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ABSTRACT. Let Q C RN, N > 1, be a bounded smooth connected open set
and a: Q x RY — RN be a map satisfying the hypotheses (H1)-(H4) below.
Let f1, f2 € L} () with fo > f1, f1 # f2 in Q and w1, uz € CH9(Q) with
0 € (0,1] be two weak solutions of
(P) —div(a(z,Vu;))=fi inQ, i=1,2.

Suppose that uz > uj in Q. Then we show that uz > uj in © under the
following assumptions: either ug > u; on 92, or u; = ug = 0on 92 and u; >0
in Q. We also show a measure-theoretic version of the Strong Comparison
Principle.

1. INTRODUCTION

Let @ ¢ RY,N > 1, be a bounded, connected open set and consider a map
a=(ay,...,ay): Q2 x RV — R¥ satisfying the following hypotheses (H1)-(H4):

There exist constants IC € [0,1], v,T" € (0,00), p € (1, 00) such that:

(H1) az(a: 0)=0Vz €, a; € C(AxRY)NCHO x RV \ {0}),i=1,..., N;

(H2) Z 00 (o iy > 2K+ )21, Vi, €) € 2 x BV \ {0} x BY:

— On;
N
Z\a— W[ STOC+ D, ) € 9 xRV (0
N
(14) Y | Gowm)| < TOC+ )P 2, o) € 2RV (0}

As an easy consequence of hypotheses (H1)-(H4) we obtain that a(z,-) is a
strictly monotone vector field on RY. This motivates the following hypothesis:
(H5) a; €C(Qx RYN), i=1,...,N, and
(@(z,m) —a(z,n2),m —m2) 20 Vi, €RY, VzeQ,
(a(z,m) —a(@,m2),m —n2) =0 i ; =m, Vzel
A well-known example of a vector field satisfying hypotheses (H1)-(H4) is given by
a(n) = [n[P~*n, p € (1,00).
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Consider two functions f1, fo satisfying the following hypothesis:
(F) fi,fa € Lj,o(Q), fo > f1, f1 # f2in Q.

We are interested in the following question:
Let a satisfy some of the hypotheses in (H1)-(H5) and f1, f> satisfy the hypothesis
(F). Let u1,us € CH?(Q) for some 6 € (0, 1] be two weak solutions of

(P) —div(a(z,Vu;))=f; inQ, =12

Suppose ug > up in © . Then, is it true that ug > uq in Q7

If the answer to the above question is “yes” we say that the Strong Comparison
Principle, (SCP) for short, holds for the problem (F7;).

The first important result in this direction was given by [3]. More precisely, they
show that (SCP) holds under either one of the following assumptions:

(A1) ug > up on 09,

(/12) up = uz =0 on 9N, uz > u; > 0in Q and interior{z € Q : fi(x) = fa(z)}

is an empty set.

Later, in a nice work, Cuesta and Tak&¢ [1] have contributed towards weakening
the assumption (142), while assuming that €2 has only one component. Recently,
[4] and [5] have shown that (SCP) holds without any other restrictions if we are in
the radial case. But, the full (SCP) still remains open.

In this work, we show that (SCP) holds with an assumption similar to (A1) or an
assumption like: u; = ug = 0 on 9Q, ug > u; > 0 in . In the general case, when
we have only ugs > uy in €2, we show that the N-dimensional Hausdorff measure of
the coincidence set {z € Q : uy(z) = ua(x)} is zero.

The proof we give will be based on the divergence theorem applied to a particular
vector field G generated by the solutions of (P;). In the articles [3] and [1], the
proofs are based more on PDE techniques such as the maximum principle. We now
state the theorems that we will prove.

The first theorem shows a measure-theoretic version of (SCP) without any re-
strictions on the boundary data.

Theorem 1.1. Let a satisfy the hypothesis (H5) and f1, fa the hypothesis (F). Let
u; € CH9(Q), 0 € (0,1] be a weak solution of (P;), i = 1,2 with uy > uy in Q. Then
the N -dimensional Hausdorff measure of the set

{zr e Q:ui(z) =u2(z)} N{z € Q: fi(z) # fo(x)}

1S zero.

The second theorem is a generalised version of the corresponding results in [6]
and [3] for “elliptic” vector fields a satisfying hypotheses (H1)-(H4). We remark
that we need only the monotonicity hypothesis (H5) on the map a.

Theorem 1.2. Let a satisfy the hypothesis (H5), fi, f2 € Lj,.(Q) with fo > fi

in Q and u; € CH9(Q), 0 € (0,1] be a weak solution of (P;), i = 1,2. Then,
infq(us —uy) > infaq(ug — uq).

The last theorem shows (SCP) for nonnegative solutions of (P;) with zero Dirich-
let boundary conditions. Here we remove the restriction imposed in [I] that 9 has
only one connected component.

Theorem 1.3. Assume that OQ is a C?>-manifold and that a satisfies hypotheses
(H1)-(H4). Let f1, f2 € L>®(Q2) be two functions satisfying the hypothesis (F) and
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u; € CH9(Q), 6 € (0,1] be weak solutions of (P;) (i =1,2). Assume that uy = us =
0 on O, us > uy >0 in Q. Then, (SCP) holds in Q, i.e., ug > uy in .

2. PRELIMINARY RESULTS

Given U C Q a set of finite perimeter in €2, we denote by 0,U the measure-
theoretic boundary of U in Q (see [2] for more details). The proof of the above
theorems depends on the following version of the divergence theorem:

Proposition 2.1. Let G : Q — RY be a continuous vector field, U CC Q be an
open set with finite perimeter in Q. If, in the sense of distributions,

(2.1) —divG = f € L}(U),

then the following version of the divergence theorem is true:

(2.2) —/8*U<G,y)da:/Uf,

where 0,U is the measure-theoretic boundary of U in Q, o = HN~1 is the (N —1)-
dimensional Hausdorff measure in RY, and v is the unique measure-theoretic unit
outer normal to the boundary of U that exists HN =1 a.e. on 0,U.

Proof. We write G = (G1,...,Gn). Let p. € C§°(€2) be the standard family of
mollifier functions. We approximate G by the following smooth vector fields: G, =
(Gy * pe, ..., GN * pe). Tt is easy to check that

G — G in Cioe(RY),  div(G,) — divG in L}, (Q).

For every G. the divergence theorem in equation (ZZ)) is true (see [2], Thm. 1,
p. 209). The proposition now follows from the approximating property of G, to

G. O
Given uy,us € C1(Q), we set for each € € R,

(2.3) Le={zeQ: (uz—u)(x) <e},

and define the following vector field:

(2.4) G:Q—RY, G(z)=a(z, Vuz(z)) — a(z, Vuy ().

We first recall the following standard result in geometric measure theory; see, for
example, Theorem 1, Section 5.5 of [2].

Lemma 2.2. For H' a.e. € € R, the set L. is of finite perimeter in €.
We note the following important property.

Proposition 2.3. Let uj,us € C1(Q) and consider L., G defined by [23), [24).
Assume L. to be of finite perimeter in Q and that a satisfies (H5). Then,
(G,v)(z) > 0 for all x € 0+L. N QY (here v is the measure-theoretic unit outer
normal).

Proof. Let g € 0,L:NE be such that |G(zg)| # 0. Let us set w = ug—uy. By (H5),
Vw(zo) # 0. Therefore, L, is a C'-manifold in a neighborhood of zy, and hence
the measure-theoretic unit outer normal is explicitly given in this neighborhood by

v(z) = ‘gqfugfc;l. The proof of the proposition now follows from the definition of G
and (H5). O
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Lemma 2.4. Assume that a satisfies (H5). Let U C RN be an open set. Let
wy,wy € CLY(U), 6 € (0,1], be two weak solutions of the problem:
—div(a(z,Vu)) = f inU,
u = g ondU,

where f € Li, (U) and g € C(OU). Then, wy = wq in U.

loc

Proof. We note that wy — w; € CH(U) with wy —w; = 0 on OU. Hence, by the
definition of weak solutions,

/U<a($7vw2) —a(z, Vwy), V(wg —wy)) =0.

Since (a(x, Vws) — a(z, Vwy), V(we — w1)) > 0, we conclude that (a(z, Vws) —
a(z, Vwy), V(wz —wi)) = 0in U and hence V(we —wq) = 0 (by (H5)). This proves
the lemma. 0

3. SCP FOR MONOTONE VECTOR FIELDS

In this section we consider a vector field a that satisfies only (H5). Under this
mild assumption, we first show that the measure of the set where the (SCP) possibly
fails to hold in {z € Q: fa(x) > f1(z)} has to be of measure zero:

Proof of Theorem 1.1. Let Z = {z € Q : wi(z) = uo(x)} and Py = {z € Q :
fi(z) # f2(x)}. Clearly, it is enough to show that HY(Z N Py N B) = 0 for any
ball B cC Q. Fix any such ball B. By Lemma B2 we can choose a sequence
(en)22; such that €, >0, ¢, — 0 and L, = {x € Q: (u2 —u1)(z) < €,} is of finite
perimeter. From the divergence theorem (Prop.[ZT]) applied on the set U = L., N B
with the vector field G(x) = a(z, Vua(z)) —a(z, Vui (x)) and f = fo— f1, we obtain

[ - = - (G, v)dHN !
L.,NB 04 (Le,NB)

(3.1) = —/ (G,vydHN 1 —/ (G, v)ydHN L,
L., NB L., NoB

From Proposition 2.3] we get that (G,v) > 0 on d, L, N B. Hence from @B.1) we
obtain the following inequality:

/ (omfi) < — / (G )dHN T,
L. NB L. NOB

€n €n

which is equivalent to

(3.2) /B oo (fo— f1) < — /a X (G

Now as €, — 0, xp.. — X, pointwise HYN a.e. in B and pointwise HV~! a.e. on
OB. Therefore, letting €, — 0 in [32), we get

(3.3) /B USRS / (G o)aHN

oBNZ
The function ue — w1 being nonnegative, it achieves its minimum on Z and since
OB C Q, we get that G(z) = 0 for any « € Z N JB. Therefore, the right-hand side
of (3:3) vanishes and the left-hand side being by assumption nonnegative, we derive

(3.4) /B h=f)=o
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Since fo — f1 > 0, we conclude that H™ (Z N Py N B) = 0, and hence the theorem
is proven. O

Clearly, the (SCP) holds iff the set of coincidence Z defined in the above proof
is empty. This stronger result can be derived by assuming that the boundary data
satisfies ug — uy; > O:

Proof of Theorem 1.2. Set 6 = infpq(us — u1), and assume that the conclusion of
the theorem does not hold. Then there exists zg €  with (ug—u1)(zo) < J. Choose
€ such that (ug — u1)(z0) < € < 0 and such that L, = {z € Q : (u2 —u1)(x) <
€} is of finite perimeter (possible, thanks to Lemma [2:2). Then, L. is a non-
empty open subset that is compactly contained in 2. Fix a nonempty connected
component of L., which by abuse of notation we denote again by L.. By letting
G(z) = a(z, Vuz(x))—a(z, Vui (x)), we may appeal to Proposition2Iwith U = L.,
f = fo — f1, to obtain

(3.5) /L = —/8*L5<G,u>dHN_1.

From Proposition we deduce that (G,v) > 0 on 04,L.. Thus, from equation
(BH) we obtain that f; = fo in L.. Since L. NI = 0, we get that us = uj + €
on OL.. From Lemma [Z4] we obtain us = u; + € in L., which contradicts the fact
that o € L.. This proves the theorem. O

Remark 3.1. (1) As an easy corollary to the above Theorem we obtain that (SCP)
holds in € when no connected component of the coincidence set {z € Q : uy(x) =
ug(x)} touches the boundary 9. Indeed, if this is the case, we can find a sequence
of open sets 2, CC Q with UnEN Q, = Q and uy > u; on 9%),, and then we can
apply the above Theorem to each €,,.

(2) In case 2 and the solutions uy,uz are radially symmetric, it is clear that
L. ccC Q for some ¢, and so the above Theorem applies. An ODE proof was given
in this case by [4] and [5].

4. THE DIRICHLET CASE

In this section, we show the validity of the (SCP) for the Problem (P;) when
the solutions are nonnegative and vanish on the boundary. We also assume that
fi € L™(Q),i=1,2.

From the strong maximum principle arguments of Cuesta and Takac (see [1],
Prop. 2.4), we conclude that in a neighborhood A of any connected component of
0f), either u; = w9 in N or ug > uy in N. In the latter case, under some more
assumptions (see condition (a%) in [I]), the Hopf boundary point lemma holds.
Therefore, there are two possible cases:

Case A : u; = us in a neighborhood of some connected component of 9€;

Case B : uy > u; in a neighborhood of 9f).

Proposition 4.1. Assume 98 is a C?*-manifold, and consider u; € C+%(Q) to be
a solution of

—div(a(z,Vu;)) = fi, wlea=0 (i=12),
where f; € L>®(Q), fo > f1. If case A occurs, then uy = ug in Q.
Proof. Let Z := {z € Q : ui(z) = ua(z)}. By hypothesis, Z # (). Assume by
contradiction that Z # Q. In this case M := maxg(uz — u1)(z) > 0.
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Claim 1. There exists € > 0 and a connected component C' of L. such that C N oQ
coincides with a connected component of 02 that admits a neighborhood where
UL = us.

Since 02 is a C2-manifold, it has only finitely many connected components. We
can thus choose p > 0 small so that for any connected component ¥ of 02 either
u1 = ug in a p-neighborhood of ¥ or us > uy in that neighborhood. Let us define
the following sets:

ﬁ:{er:d(m,@Q)>g}, A={z€d0:ur>u},
and let us set

zEA

M, if A=0.
Now, by Lemma 22, the level set Le = {x € Q: (us — u1)(x) < €} is a set of finite
perimeter for H! a.e. € € (0,5). We choose and fix a connected component of L,
which by abuse of notation we call again as L., so that L.NZ is nonempty. Clearly,
LeN A is empty. We can write 0L, = 9Q* U L™ where 9Q* is the union of those
connected components of 92 such that u; = us in a neighborhood of them, and
oLt C Q.

5 {min(ug —uy), ifA#0,

int
oL'e
bh-U >0

- U;=0

0Q

FIGURE 1.

Claim 2. f1 = fo in Le.

Let G(z) = a(z, Vuz(x)) —a(x, Vui (z)). Since G = 0 in a neighborhood of 9OQ*
and L™ CC Q, the divergence theorem (Prop. 21) applied with U = L. gives

(4.1) o< [ (=== @nir

We also note that 0,L"* C {z € Q: (u2 — u1)(x) = €}. From Proposition we
have (G, v) > 0 on d,L". Thus, we conclude from (@I) that f; = f2 on Le.

Claim 3. w1 = up on L.
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Let w® = (ug — u1) — €. Then, we note that w® = —e in a neighborhood of 9Q*
and w® = 0 on JL". Noting that divG(z) = 0 in a neighborhood of 9Q*, we can
use we as a legitimate test function in the weak formulation to get:

o:/L (G(m),Vw6>:/Le<a(x,Vu2)—a(x,Vul),V(ug—ul)).

This immediately implies that Vu; = Vug in L. and hence (since Z N L, # 0),
u1 = ug in L.. This proves the claim.

From Claim 3, we obtain a contradiction since u; + € = us on (‘)Lient and this
contradiction proves Proposition BTl O

The validity of the (SCP) with zero boundary data follows now immediately:

Proof of Theorem 1.3. Since by assumption f; # fa, Proposition 1] implies that
Case A never occurs. Therefore, us > wu; in a neighborhood of 92, and we are
reduced to the situation in Theorem 1.2, which concludes the theorem. O
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