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ABSTRACT. New special functions called G-functions are introduced. Connec-
tions of G-functions with the known Legendre, Chebyshev and Gegenbauer
polynomials are given. For G-functions the Rodrigues formula is obtained.

1. INTRODUCTION

Let Ly, Lo be linear partial differential operators acting on functions that belong
to the vector space X' such that LyX C X (k = 1,2) and defined in some domain

Q C R™. Denote N = N U {0}.

Definition ([2]). An infinite ordered system of functions {f(z) | k € N} (fi € X)
is called f-normalized with respect to (L1, L2) in the domain €2, having a base fo(x)
if everywhere in that domain, Ly fo(z) = f(z) and L fi(x) = Lafr—1(z) for k € N.

The main property of a system of functions f-normalized with respect to op-
erators (L1, L2) in the domain 2 is the following: the series u(z) = > ;o fr()
satisfies formally the equation Liu(z) — Lou(z) = f(x) in Q and therefore u(x) can
be considered as a formal solution to that equation.

Example 1. Let n = 2, Ly = yd/0x, Ly = §/9y and Q = R?/{y = 0}. Then
a system of functions O-normalized with respect to these operators in 2 can be

-2 —2k+2
?m2 m - + ym—Qkxkforkj:O,L...and

given in the form fi(z,y) =
m € N.

Using the main property of f-normalized systems we can easily construct formal
solutions to the equation yu,(z,y) — uy(z,y) = 0in . In this case formal solutions

oo

U (2,Y) = Z W@@kymzk, meN
k=0

for some z,y (2x < y?) are real solutions because the corresponding series are
convergent at these points. For even m we get polynomial solutions.

A very important particular case of the above notion is the case when Lo = I,

where I is the identity operator. Then the system of functions {fr(x) | k € ﬁ?}
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1050 V. V. KARACHIK

f-normalized with respect to (Li,I) is called f-normalized with respect to L.
Elements of the system {fi(x) | k¥ € N} in this case satisfy in € the conditions

(1) Lifo(x) = f(z);  Lifi(x) = fe-a(z), keN
Example 2. Let L;(D) = A. The system {h;(x) | ke ﬁ}, where

2k
) = g o), Jaf = e,

(a,b)p = ala+Db)...(a+ kb—10), with the convention (a,b)o = 1 (here (a,1); =
(a)k; see [5]), and Hy(x) is a homogeneous harmonic polynomial of order s, is 0-
normalized with respect to A in R™. Tt follows from the equality A (Hy(z)|z|™) =
m((m+ 1 — 2 H,(z) + 2571, 23Da, Hy(2)) lal 2.

Indeed, using homogeneity of Hg(x) we can rewrite the above equality in the
form A (Hg(z)|2|™) = m(m + 2s +n — 2)Hy(x)|2|™ 2. If we take here m = 2k, we
get

|$|2k 2(k—1
A H, = H, (k=1),
<2k:(n Tos ok —2) @ (z)]2]

Dividing both sides by (2,2)k—1(n + 2s,2)k—1, we get (1) for Ly = A, f(x) =0
and fr(z) = hi(x), i.e.,, Ahj(z) = hj_,(x) for k > 0 and Ah{(z) = AH,(z) = 0.
A very important detail here is that the base of the system {hi(m) | ke ﬁ?} is an

arbitrary homogeneous harmonic polynomial H(x).

In a straightforward way from the definition we can establish that the sys-
tem {L5fi(z) | k € N} is f-normalized with respect to (L1, Ls) in domain Q if
Vk, L1 Lo fr(x) = LaLy fi.(z) in Q. Therefore the series

(2) u(z) =Y Lifu(x)
k=0

is a formal solution to the equation L(D)u = Liu(z) — Lou(z) = f(z) in Q.

Example 3. Let L(D) = A. Using the above construction we are going to find a
relation between harmonic polynomials of n variables and harmonic polynomials of
n — 1 variables. There are two possibilities that use (2).

I. Let us choose Ly (D) = A — 82/022 = A and Ly(D) = —92/822. To use (2)
we have to find a system of polynomials 0-normalized with respect to A. We can
take it from Example 2. The system {hi(m(n,l))mfﬁ | k € ﬁ?}, where z(,_1) =
(x1,...,2n_1), t™" = t™/m! could be such a system. Therefore, using (2) we can
get a harmonic polynomial of n variables in the form

[m/2]

_ RV Y
u(zr) = I;} (-1) (2,2)k(n — 1+ 25,2);

m—2k,!
n

H(2(n-1))-

If we denote
(k/2]

(3) Gilem) = Y (=1 (2,|;C)(j(:)— 1+2s,2);’

2i,.k—2i,!
[P,

=0
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ON SOME SPECIAL POLYNOMIALS 1051

then we can assert that multiplication of a homogeneous harmonic polynomial
H(%(;,—1) of n—1 variables on the polynomial G3(x(,)) gives a harmonic polyno-
mial of n variables, u(x) = G} (x(,))Hs(2(n—1)). It is proved [2] that any homoge-
neous harmonic polynomial of n variables can be represented in this way.

IL. Let us now choose Li(D) = 9%/822 and Ly(D) = —A. Then the system
{(=1)*(Ho(Z)x2F" + Hy(2)22F+1!)}, where Ho(#) and Hi(Z) are arbitrary poly-
nomials in & = (x1,...,2n—1) is O-normalized with respect to the operator Ly in
R™. Using (2) we obtain harmonic polynomials in the known form []

[e )

u(a) = (=12 AR Ho () + i(—l)kx%’““”ﬁkHl(i).
k=0

k=0

2. G-POLYNOMIALS

According to Example 3 the following definition is useful.

Definition. A polynomial G (z(,)) of the form (3) is called a G-polynomial of
degree k, order s, and kind n.

If n = 2 there are only two linearly independent homogeneous harmonic polyno-
mials of degree k (k > 0) and according to our construction (Example 3, case I) we
can write them in the following form:

[(k—s)/2]
s s s i 27 S,! k72’75,!
(4) Hi(x2)) = G (x(2))a] = E (12 ey T, s =0,1
=0

for k € N, and with the convention H§ = 1. It is necessary to note that Hy (z(2)) =
Re(zz + iz1)"' and H} (2(2)) = Im(zz + iz1)"'.

This approach allows us to construct harmonic polynomials as a product of G-
polynomials in the form

(5) Guy(xm)) =G, (xmy) -G, (w(2))2]™,

Wherel/elgln, vy > > vy, and v, =0, 1.

In [3] it is proved that polynomials G,y make up a basis among homogeneous
harmonic polynomials of degree 11 and they are orthogonal in Lo(95S,,), where S, is
the unit ball in R™. Moreover, if we denote by P the set of all polynomials over C,
with the scalar product (P(z), Q(z)) = P(D)Q(z)z=0 (see [1]), then polynomials
(5) are orthogonal in P too.

We need also two results from [3].

Lemma 1. G-polynomials of the same order s and kind n are orthogonal with
weight ps(z) = (1 — x2)% on 8S,.

Lemma 2. Let f € C(9S,) be taken in the form f(x) = ©(|Z|,xn)Px(Z), where
Pi(Z) is a homogeneous polynomial of degree k and ¢ € C(9S,,). Then

© [ g@dr= o [ st (-0 a
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1052 V. V. KARACHIK

3. CONNECTION OF (G-FUNCTIONS
WITH LEGENDRE AND CHEBYSHEV POLYNOMIALS

Let us consider the trace of a G-polynomial on the unit sphere. In this case a
new notion of G-function can be presented.
Definition. The function

[(k—s)/2] itk*S*Qi’!(l . t2)i+s/2

(7) Gt = (-1 (2,2);(n — 1+ 2s,2);

=0

is called the G-function of degree k, order s, and kind n.

It is not difficult to derive from (5) that

n—1

Gy (@) = | [T Grierm = (cos pn—is1),

i=1
where o; = arccos(z;/|x(;)|), v1 > -+ > vy, and v, =0, 1.
Theorem 1. For a G-function of odd kind, the equality

2(s +m)!!
(k+s+ 2m)!(

holds, where m >0, k > s > 0, and P;(t) is the associated Legendre function [4].

GZ,2m+3 (f,) — _ t2)fm/2Ps+m(t)

k+m

Proof. First let us prove that

m L& m—2k, (2Dy)"*
(8) Dr =mt 32 (v3) Crre
For this purpose assume that for some m > 1 the equality
[m/2]
(9) (VD)™ = Y af" (Vo) Dy
k=0

holds. Of course for m = 1 the above equality is true and aj = 1.
Applying the operator ,/yD, to the right-hand side of (9) for even m and as-
suming that o™, = 0, we can obtain

[m/2]

1 m— _
> (5ag11+(nz—2k4-na$>(v@) ALt pmekd,

k=0

Let us consider the case when m is odd. Then the right-hand side of (9) after
applying the operator \/yD, takes the form

[m/2]+1
m m m— Jom—
Z (iakl + (m — 2]€ =+ 1)a’k > (\/y) Zk+1 Dy k+1.
k=0

Because the function

) m/2], m even
v(m) = {[m/Z] +1, modd
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FIGURE 1.

can be written in the form ~v(m) = [(m + 1)/2], the results are the same for even
and odd m. Therefore for any m > 1,

[(m+1)/2]
1 —
(VD)™ = > <§a?—1+(m—2k+1)a?> (V)" pk,
k=0

Therefore, for (9) to hold for m = m + 1, the coefficients a}* should satisfy
the following recurrence relation: a}'*' = fa 4 (m — 2k + 1)aj for k = 0,1,
<oy [(m +1)/2], where a™, =0 and af, = 1.

In Figure 1 the obtained recurrence relation is illustrated. The incoming arrows
to the point (k,m) show the dependencies of the value a}* on the values of azq:ll
and a’kﬂfl if they are nonzero. We do not need to consider a}* on the line m = 2k—1
because the coefficient for it on this line is m — 2k + 1, i.e., zero. It is clear that
because of a™; = 0 we have af't' = (m+1)aj* = (m+1)la} = (m+1)!. Therefore
ay' is found on the m-axis. Now we can find a}]* for £ =1 and m > 2. In general,
the coeflicients a}' on the line k = const are fully determined by the @} on the line
k = const — 1. Therefore the solution of the above recurrence relation exists and is
unique.

It is not so important here to show how to find this solution. We just take it in

the form af* = m!/(4*k!). Let us check it:

1., m m! 1 (m—-2k+1)
gtk T m=2k+Dai’ = o= 2V

_ (m+1)' _am—i-l

o 4kRl TR

Substituting the obtained value of a}* into (9) and taking into account that D, =
2,/yD, we get (8).
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1054 V. V. KARACHIK

Now we can apply the operator equality (8) for m = m + s to the function
(1 —¢2)™. This yields
(=)™ (m + $)1(2,2)m
(27 2)9
(10) [(m—3)/2] (1— )

-1 ktm—s—Qk,! .
kzz:o ( ) (2,2)k(2+28,2)k

From here, using equalities P (t) = (1—t2)*/2D; Py(t), Py(t) = 27 DF (12 — 1)%*,
k
which give us P} (t) = %(1 —12)*/2DF (1 — £2)* we obtain

D;nJrs(]_ _ t2)m _

[(k—s)/2] 2\its/2
, o (L=t 2s!!
GS,B 1) = -1 ztk—s—Qz,! ( _ PE(t).
¢ (0 ; =) @22 1252, rsl )
Taking into account that G5*™ () = (1 — t2)7m/2G}zi:Z’3(t) we complete the
proof. O

Consider by analogy with the associated Legendre functions, the associated
Chebyshev functions T¢(t) = (1 — t2)¥/2D; Ty (t), where 0 < s < k, T2(t) = Ti(t)
being the Chebyshev polynomials.

Theorem 2. For G-functions of even kind the following equality holds:

(2s+2m — 1!
(k+s—+2m—1D)l(k+m)
where m >0, k > s > 0, and Gy (t) = 1/kITL(1).

(1 o t2)7m/2Ts+m(t)’

2mA42 oy
G; " (t) - k+m

Proof. First we prove that for s > 0 the following equality holds:

(k/2] '
s i —23,! (]— B y)l
yD -1 (Vy k=2l A" 79/
— 27S(k +s5- 1)' [(kis)/Q](_l)z ( )k—S—Qi,! (1 — y)z
S (k-Di2s - & VY (2,2);(1 +2s,2);"
Using the property of (k) functions again (see proof of (9)) for s > 0, we can
get
Rl ; k 24! (1- y)i
[((k—s—1)/2] . i
1 ; k—s—2i—-1 k—s—1-2i,! (1-y)
— = _1 7 1 Lo o= = 3
2 ; (=) < T o >(‘/§) (2,2)i(1 + 2s,2);
[((k—s—1)/2] )
k+s i k—s—1-2i)! (1-y)
S 1 : :
2(1+ 2s) ; (=" (vo) (2,2);(14+2(s+1),2);

This implies that (11) is true for all s > 1. Taking y = t?, which means D; =
2,/yD,, we can write (11) in the form

(k+s—1)!

(k —1)!(25 — ! (1- t2)_8/2 Gy ().

DiGy*(t) =
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It is not difficult to see that Gy”(t) = & cos(karccost) = LTy(t). Therefore

G2 (t) can be written in the form

k—1)(2s— 1)1 1 o/2 (25 — 1)

12 2y = { — (1 =) DTy(t) = ——— = T3 (1).

1) GO0 =g m (70T DO = ey RO
To complete the proof we note G>" (1) = (1 — t2)’m/2GZiﬁ’2(t). O

1k
Remark. Using (8) we can obtain Ty (t) = ﬁ (1- t2)1/2 DF(1- t2)k71/2.

Theorem 3. For G-functions the Rodrigues formula (see [4])
(13) (=1)*DF (1= )" _ pin — 1 4 25,2) (1= )TV @en (1)

holds, and the following connection of G-functions with Gegenbauer polynomials is
valid:

(1) G () = g O s

Proof. By analogy with (10) and with the help of (8) we can write
i [k/2] ok Dl _—
DF(1 — 2 \kts+(n=3)/2 _ 1 h—2i! 12 (] _ g2\k+s+(n—3)/2
= (—1)FKl(n — 14 25,2),(1 — 2)T=32G00 (1),

which proves (13). To prove (14) we use the following representation of Gegenbauer
polynomials [5]

[n/2] —2i /42 i
2u)pt" = (t* = 1)
15 Cr(t) = -
(15) n(®) ; 2261 (v 4+ 1/2);(n — 24)!’
which leads to
v ) = (2 n -1 it’n72i,! = (2 n 0,2v+2 +
CE0) = @) 3 (V' G = @GR (),

and then Gz’”(t) = mq’:/%l(t) = (éﬁ;i)k!)!C’,?/%l(t) for n > 2 . Proof is
completed. O

4. ORTHOGONALITY OF (G-FUNCTIONS

Theorem 4. G-functions of kind n (n > 2) and the same order are orthogonal on
[—1, 1] with weight p(t) = (1 —t2)*=3/2 and

L sy 2T (0 1))
[1 (G0 (0= ) bt = e e e s+ = 3 (h = 5]l

Proof. Using Lemma 1 and because of equality G§,(z) = G;(|Z], z,) we obtain

1

0= [ Gi@Gn@ - ) do=wn [ GILOG(Op(0)
|z|=1 1
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1056 V. V. KARACHIK

This implies orthogonality of G-functions G}, (t) and G}"} ((t) with weight p(t).
From Theorem 1 for odd n > 3 we get

s . (2s+n—3)” 2\—(n—3)/4 ps+(n—3)/2

OO = s ot T ey (0

and from Theorem 2 for even n > 3, we have
s,m (28+n—3)” 2\—(n—2)/4ms+(n—2)/2
1 () = 1—t T t).
(16) G0 (k+(n—2)/2)(k:+s+n—3)!( ) k+n-2)/2 (1)
. 1 2 2 (k+8)'
It is known that [~ (P:(t))" dt = PR WY and therefore for odd n > 3,

we have

! 25 +n — 3)1)?
17 G (1)) p(t) dt = ( :
(17) /_1( ) P At = e et s n = 3010k — )]

Let n > 2 be even. Since in this case G}"(t) are connected with Chebyshev
polynomials, we need to investigate T}(t). According to the definitions of T}(t)
and G (t) and with the help of (12) we get

k(k + s — 1)) WA pks2il (1 g2y

2\5/2 i
(25 — D! (1-1) ; (=1) (2,2)i(n — 1+ 25,2);

Ti(t) =

If we use representation (15) (see [5]) we obtain T (t) = k(2s—2)!1(1—#2)/2C5__[t].
It is known [5] that for Gegenbauer polynomials fil (C5E)? (1 —#2)s=1/2at =
(28)kT(5)L(s+ 3)/ (k!(k + s)['(s)). So, we can get

/1 (T3 ()2 (1 — 1)V dt = k2((2s — 2)1)2— 3T R = D! z

1 (k — s)lk((2s — 2)!1)2
Therefore,
1
_ kE+s—1rx
1 TS 201 212 g = ( n
(18) | @ a—e e -l
whence using (16) we can obtain
1 2
2s+n —3)II) ™
19 GEM(1))? p(t) dt = ( us
(19) /,1( O (k+(n—-2)/2)(k+s+n—-3)(k—s)2
Combining (17) and (19) and using properties of the I'-function, we get the
necessary equality. The proof is completed. O

Remark. Associated Chebyshev functions of the same order are orthogonal on the
segment [—1,1] with weight p(t) = (1 — ¢?)~/2, and the formula (18) holds.

Polynomials G,y (x) for n = 2,3 turn into well-known spherical functions [1].

Theorem 5. The scalar product of G(,y(x) on G, (x) in L2(9S) is equal to
the product of scalar products Gy " (t) on GV (4 in Ly(—1,1) with
weights pi(t) = (1 —t2)("=279/2 for 1 <i <n —1.

Proof. The proof can be easily obtained by using definition (5) of G,y (), applying
equality (6) and then using the property of Hj (z(2)) from (4). O
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ON SOME SPECIAL POLYNOMIALS 1057

Theorem 6. The G-function G} (t) normalized in Lo(—1,1) with weight p(t) =
(1 —t2)("=3)/2 satisfies the estimation

(20) G ()] <2V (k+(n-2)/2)2"3, k>

Proof. To evaluate G;'" (t) we need to rewrite it in a different form.
Using the known connection of I'- and B-functions, B(p,s) = I'(p)I'(s)/T'(p+s),
and the equality I'(p + 1) = pI'(p) we can get

1 _ 1 1 ' k—1/2 s+(n—4)/2
(n—1+252) (2k— 1)!!3(1/2,5+(n_2)/2)/0 o (1-a) dar.

If s # 0 and n # 2, then from the definition of G}""(t) (7) we obtain

. 1 —2)%/? 1 ‘ s
Gy () = B(1/2<,s+t(7)1—2)/2)%/0 <<t“ O‘(l_tQ))k

k—s,!
- (t —iva(l - t2)) ) (1 — )stn=1/2 %,

and therefore |G}"(t)| < 1/(k — s)!. From Theorem 4 we derive

e )

Thus, taking into account that (25 +n — 3)! < ((2s +n — 3)!1)* we get

~ -2\ (k+s+n—-3
S,m 2 < n
G < (e 252) (ML)
This implies that (20) is true. If s = 0 and n = 2, then |Gy(t)| = 1T ()]
1

1/k! and therefore, according to (18), |GV*(t)] < /2/m < 1. Because
\/EQk’l/Q, the Theorem is true for this case too.

IN

(k4 (n —2)/2))22k+n=3,

<
<
0
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