(0)};
0c[—r,0]

(H4) for b as in (H3), there is T > 0 such that f:_r b(s)ds < %, fort>T.

Let x(t) = x(p)(t) be the solution of (LI)-C2). Then, x(t) is defined on [0, 00),
bounded away from —1, and x(t) — 0 as t — oo.

Some explanation for the notation in (H1) is in order. For ¢ € R, we use ¢ to
denote both the real constant and the constant function ¢(f) = cin C. In C, we
consider the usual partial order ¢ > ¢ if and only if () > ¢(0), 6 € [—r,0]. Also,
we say that a solution z(t) on [0,00) is bounded away from —1 if there is & > 0
such that z(t) > —1+4¢ for t > 0.

In [1], hypotheses (H1) and (H2), respectively (H3) and (H4), were used to
force nonoscillatory, respectively oscillatory, solutions to zero, as t tends to infinity.
Observe that, in particular, (H3) implies that zero is a solution of (ICT)).

A motivation for the present work was to establish a global asymptotic stability
result for ([CIl) when zero is not an equilibrium of (II]). Another motivation came
from the well-known work of Yorke [9]. For a general scalar FDE

(1.5) i(t) = F(t,z), t>0,

with F' : [0,00) X C'— R continuous and such that F'(¢,0) = 0,¢ > 0, the uniform
and asymptotic stability of its zero solution has been extensively studied since
[9]. For significant improvements on [J] in the framework of (L), see [5], [7] and
[¥]. In [9], it was proven that if (H3) holds with b(t) = b a positive constant and
br < 3/2, then all the oscillatory solutions of (IZh) with initial conditions sufficiently
small tend to zero as t — co. Yoneyama [7] generalized this result, replacing the
constant b by a nonnegative continuous function b(t), i.e., assuming (H3), and
further imposing

t+r 3 t+r
sup/ b(s)ds < 3 inf/ b(s)ds > 0.
¢ ¢

t>0 t>0
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To deduce that eventually monotone solutions of (LH) tend to zero as ¢ tends to
00, in [7] and [9] the following condition was assumed:

L6 for all sequences t,, — oo and @,, € C,|¢n|c < B, if v, — ¢ # 0,
(1.6) we have that F'(t,, ¢,) does not converge to zero.

Assumption (H1) first appeared in [8], in the context of (IH) with possible
unbounded delay. This shows that the requirements in Theorem [[.I]or similar ones
have been extensively considered for (LH) (see [I] for additional references). For
stability results on particular equations that can be written as (I1]), see [2], [B] and
[4]. The general situation of (I.I)) was addressed in [i].

Yorke also stated the following [9, Corollary 3.4]. If there is a > 0 with ar < 3/2
such that F' satisfies

(17) F(tvgol) - F(t7902) < aM(SDQ - Sol)a t> 07 P1,p2 € Ca

then the solutions of (L) with initial conditions xt, = ¢ € C are defined for ¢ > ¢,
and any two solutions z1(t), z2(t) satisfy x1(t) — 22(t) — 0 as t — co. However,
since ([CH) was not assumed, nor any other condition controlling the behavior of
nonoscillatory solutions, condition (IZ) with 0 < ar < 3/2 is not sufficient to
conclude that any two solutions of (L) satisfy (L3)), as the following counter-
example shows.

Example 1.2. Consider (L), with F(t,¢) = g(p(=1)) for t > 0 and p € C =
C(]-1,0;R), where g : R — R is given by g(z) = —z if 2 <0, g(z) =0 if > 0:

(L8) i(t) = gla(t— 1), t>0.

Condition (C7) holds with & = 1. On the other hand, all nonnegative constants
are equilibria of ([LY); therefore the zero solution is not attracting.

2. GLOBAL ASYMPTOTIC STABILITY OF (1.1)

We now establish criteria for boundedness of solutions of (I]), and for the global
asymptotic stability of the equation.

Theorem 2.1. Assume that: (i)
(2.1) F(t,00 -0 as t— oo;
(ii) there exists (5 : [0,00) — [0,00) continuous such that

(2.2) F(t, 1) — F(t,p2) < B(1) eg[@}m(@z(@ —¢1(0), t>0, 1,02 € Cy;

(iii) for B as in 22), there is T > 0 such that
(2.3) X:=infsr [} B(s)ds > 0,
(2.4) [ i= Sup;sp ftt_r B(s)ds < oco.

Then the solutions of the initial value problems (LI)-(2) are defined, bounded
and bounded away from —1 on [0,00). Furthermore, if et < 3/2, then any two

solutions 1 (t), x2(t) satisfy (L3J).

Proof. Let z(t) be a solution of (ILT) with initial condition xg = ¢ € C_;.
Step 1. z(t) is defined on [0, 00).
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From (22), we get

oc[—r,0]
F(t,O)—F(t, 50) Sﬂ(t)en[laxo] 90(9)7 tZO, 506071;
cl—r,
hence
(2.5)
—B(t) max @(0) < F(t,) — F(t,0) < =p(t) min_¢(0), t=0, p€C_y.
0e[—r,0] 0e[—r,0]

In particular,
(2.6) F(t,p) = F(t,0) < p@), t=0, p€Cy,

and from (2]) we derive that F(t,¢) < B(t) + F(t,0) is bounded from above on
[0,a] x C_q, for all a > 0. Using standard arguments (see, e.g., [1]), we conclude
that z(t) is defined for ¢ > 0, with z(¢t) > —1 on [0, 00).

Step 2. z(t) is bounded on [0, 00).

Fix any 6 > 0. From (I), let Ty > T be such that |F(¢,0)| < 6 for t > Tp — r.
From (28], it follows that #(t) < (1 + x(¢))(8(t) + ¢); thus (1 + z(t)) < (1 +

x(s)) exp (f:(é + B(T))dT),t >s>Ty—r. Fort>Tyand 0 € [—r,0], we obtain

2e(0) > =1+ (1+a(t))e ™,
where Ko = Ko(9) := dr + p and p is as in (24). From (), we now derive that
(2.7) () < (L+ ()0 + B(t) = BE)(L +a(t))e ], t>To.
Effect the change of variables y(t) = 1 + z(t). The above inequality becomes

y(t) <y f(t,y(t), t>To,
where f(t,y) = 0 + B(t)(1 — e Koy),t > T,y > 0. We consider now the ODE

(2.8) y(t) =y(t)f(t,y(t), t=To,

and use a comparison result. Since y = 0 is a solution of the Ricatti equation (28],
it can actually be solved. However, in order to derive bounds for solutions of (28],
it is more useful to apply results in [6]. Clearly, f, g_ch are continuous and g—i <0

for t > Ty,y > 0. On the other hand, with
¢ = c(0) := e (1 4 6r/N),

where A > 0 is as in (23)), we have ¢ > 0, f(¢,¢) < J and

t+r
f(s,c)ds < or+ (1 —e Koe)r =0, t>Tp.
t

Thus, assumptions Al, A2 and A3 of [6] hold, after a scaling in time ¢ +— rt.
Invoking [0, Theorem 1], we conclude that the solutions of the ODE (28] with
initial conditions y(Tp) > 0 are bounded on [Tp, 00) and satisfy

(2.9) y(t) < max(y(Tp), c)e™, t > Tp.

From (2.7) and a comparison result, we conclude that z(t) is bounded for ¢ > 0.
Step 3. z(t) is bounded away from —1 on [0, 00).
The proof follows along the lines in step 2. From step 2, let z(¢t) < K on [—r, 00),
for some K > 0. Using (2.35]), we get

w(t) 2 —(1+=(t)[0 + KB(®)], t=To—r.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



AN ASYMPTOTIC STABILITY RESULT 1167

By integrating the above inequality, we have
() < =14 (1 +x(t)efr, t>Ty, 6€[-r0],

where K = 0r + K. Using again (ZH), we obtain
(2.10) a(t) > (1+z()[-6 + B(t) — BA)(1 + (1)), t>Typ.
The change of variables y(t) = 1 + z(t) leads to

y(t) 2 y()g(t,y(t), t=To,
where g(t,y) = —6 + B(t)(1 — ef1y),t > Ty, y > 0. Consider the ODE
(2.11) u(t) = y()g(t,y(t), t=To.

Suppose that § was chosen so that §r < A, and define d = e ¥1(1 — 6r/)\) > 0.
Then g(t,d) > —6 and

t+r
/ g(s,d)ds > —or + (1 —efrd)N =0, t>1Tp.
t

Hence, assumptions A1-A4 in [6, Theorem 2] hold, and it follows that the solutions
of (ZII) with y(Tp) > 0 are bounded away from 0. A comparison result applied to
(210) ends the proof of this step.
Step 4. If pe” < 3/2, then tlim (x(t) — u(t)) = 0 for any other admissible solution
u(t) of @I).
: : . z(t) — u(t)
Fix a solution u(t) and effect the change of variables z(t) = T Then
(220) is transformed into
2(t) = (1 + 2(1) Fo(t, z0),
with
Fo(t,o) = F(t, (us + D)o +up) — Ft,ug), t>0,0€C.
Condition (2:2)) implies that Fy satisfies
~3(0) e [t +0) + De(0)] < Fo(to9) < —50), min_ [(u(t-+0) + 1e(0),
from which (H1) and (H3) follow, with a(t) = moB(t) and b(t) = MyS(t) for
t > Tp, where 0 < mo < u(t) +1 < My, t > Tp. Condition (Z3)) implies (H2). On
the other hand, choosing u(t) so that u(Tp) + 1 < ¢ = ¢(6), from (Z.9) we obtain
1+ u(t) < c(8)e™, t > Tp. Since ¢(8)e™ — et as § — 0F, if pet < 3/2, it follows
that 6 > 0 can be chosen so that Myu < 3/2, and consequently hypothesis (H4) is
satisfied. From Theorem [[.I] we conclude that z(¢) — 0 as t — oo. O

The proof of step 4 leads to the following corollary:

Corollary 2.2. Let u(t) be an admissible solution of (L)), and assume (ZI)—-(Z4).
Ifu(t) + 1 < My for t > 0 large and Mou < 3/2, then z(t) — u(t) — 0 as t — oo,
for every admissible solution x(t) of (LI).

Remark 2.3. We point out that condition (2.3) cannot be replaced by the weaker
assumption

(2.12) /OO B(s)ds = oo.
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In fact, consider the scalar FDE on C = C([-1,0]; R):

(2.13) () = =B +2(0) [t — 1) + 3;—13 £>0,
where
B(t) = __2rt t>0.

21+ 8)(3+1¢)’ -

For 3 as above and F : I x C' — R defined by F'(t,¢) = —3(t) (gp(—l) +3
clearly (1)), 22) and (2I2) are fulfilled. Since

1—|—t)
24t/

t
/ B(s)ds — 0 as t— oo,
t—1

then (23] fails and (24) holds for any g > 0. On the other hand, (Z.I3) is not
globally asymptotically stable, nor are all of its admissible solutions bounded away
from —1. In fact, the function

1
=551

is a solution of (2.13) with initial condition z¢g € C_1, and x(t) — —1 as t — oo.
Remark 2.4. Also in Theorem 2.1] condition (2Z.2]) cannot be replaced by (cf. (7))
F(t,p1) — F(t,p2) < BOM(p2 — 1), t20, ¢1,02 € Coy,
for 3 :[0,00) — [0, 00) continuous and satisfying (Z3) and @24). In fact, consider

(2.14) z(t) = a(l +x(t)g(z(t — 1)), t>0,

for ¢ as in (L), and ae® € (0,3/2). Again every ¢ > 0 is an equilibrium of (2I4));
thus (L3) fails.

Example 2.5. Consider the logistic model

(2.15) y(t) = by (®)]at) = L(t,ye)l, =0,

where b : [0,00) — [0,00),a : [0,00) — R are continuous functions, L : [0, 00) X
C' — R is continuous with L(¢,-) nonzero linear operators. Through the change

y(t) = z(¢) + 1, 2I5) becomes (1), with
E(t, @) = b(t)[a(t) — L(t, 1) — L(t, ¢)].

Assume that L(t,-) are positive operators, i.e., L(t, ) > 0 whenever ¢ > 0, for all
t > 0. Then (Z2) is fulfilled with G(¢) = b(t)L(¢,1) = b(¢)||L(¢,-)|. If

b(t)[a(t) — L(t,1)] = 0 as t— o0
and

t
0<A< / a(s)b(s)ds <y for t > 0 large,
t—r

with pe? < 3/2, then any two solutions yi (£), y2 () of ([2-I5) with initial conditions
in Cy satisfy y1(t) — y2(t) — 0 as t — oo.
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