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ABSTRACT. Given a family {hn}nezg of vectors in a Hilbert space H we char-

acterize the existence of a family of commuting contractions T = {T, }yeq on
‘H having regular dilation and such that

hn =T™ho, n€Zf.

The theorem is a multi-dimensional analogue for some well-known operator
moment problems due to Sebestyén in case || = 1 or, recently, to Gavruta
and Pdunescu in case |Q] = 2.

Let H be a complex Hilbert space. Denote by L(H) the C*-algebra of bounded
linear operators on H.
Z. Sebestyén proposed in [5] the following operator moment problem:

Problem A. Given a sequence {hy}n>0 of vectors in H, under what condition
does there exist a contraction T on H such that

hp=T"hg, n>07
The two-dimensional analogue of this problem was proposed by Gavruta and
Paunescu [2]:

Problem B. Given a doubly indexed sequence {h},}m n>0 of vectors in H, under
what condition does there exist a commuting pair of contractions (S,T) on H such
that

A = S™T"h), m,n>07?
The solution given by Z. Sebestyén to the first problem was the following;:

Theorem A ([5]). Let {hp}n>0 C H. Problem A has a solution if and only if
” Z C’mﬂn’her’m/ H2 < Z Cm,m’Cn,n/ <h(mfn)++m’7 h(mfn)_+n’>7
m,m’ m,m’,n,n’

for every finite double sequence {cy n' }n,n>0 of complex numbers (we used, for any
integer m, the notation m* = max{m,0} and m~ = — min{m,0}).
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1030 DAN POPOVICI AND ZOLTAN SEBESTYEN

The solution to the second problem uses the theory of regular dilations:

Theorem B ([2]). Let {hl’}m n>0 be a sequence of vectors that spans H. Problem
B has a solution (S,T) having regular dilation if and only if
” Z cn,n/ hn+n’ ||2 < Z cn,n/ cq,q/<h(n7q)++n' h(nfq)_+ql>

m,m’ bm+m’ m,m’“p,p’ \""(m—p)T+m’ " (m—p)~+p’

m,m’ n,n’ T[”W’/va}q ,
m,n,p,q

for every finite double sequence {CZ{%}m,m',nm'zo of compler numbers and the
following regularity condition holds:

2 2+ P < A1 + IR 12, man > 0.

Before we formulate our multi-dimensional analogue of the previous moment
problems we need to introduce some notions.

Let Q be a nonempty set. Introduce Z (respectively Z?_) as the set of Z-valued
(respectively Zj-valued) functions on 2 having finite support. With pointwise
defined operation, Z becomes an additive abelian group with unit 0 (the null
function) having Zg as a subsemigroup. We identify some particular elements of
Z$: for m = {my}uweq, let m™ = {mJ}ueco and m™ = {m }ucq; for any finite
subset v C Q, let e(v) = {¢v(w)}weq, pv being the characteristic function of v on
Q.

In what follows the term multi-contraction will denote a family T = {7, },eq
of commuting contractions on H. If T = {7, }uecq is a multi-contraction and
m = {my}uecq € Z§ we define, as usual, T™ := [[ .o 7/. A multi-unitary
operator U (multi-contraction consisting of unitary operators) acting on a Hilbert
space IC D H is said to be a unitary dilation of a multi-contraction T if

T™h = PyU™h, meZl, heH,
Py being the orthogonal projection of IC onto H. U is called regular if, moreover,
(T™ )*T™ h = PyU™h, meZ% heH
holds. Here U is multi-unitary; so the definition of U™ can be obviously extended

to all of m € Z2.

Remark. Regular dilations have been introduced and studied by S. Brehmer [I].
We should also mention here the paper of B. Sz.-Nagy [6], which brought more
light on the subject.

By the classical theorem of M. A. Neumark [4] on positive definite functions on
a group (see also [7]) we can state that a multi-contraction T has regular dilation
if and only if the operator-valued function

72 5m— T(m) == (T™ )*T™ € L(H)
is positive definite on Z%, i.e.,
(1) > (T(n—m)hn, hm) >0,
m,nEZ?_

for any finite family {hn}nezﬁ of vectors in H.
Equivalently ([1]; cf. also [3], [7]), T has regular dilation if and only if

(2) (=)@ Te) > o,

vCu
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for any finite subset u of €.

Our terminology and approach in the following will be close to the one used in
the monograph [7].

We are now ready to formulate the multi-dimensional analogue of the Sebestyén
operator moment problem (Problem A):

Problem C. Given a family {hn}nezﬂ of vectors in 'H, under what condition does
there exist a multi-contraction T on H such that

hn =T"hg, neZ}?

Our solution applies to the theory of regular dilations (more precisely the results
stated in the Remark) and also naturally extends the methods in [3].

Lemma. Let {Cn,n’}n,n'ezﬁ and {dn,n/}n’nlezﬂ be given families of complex num-
bers. The following conditions are equivalent:

(4)

Cn,n/hn/er - (_1)|v‘dn+e(v),n’ hn’-l—e(v)—i—pa n,pc Z+a
n’ n’EZﬁ
vC Q2 finite

for any family {hn}nezﬁ C 'H with finite support;
(i)
Z Cm,m’hm-i-m’—n-i-p = Z dn,n’hn’-i-p, n,pec ZQ)
m>n;m’ n’
for any family {hn}neZ$ C 'H with finite support;
(i)

Cnn’ = Z (_1)‘U|dn+e(v),n’76(’u)7 n, l’ll S Zg,

vie(v)<n’
(iv)

Z / Q
dn7n/ = Cn+q,n’—q7 nn c Z+.
q<n’

Moreover, {can'} has finite support if and only if {dnn'} has finite support.

Proof. (i) < (iii) and (i7) < (iv) are easy observations (just compute the coefficient
of each hy, n € Z%).
For (iii) < (iv) observe firstly that

Yo Y (DMdaqieyna—ew

q<n’ v:ie(v)<n’'—q

+e(v Q
D S AR

p:p<n’ vie(v)<p
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1032 DAN POPOVICI AND ZOLTAN SEBESTYEN

since Ev:e(v)gp(—l)“" =0 for p=0 or 1 for p # 0. Conversely,

SEDT YT cave)ram—ev)—q

v:e(v)<n’ q<n’—e(v)
te(v)=
ate(v)=p Z (_UIU\ Z Cnipn'—p
vie(v)<n’ p:e(v)<p<n’
= Z Cn+p,n’'—p Z (_1)‘1}' =Cnn/;, N, n' e ZSJZ,
p<n’ vie(v)<p
by the same argument as above. O

The solution for Problem C now follows:

Theorem C. Let {hn}neZ$ be a given multi-indexed family of vectors in H. The
following conditions are equivalent:
(a) Problem C has a solution T = {1, }weq having regular dilation;

(b)
I Z Cm,m’hm+m’|‘2 < Z Cm,m/mm(mfn)*ﬂrm’vh(mfn)—+n’>a
o’ m,m’ n,n’
for every finite family {Cn,n’}n,n/eZ$ of complex numbers;
(¢)
Z Cm,m’m<h(m7n)++m’v h(mfn)—+n’> >0,

m,m’,n,n’

for every finite family {Cn,n’}n,n'eZSj of complex numbers;

(d)
Z(_l)hf‘ ||Z Cnthre(v) ”2 >0,

vCu

for every finite subset u C ) and finite family {Cn}nezﬁ of complex numbers.

Proof. (b) = (c) is obvious. Replace {cn n'} in (¢) by the finite family {dn n } given
by the previous Lemma (ii7). The inequality in (c¢) becomes

Z < Z (_1)‘U|dm+e(v),m’ hm/+e(v)+(m—n)+ )

Z (_]-)lwldn—i—e(w),n/hn’+e(w)+(m7n)— > >0,
w,n’

by the same Lemma (¢). Change variables m < m + e(v) and n < n + e(w) to
obtain

(3) Z Z (_1)‘U|+‘w‘dm7m’dn7n’<hm’+e(v)+(m—e(v)—n+e(w))+a

m,m’,n,n’ v:e(v)<m
w:e(w)<n

hn’+e(w)+(m—e(v)—n+e(w))— > > 0.

For p = {pu}weca € Z%, define n(p) = {w € Q | p», > 0}. Any finite set v C Q
with e(v) < m (or equivalently v C 7(m)) can be partitioned by v = v’ Uv” with
v Cr(m)\7(m—n+e(w)) and v C 7(m) N7(m — n + e(w)).
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Observe that, for m # n (suppose (m —n)* # 0, i.e., 7(m — n) # @) and fixed
m’ n’ w:

Z (_1)‘1)' <hm’Jre(v)Jr(mfe('L))fnJre(w))Jr ) hn’Jre(w)+(mfe('u)7n+e(w))* >
vCm(m)

= Z (—1)!vl Z (=1)l"]

v’ Cr(m)\7m(m—n+e(w)) v Cr(m)N7(m—n+e(w))

X <hm’+e(v’)+e(v”)Jr(mfe('u’)7e(v”)7n+e(w))+ ) hn’Jre(w)Jr(mfe(v’)fe(v”)7n+e(w))_ >

> SOM > SO

v/ Cw(m)\7m(m—n+e(w)) v Cr(m)Nr(m—n+e(w))

X <hm’+e(v’)+(m76(v’)7n+e(w))+a hn’Jre(w)Jr(mfe(v’)7n+e(w))_> =0,
the term in brackets being null (7(m)N7(m —n+ e(w)) contains 7(m — n), which
is non-void).
By this observation the positivity condition (B)) becomes

Z Z (_1)‘v|+‘w‘dm,m’dm,n’ <hm’+e(UUw)7 hn’+e(va)> 2 0
m,m’,n’ v,wCn(m)

or, equivalently,

2| 2 COMI dm e 7] 20

m | yCn(m)

since Zuw:UUw:u(—l)‘”'Hw‘ = (=1),

The family {dm, m’} with finite support being arbitrary, every sum in the brackets
above must be positive or zero. The implication (¢) = (d) is proved.

(d) = (b) Rewrite (d) in the form:

Z Z (_1)|u‘HZdm,m/hm/+e(u)|‘2 ZHZdO,m’hm/HQv

m>0 | uCw(m)

for any finite subset u C € and finite family {dm m’} of complex numbers. Replace
{dm,m’} by the finite family {c¢m m} given by Lemma (iv). Similar calculations as
in the previous implication and further use of the Lemma lead us to condition (b).
(a) = (d) By (a) the solution to Problem C is a multi-contraction T having
regular dilation. Use the equalities hy, = T™hg,n € Zﬂ in (2) to finally obtain (d).
(b) = (a) Let Fy be the linear space of all finite families {Cn7n/}n7n/ezs+z of complex
numbers. Endow Fj with the semi-inner product (in view of (b)):

<{Cﬂ,ﬂ’}7 {dﬂ,ﬂ’}>f0 = Z Cm,m/dmn/ <h(m—n)++m’; h(m—n)—+n’>'

Factorize Fy with respect to the null space of (-,-)x,. Denote by F its Hilbert
space completion and by H’ the span of {hn}neZ$ .
Define V: F — H/,

V{Cn,n’} = Z Cn,n’hn+n’7 {Cn,n’} S fO-

n,n’
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1034 DAN POPOVICI AND ZOLTAN SEBESTYEN

By (a), V can be extended to a contraction on F into H’. Moreover, by easy
computations,
V*hi = {6((21112)}nn’ € ZSJZ, ke ZSJZ
(6 denotes here the Kronecker symbol).
For fixed w € €, define U, on Fy by

Uw{cn,n’ }n,n’ = {Cn—i-e({'w}),n’}n,n’ .

U, can be extended on F, and it is not hard to see that its adjoint U, is isometric.
Let

T, =VUV* € L(H).

Each T,, is a contraction on H'. Moreover,

T/ e = VULV hae = VU800 Yo = V{8 o = hicye(un) b € 28

(n,n’ (n,n’)

and, consequently,
LT ha = hate(fow)) = T Tohn,  {w,0'} € Q, neZS.
T = {T/ }uecq is a multi-contraction on H’ and, since
T “ho = hzweﬂ nwe({w}) = hn; ne Zg,

T’ is a solution for Problem C. In addition, by (c), for any zm = >,/ cmm hm’ €
H' (m € ZY),

Z <[T/(m7n)_]*T/(m7n)+xm)xl’l>

m,nEZ?_

_ Z <T,(m7n)+$m, T/(m*n)_ $n>

m,n

m—n)t m-—n)
= Z Cm,m’Cn,n’ <TI( ) hm’7 T/( ) hn’>

m,m’ n,n’

= Z Cm,m’Cn n’ <h(m7n)++m’a h(mfn)_+n’> Z 0.

m,m’ n,n’

The positivity condition () is then verified and T’ has a regular dilation. Extend
T onH by T,, = T 0y (w € Q) corresponding to the orthogonal decomposition
H=H ®H' T ={T,}uea is a multi-contraction on H that extends T’. T is
still a solution of Problem C and, since

<Z(_1)|v\(Te(v))*Te(v) (h/ + h//)7 B+ h//>
vCu
=D (=D)PYT R |2+ B2+ |R7)* =0, K eH A" €H ucCQ finite,
vCu
T has regular dilation (following condition (2) for regularity). d
In particular, for  with || = 2, we can improve the solution to Problem B.

The condition that {hn}neZ$ spans H is no longer necessary, and the regularity

condition is actually a consequence of the positivity condition. More precisely, we
have the following theorem.
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SEBESTYEN MOMENT PROBLEM: THE MULTI-DIMENSIONAL CASE 1035

Theorem B+. Let {hn}neZ$ be a given sequence of vectors in H. The following

conditions are equivalent:
(a) Problem B has a solution T = (T1,T3) having reqular dilation;

(b)
|| Z Cm,m’ hm—i—m’ ||2 S Z Cm,m’Cn,n’ <h(m—n)++m/7 h(m—n)*+n/>a

-
for every finite family {cn,n/}mnlezi of complex numbers;
(c)
Z Cm,m’m<h(m7n)++m’v h(mfn)—+n’> >0,
m,m’ n,n’

for every finite family {Cn,n’}n,n/ezi of complex numbers;

(d)
||chhn+e1”2 + ||chhn+ez||2 < Hz:cnhrl”2 + ||chhn+€1+€2”2ﬂ
n n n n
I3 eubues| < 1Y cuball - and |3 cubises| < 3 calall
n n n n

for every finite family {Cn,n’}n,n/EZi of complex numbers (we use here e; = (1,0)
and ez = (0,1)).
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