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Abstract. Let Ω ⊂ RN , N ≥ 1, be a bounded smooth connected open set
and a : Ω × RN → RN be a map satisfying the hypotheses (H1)-(H4) below.

Let f1, f2 ∈ L1
loc(Ω) with f2 ≥ f1, f1 6≡ f2 in Ω and u1, u2 ∈ C1,θ(Ω) with

θ ∈ (0, 1] be two weak solutions of

(Pi) − div(a(x,∇ui)) = fi in Ω, i = 1, 2.

Suppose that u2 ≥ u1 in Ω. Then we show that u2 > u1 in Ω under the
following assumptions: either u2 > u1 on ∂Ω, or u1 = u2 = 0 on ∂Ω and u1 ≥ 0
in Ω. We also show a measure-theoretic version of the Strong Comparison
Principle.

1. Introduction

Let Ω ⊂ RN , N ≥ 1, be a bounded, connected open set and consider a map
a = (a1, ..., aN ) : Ω× RN → RN satisfying the following hypotheses (H1)-(H4):

There exist constants K ∈ [0, 1], γ,Γ ∈ (0,∞), p ∈ (1,∞) such that:
(H1) ai(x, 0) = 0 ∀x ∈ Ω, ai ∈ C(Ω× RN ) ∩ C1(Ω× RN \ {0}), i = 1, ..., N ;

(H2)
N∑

i,j=1

∂ai
∂ηj

(x, η)ξiξj ≥ γ(K + |η|)p−2|ξ|2, ∀(x, η, ξ) ∈ Ω× RN \ {0} × RN ;

(H3)
N∑

i,j=1

∣∣∣∣∂ai∂ηj
(x, η)

∣∣∣∣ ≤ Γ(K + |η|)p−2, ∀(x, η) ∈ Ω× RN \ {0};

(H4)
N∑

i,j=1

∣∣∣∣ ∂ai∂xj
(x, η)

∣∣∣∣ ≤ Γ(K + |η|)p−2|η|, ∀(x, η) ∈ Ω× RN \ {0}.

As an easy consequence of hypotheses (H1)-(H4) we obtain that a(x, ·) is a
strictly monotone vector field on RN . This motivates the following hypothesis:

(H5) ai ∈ C(Ω× RN), i = 1, ..., N , and

〈a(x, η1)− a(x, η2), η1 − η2〉 ≥ 0 ∀η1, η2 ∈ RN , ∀x ∈ Ω,
〈a(x, η1)− a(x, η2), η1 − η2〉 = 0 iff η1 = η2, ∀x ∈ Ω.

A well-known example of a vector field satisfying hypotheses (H1)-(H4) is given by
a(η) = |η|p−2η, p ∈ (1,∞).
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Consider two functions f1, f2 satisfying the following hypothesis:
(F) f1, f2 ∈ L1

loc(Ω), f2 ≥ f1, f1 6≡ f2 in Ω.
We are interested in the following question:
Let a satisfy some of the hypotheses in (H1)-(H5) and f1, f2 satisfy the hypothesis

(F). Let u1, u2 ∈ C1,θ(Ω) for some θ ∈ (0, 1] be two weak solutions of

(Pi) − div(a(x,∇ui)) = fi in Ω, i = 1, 2.

Suppose u2 ≥ u1 in Ω . Then, is it true that u2 > u1 in Ω?
If the answer to the above question is “yes” we say that the Strong Comparison

Principle, (SCP) for short, holds for the problem (Pi).
The first important result in this direction was given by [3]. More precisely, they

show that (SCP) holds under either one of the following assumptions:
(Ã1) u2 > u1 on ∂Ω,
(Ã2) u1 = u2 = 0 on ∂Ω, u2 ≥ u1 ≥ 0 in Ω and interior{x ∈ Ω : f1(x) = f2(x)}

is an empty set.
Later, in a nice work, Cuesta and Takáč [1] have contributed towards weakening

the assumption (Ã2), while assuming that ∂Ω has only one component. Recently,
[4] and [5] have shown that (SCP) holds without any other restrictions if we are in
the radial case. But, the full (SCP) still remains open.

In this work, we show that (SCP) holds with an assumption similar to (Ã1) or an
assumption like: u1 = u2 = 0 on ∂Ω, u2 ≥ u1 ≥ 0 in Ω. In the general case, when
we have only u2 ≥ u1 in Ω, we show that the N -dimensional Hausdorff measure of
the coincidence set {x ∈ Ω : u1(x) = u2(x)} is zero.

The proof we give will be based on the divergence theorem applied to a particular
vector field G generated by the solutions of (Pi). In the articles [3] and [1], the
proofs are based more on PDE techniques such as the maximum principle. We now
state the theorems that we will prove.

The first theorem shows a measure-theoretic version of (SCP) without any re-
strictions on the boundary data.

Theorem 1.1. Let a satisfy the hypothesis (H5) and f1, f2 the hypothesis (F). Let
ui ∈ C1,θ(Ω), θ ∈ (0, 1] be a weak solution of (Pi), i = 1, 2 with u2 ≥ u1 in Ω. Then
the N -dimensional Hausdorff measure of the set

{x ∈ Ω : u1(x) = u2(x)} ∩ {x ∈ Ω : f1(x) 6= f2(x)}
is zero.

The second theorem is a generalised version of the corresponding results in [6]
and [3] for “elliptic” vector fields a satisfying hypotheses (H1)-(H4). We remark
that we need only the monotonicity hypothesis (H5) on the map a.

Theorem 1.2. Let a satisfy the hypothesis (H5), f1, f2 ∈ L1
loc(Ω) with f2 ≥ f1

in Ω and ui ∈ C1,θ(Ω), θ ∈ (0, 1] be a weak solution of (Pi), i = 1, 2. Then,
infΩ(u2 − u1) ≥ inf∂Ω(u2 − u1).

The last theorem shows (SCP) for nonnegative solutions of (Pi) with zero Dirich-
let boundary conditions. Here we remove the restriction imposed in [1] that ∂Ω has
only one connected component.

Theorem 1.3. Assume that ∂Ω is a C2-manifold and that a satisfies hypotheses
(H1)-(H4). Let f1, f2 ∈ L∞(Ω) be two functions satisfying the hypothesis (F) and
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ui ∈ C1,θ(Ω), θ ∈ (0, 1] be weak solutions of (Pi) (i = 1, 2). Assume that u1 = u2 =
0 on ∂Ω, u2 ≥ u1 ≥ 0 in Ω. Then, (SCP) holds in Ω, i.e., u2 > u1 in Ω.

2. Preliminary results

Given U ⊂ Ω a set of finite perimeter in Ω, we denote by ∂?U the measure-
theoretic boundary of U in Ω (see [2] for more details). The proof of the above
theorems depends on the following version of the divergence theorem:

Proposition 2.1. Let G : Ω → RN be a continuous vector field, U ⊂⊂ Ω be an
open set with finite perimeter in Ω. If, in the sense of distributions,

(2.1) −divG = f ∈ L1(U),

then the following version of the divergence theorem is true:

(2.2) −
∫
∂?U

〈G, ν〉dσ =
∫
U

f,

where ∂?U is the measure-theoretic boundary of U in Ω, σ = HN−1 is the (N − 1)-
dimensional Hausdorff measure in RN , and ν is the unique measure-theoretic unit
outer normal to the boundary of U that exists HN−1 a.e. on ∂?U .

Proof. We write G = (G1, ..., GN ). Let ρε ∈ C∞0 (Ω) be the standard family of
mollifier functions. We approximate G by the following smooth vector fields: Gε =
(G1 ∗ ρε, ..., GN ∗ ρε). It is easy to check that

Gε → G in Cloc(Ω;RN ), div(Gε)→ divG in L1
loc(Ω).

For every Gε the divergence theorem in equation (2.2) is true (see [2], Thm. 1,
p. 209). The proposition now follows from the approximating property of Gε to
G. �

Given u1, u2 ∈ C1(Ω), we set for each ε ∈ R,

(2.3) Lε = {x ∈ Ω : (u2 − u1)(x) < ε},
and define the following vector field:

(2.4) G : Ω→ RN , G(x) = a(x,∇u2(x)) − a(x,∇u1(x)).

We first recall the following standard result in geometric measure theory; see, for
example, Theorem 1, Section 5.5 of [2].

Lemma 2.2. For H1 a.e. ε ∈ R, the set Lε is of finite perimeter in Ω.

We note the following important property.

Proposition 2.3. Let u1, u2 ∈ C1(Ω) and consider Lε,G defined by (2.3), (2.4).
Assume Lε to be of finite perimeter in Ω and that a satisfies (H5). Then,
〈G, ν〉(x) ≥ 0 for all x ∈ ∂?Lε ∩ Ω (here ν is the measure-theoretic unit outer
normal).

Proof. Let x0 ∈ ∂?Lε∩Ω be such that |G(x0)| 6= 0. Let us set w = u2−u1. By (H5),
∇w(x0) 6= 0. Therefore, ∂Lε is a C1-manifold in a neighborhood of x0, and hence
the measure-theoretic unit outer normal is explicitly given in this neighborhood by
ν(x) = ∇w(x)

|∇w(x)| . The proof of the proposition now follows from the definition of G
and (H5). �
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Lemma 2.4. Assume that a satisfies (H5). Let U ⊂ RN be an open set. Let
w1, w2 ∈ C1,θ(U), θ ∈ (0, 1], be two weak solutions of the problem:{

−div(a(x,∇u)) = f in U,
u = g on ∂U,

where f ∈ L1
loc(U) and g ∈ C(∂U). Then, w1 ≡ w2 in U .

Proof. We note that w2 − w1 ∈ C1(U) with w2 − w1 = 0 on ∂U . Hence, by the
definition of weak solutions,∫

U

〈a(x,∇w2)− a(x,∇w1),∇(w2 − w1)〉 = 0.

Since 〈a(x,∇w2) − a(x,∇w1),∇(w2 − w1)〉 ≥ 0, we conclude that 〈a(x,∇w2) −
a(x,∇w1),∇(w2−w1)〉 ≡ 0 in U and hence ∇(w2−w1) ≡ 0 (by (H5)). This proves
the lemma. �

3. SCP for monotone vector fields

In this section we consider a vector field a that satisfies only (H5). Under this
mild assumption, we first show that the measure of the set where the (SCP) possibly
fails to hold in {x ∈ Ω : f2(x) > f1(x)} has to be of measure zero:

Proof of Theorem 1.1. Let Z = {x ∈ Ω : u1(x) = u2(x)} and Pf = {x ∈ Ω :
f1(x) 6= f2(x)}. Clearly, it is enough to show that HN (Z ∩ Pf ∩ B) = 0 for any
ball B ⊂⊂ Ω. Fix any such ball B. By Lemma 2.2, we can choose a sequence
(εn)∞n=1 such that εn > 0, εn → 0 and Lεn = {x ∈ Ω : (u2−u1)(x) < εn} is of finite
perimeter. From the divergence theorem (Prop. 2.1) applied on the set U = Lεn∩B
with the vector field G(x) = a(x,∇u2(x))−a(x,∇u1(x)) and f = f2−f1, we obtain∫

Lεn∩B
(f2 − f1) = −

∫
∂?(Lεn∩B)

〈G, ν〉dHN−1

= −
∫
∂?Lεn∩B

〈G, ν〉dHN−1 −
∫
Lεn∩∂B

〈G, ν〉dHN−1.(3.1)

From Proposition 2.3, we get that 〈G, ν〉 ≥ 0 on ∂?Lεn ∩ B. Hence from (3.1) we
obtain the following inequality:∫

Lεn∩B
(f2 − f1) ≤ −

∫
Lεn∩∂B

〈G, ν〉dHN−1,

which is equivalent to

(3.2)
∫
B

χLεn (f2 − f1) ≤ −
∫
∂B

χLεn 〈G, ν〉dHN−1.

Now as εn → 0, χLεn → χ
Z

pointwise HN a.e. in B and pointwise HN−1 a.e. on
∂B. Therefore, letting εn → 0 in (3.2), we get

(3.3)
∫
B∩Z

(f2 − f1) ≤ −
∫
∂B∩Z

〈G, ν〉dHN−1.

The function u2 − u1 being nonnegative, it achieves its minimum on Z and since
∂B ⊂ Ω, we get that G(x) = 0 for any x ∈ Z ∩ ∂B. Therefore, the right-hand side
of (3.3) vanishes and the left-hand side being by assumption nonnegative, we derive

(3.4)
∫
B∩Z

(f2 − f1) = 0.
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Since f2 − f1 ≥ 0, we conclude that HN (Z ∩ Pf ∩ B) = 0, and hence the theorem
is proven. �

Clearly, the (SCP) holds iff the set of coincidence Z defined in the above proof
is empty. This stronger result can be derived by assuming that the boundary data
satisfies u2 − u1 > 0:

Proof of Theorem 1.2. Set δ = inf∂Ω(u2 − u1), and assume that the conclusion of
the theorem does not hold. Then there exists x0 ∈ Ω with (u2−u1)(x0) < δ. Choose
ε such that (u2 − u1)(x0) < ε < δ and such that Lε = {x ∈ Ω : (u2 − u1)(x) <
ε} is of finite perimeter (possible, thanks to Lemma 2.2). Then, Lε is a non-
empty open subset that is compactly contained in Ω. Fix a nonempty connected
component of Lε, which by abuse of notation we denote again by Lε. By letting
G(x) = a(x,∇u2(x))−a(x,∇u1(x)), we may appeal to Proposition 2.1 with U = Lε,
f = f2 − f1, to obtain

(3.5)
∫
Lε

f = −
∫
∂?Lε

〈G, ν〉dHN−1.

From Proposition 2.3 we deduce that 〈G, ν〉 ≥ 0 on ∂?Lε. Thus, from equation
(3.5) we obtain that f1 ≡ f2 in Lε. Since ∂Lε ∩ ∂Ω = ∅, we get that u2 = u1 + ε
on ∂Lε. From Lemma 2.4, we obtain u2 ≡ u1 + ε in Lε, which contradicts the fact
that x0 ∈ Lε. This proves the theorem. �

Remark 3.1. (1) As an easy corollary to the above Theorem we obtain that (SCP)
holds in Ω when no connected component of the coincidence set {x ∈ Ω : u1(x) =
u2(x)} touches the boundary ∂Ω. Indeed, if this is the case, we can find a sequence
of open sets Ωn ⊂⊂ Ω with

⋃
n∈N Ωn = Ω and u2 > u1 on ∂Ωn, and then we can

apply the above Theorem to each Ωn.
(2) In case Ω and the solutions u1, u2 are radially symmetric, it is clear that

Lε ⊂⊂ Ω for some ε, and so the above Theorem applies. An ODE proof was given
in this case by [4] and [5].

4. The Dirichlet case

In this section, we show the validity of the (SCP) for the Problem (Pi) when
the solutions are nonnegative and vanish on the boundary. We also assume that
fi ∈ L∞(Ω), i = 1, 2.

From the strong maximum principle arguments of Cuesta and Takáč (see [1],
Prop. 2.4), we conclude that in a neighborhood N of any connected component of
∂Ω, either u1 ≡ u2 in N or u2 > u1 in N . In the latter case, under some more
assumptions (see condition (aα) in [1]), the Hopf boundary point lemma holds.
Therefore, there are two possible cases:

Case A : u1 ≡ u2 in a neighborhood of some connected component of ∂Ω;
Case B : u2 > u1 in a neighborhood of ∂Ω.

Proposition 4.1. Assume ∂Ω is a C2-manifold, and consider ui ∈ C1,θ(Ω) to be
a solution of

−div(a(x,∇ui)) = fi, ui|∂Ω = 0 (i = 1, 2),
where fi ∈ L∞(Ω), f2 ≥ f1. If case A occurs, then u1 ≡ u2 in Ω.

Proof. Let Z := {x ∈ Ω : u1(x) = u2(x)}. By hypothesis, Z 6= ∅. Assume by
contradiction that Z 6= Ω. In this case M := maxΩ(u2 − u1)(x) > 0.
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Claim 1. There exists ε > 0 and a connected component C of Lε such that C ∩ ∂Ω
coincides with a connected component of ∂Ω that admits a neighborhood where
u1 ≡ u2.

Since ∂Ω is a C2-manifold, it has only finitely many connected components. We
can thus choose ρ > 0 small so that for any connected component Σ of ∂Ω either
u1 ≡ u2 in a ρ-neighborhood of Σ or u2 > u1 in that neighborhood. Let us define
the following sets:

Ω̃ = {x ∈ Ω : d(x, ∂Ω) >
ρ

2
}, Λ = {x ∈ ∂Ω̃ : u2 > u1},

and let us set

δ =

{
min
x∈Λ

(u2 − u1), if Λ 6= ∅,

M, if Λ = ∅.
Now, by Lemma 2.2, the level set Lε = {x ∈ Ω : (u2 − u1)(x) < ε} is a set of finite
perimeter for H1 a.e. ε ∈ (0, δ). We choose and fix a connected component of Lε,
which by abuse of notation we call again as Lε, so that Lε∩Z is nonempty. Clearly,
Lε ∩ Λ is empty. We can write ∂Lε = ∂Ω? ∪ ∂Lint

ε where ∂Ω? is the union of those
connected components of ∂Ω such that u1 ≡ u2 in a neighborhood of them, and
∂Lint

ε ⊂ Ω.

L
int
ε∂

∂Ω*

Lε

u

2 1

2 1−

− u

u

>

=

0

0

u

Ω

Figure 1.

Claim 2. f1 ≡ f2 in Lε.

Let G(x) = a(x,∇u2(x))−a(x,∇u1(x)). Since G ≡ 0 in a neighborhood of ∂Ω?

and ∂Lint
ε ⊂⊂ Ω, the divergence theorem (Prop. 2.1) applied with U = Lε gives

(4.1) 0 ≤
∫
Lε

(f2 − f1) = −
∫
∂?Lint

ε

〈G, ν〉dHN−1.

We also note that ∂?Lint
ε ⊂ {x ∈ Ω : (u2 − u1)(x) = ε}. From Proposition 2.3 we

have 〈G, ν〉 ≥ 0 on ∂?Lint
ε . Thus, we conclude from (4.1) that f1 ≡ f2 on Lε.

Claim 3. u1 ≡ u2 on Lε.
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Let wε = (u2 − u1)− ε. Then, we note that wε ≡ −ε in a neighborhood of ∂Ω?

and wε = 0 on ∂Lint
ε . Noting that divG(x) ≡ 0 in a neighborhood of ∂Ω?, we can

use wε as a legitimate test function in the weak formulation to get:

0 =
∫
Lε

〈G(x),∇wε〉 =
∫
Lε

〈a(x,∇u2)− a(x,∇u1),∇(u2 − u1)〉.

This immediately implies that ∇u1 ≡ ∇u2 in Lε and hence (since Z ∩ Lε 6= ∅),
u1 ≡ u2 in Lε. This proves the claim.

From Claim 3, we obtain a contradiction since u1 + ε = u2 on ∂Lint
ε and this

contradiction proves Proposition 4.1. �
The validity of the (SCP) with zero boundary data follows now immediately:

Proof of Theorem 1.3. Since by assumption f1 6≡ f2, Proposition 4.1 implies that
Case A never occurs. Therefore, u2 > u1 in a neighborhood of ∂Ω, and we are
reduced to the situation in Theorem 1.2, which concludes the theorem. �
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