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AN ENDPOINT ESTIMATE
FOR THE DISCRETE SPHERICAL MAXIMAL FUNCTION

ALEXANDRU D. IONESCU

(Communicated by Andreas Seeger)

ABSTRACT. We prove that the discrete spherical maximal function extends
to a bounded operator from L/ (d=2),1(7d) to [4/(d=2),20(74) in dimensions
d > 5. This is an endpoint estimate for a recent theorem of Magyar, Stein and
Wainger.

1. INTRODUCTION

The discrete spherical maximal function is defined as the operator

A() =s1p s 3 |fn=m)]
re |m|=r

where f : Z% — C is a function, d > 2, N4(r) denotes the number of lattice points
on the sphere {z € R? : |z| = r} and A = {r > 0 : Ny(r) # 0}. The sum in the
definition of the operator A, is taken over the lattice points m on the sphere of
radius r. This operator is the discrete analogue of the classical Euclidean spherical
maximal function

Ac(f)(x) = sup [f]*dor(x)

r€(0,00)

where do, denotes the normalized invariant measure on the sphere |x| = r and
f:R? — C is a suitable function. It is well known that the operator A, extends
to a bounded operator on LP(R?) for d > 2 and p > d/(d — 1) (see Stein [7] in the
case d > 3 and Bourgain [2] in the case d = 2).

The question of boundedness on LP(Z?) of the operator A, was considered by
Magyar [] and Magyar, Stein and Wainger [5]. The main theorem in [5] is the
following.

Theorem. (Magyar, Stein and Wainger [5]). The mazimal operator A, extends to
a bounded operator on LP(Z%) if and only if d > 5 and p > d/(d —2) or d < 4 and
p=0o0.

The distinction between the cases d > 5 and d < 4 is related to the behavior of
the function Ng4(r). If d < 4, this function is irregular. On the other hand, it is
well known that if d > 5, then there is a constant Cy > 1 such that C’d_lrd_Q <
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1412 ALEXANDRU D. IONESCU

Ny(r) < Cqré=2 for any r > 1 with the property that r2 € Z. In particular, the set
A in the definition of the operator A, is equal to {r > 0:7? € Z} if d > 5.

In this note we prove an endpoint estimate for the theorem of Magyar, Stein and
Wainger. For p,q € [1,00] let LP*9(Z%) denote the usual Lorentz space of functions
on Z%. We have the following restricted weak type estimate.

Theorem 1. Assume that d > 5 and let pg = d/(d — 2). The discrete spherical
mazximal function A, extends to a bounded operator from LPa'(Z4) to LP4->°(Z4).

The Euclidean analogue of this theorem was proved by Bourgain [1]: the
Euclidean spherical maximal function A, extends to a bounded operator from
LA/ @=1 LR o L4/ (d=1):20(R4) if d > 3. This restricted weak type estimate
fails in dimension d = 2 (see [0, Proposition 1.5]).

Our proof of Theorem [ follows the line of the proof of the theorem of Mag-
yar, Stein and Wainger [5]. The main ingredients are the circle method of Hardy,
Littlewood and Ramanujan, the Poisson summation formula, and a transference
principle. Our simplification is that we will not need the dyadic version of the
theorem due to Magyar [4]. Instead, we decompose our operator into an L! part
and an L? part depending on a parameter a. We use the discrete Hardy-Littlewood
maximal function to establish the L' bounds and the error analysis in [5] together
with a lemma of Bourgain [I] for the L? bounds.

I would like to thank S. Wainger for several useful discussions on the subject.

2. PROOF OF THEOREM [l

We first replace the operator A, with the operator

AN ) = sup T(d% ; f(n—m)

where A = {r € [1,00) : > € Z} and f : Z¢ — C is compactly supported. This is
possible since d > 5 and N4(r) ~ r¢~2. It remains to prove that A, extends to a
bounded operator from LP4-1(Z4) to LP4:°°(Z?). This is an easy consequence of the
following lemma.

Lemma 2. For any o € (0,1] there are two subadditive operators AL and A% with
the property that A.(f)(n) < |A}1(f)(n)‘ + ‘Ai(f)(n)| for any n € Z4,

(2.1) AL (N < Ca™?(| ]
and
(2.2) JAZ(f)llr2 < Cal=D/2(| f]| 2

for any compactly supported function f : Z* — C.

The method of proving restricted weak type inequalities by decomposing the
operator as in LemmaPlis due to Bourgain [I]. An abstract version of this argument
may be found in the appendix of [3]. First, we show how to use Lemmal2to prove the
theorem. By the general theory of Lorentz spaces, the LPa-t — [P4:>° houndedness
of the operator A, is equivalent to

(2.3) 1A= (xF)l|zrae < CIF[HPe
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for any finite set F', where xr denotes the characteristic function of the set F' and

|F'| denotes its cardinality. Clearly, A.(xr)(n) < Cy for any n, where Cy is the
constant with the property that Nu(r) < Cyqr?=2 for any r > 1. Thus (Z3) is
equivalent to proving that for any A € (0, 1],

(2.4) Mel{n: A, (xr)(n) > A} < C|F|.
By Lemma ] we have
[{n s Auxrp)(n) > A} < [{n: AL (xe)(n) > A2} + [{n s A2 (xe)(n) > A/2}]
< SIALGE) e + 25143 (eI
< OX 1t ?|F[+ CA 2t R

Since pg = d/(d — 2), the estimate (Z3) follows by taking a = \/(4=2),
It remains to prove Lemma 2l Fix o € (0,1]. We will use some of the notation

in [5]. Let
AN = §|; Fn—m)
and o
(=3 e (f),
q=11<a<q, (a,q)=1

where, as in [5], M, /% is the convolution operator whose multiplier is

> Gla/q, 0)%,(& — 1/q)do, (€ — 0/q).

Lezd

Here G(a/q,?) is the normalized Gauss sum

G(a/q,0) = q* Z e2rilln*a/atnt/a)
nezd/(q)*
U is a smooth cutoff function supported in the cube Q/2 = {{ : |§;| < 1/4,5 =

1,...,d} and identically equal to 1 in the cube Q/4, ¥,(n) = ¥(gn), do is the
Fourier transform of the invariant measure on the sphere || = 1 normalized with
total measure 1, and do, (n) = c/lg(rn). The reason for considering the operators M,
is that they are good approximations (in L?) of the operators A,.. In what follows
we assume that r is restricted so that » > 1 and 2 € Z. Let N = 1/a > 1. We

have
A(f)(n) = sup |A(f)(n)] < sup [A(f)(n)] + sup |A:(f)(n)]
< sup [A:(f)(n)[+ sup [(Ar — My)(f)(n)]+ sup [M;(f)(n)]
r<10N r>10N r>10N
= AN (n) + AL (f)(n) + sup | M- (f)(n)].
Let

M) =swp = 3 170 —m)|

[m|<r
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1414 ALEXANDRU D. IONESCU

denote the discrete Hardy-Littlewood maximal function. By the same argument as
in Euclidean spaces we have

(2.5) M) L0 zay < ClIfllLrze)-
We use the operator M to bound the operator AL!. We have

AL N() < sup —= > |f(n—m)| < 100N M(f)(n).

r<10N rd
Im\ r

The desired bound
(2.6) AL (Ol ree < Ca?||f]] 1

follows from (Z5) and the fact that N? = a2
For the operator A2! we use Proposition 4.1 in [5], which can be written in the
form

I sup A (f) = My(f)] llp2 < ORIV £ e
re[R,2R]

for R > 1 and d > 5. Since the supremum in the definition of the operator Ai’l is
taken over r > 10N, it follows that

(2.7) 145" ()2 < Cal=D2||f| 2

as desired.
It remains to decompose the operator

f— sup [M,(f)(n)].

r>10N
For this we write first
N/10
sup [M,(f)(m) <C sup S 30 |ME(f) )|+ CAZA(fF)(n)
r>10N r210N (= =1
where

AP ()= Y Yo swp [ MYUS) ().

q>N/10 1<a<q, (a,q)=1 "

To bound the operator A2? we use Proposition 3.1(a) in [5] for p = 2:
[l sup M/ 4(f)]| 12 < Cq~ || f| .
T

We can sum this bound over ¢ > N/10 and a € [1, ¢] N Z to obtain
(2.8) 1422 (f)l2 < Ca=Y/2| I f]| 2

as desired.
It remains to decompose the operators M for integers g € [1, N/10]. For this
let M;fg’l denote the convolution operator given by the multiplier

> Gla)q, 00, (E — 0/q)do, (& — 0/ q)¥,gyn (€ — £/q),
Lezd
and let M “’q’Q denote the convolution operator given by the multiplier

Y Gla/g,09,(& — /q)dor (& — £/q)(1 = )y (€ = £/q)-

LeZd
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The notation is, as before, F)(n) = F(An). Clearly, M = M&ol + M&22, Let

My (f)(n) = sup Z Z \M“’q’ (n)]

and
N/10

=y > sup [ M2E2(f)(n)]-

9=1 1<a<gq, (a,q)=1 r210N

This is the decomposition of the remaining operator into an L' part and an L?

part.
For the L' estimate we will prove that
(2.9) 1M (Nl < Ca™?||f]| 1.

For this we need an estimate on the kernel of the operator M“’q’ Let K“’q’ denote
this kernel. Notice that W, (§—£/q)V,q/n(§—4/q) = rq/N(g £/q) since r > 10N.
Let @ denote the standard cube @ = {€ = (&1,...,8q) : —1/2 < §; < 1/2}. Then
by letting £ = ¢’ 4+ ¢s, ' € {0,1,...,q— 1}¢, s € Z¢ we have

K0 (1) = /Q imE ™ Glafq, 0o (€~ 1/q) Vg (€ — £/q) dE

Lezd

= Y Glafa ) Z/ Ty (€ — 5 — ),y N (€ — 5 — €' )) dE

e/ (qz)e seZd

Z G(a/q, fl)eQT"’im.é//q / eQWim'nC/lEr (n)\lqu/N (77) d77

0 €24/ (qz) Re
= eQ’T“m‘Q“/qr*d/ e%i”'m/'ﬁ;(n)\ﬂq/z\/(ﬂ) dn = e2imPalar=d g s pt/N (1),
]Rd

Here ® is the inverse (Euclidean) Fourier transform of ¥, the convolution denotes
the Euclidean convolution and 19/N (z) = (N/q)%)(2N/q). Since v is a Schwartz
function, it is easy to see that
|do + N (2)] < C(1 + |a]) =V N/q
for any z € R%. Thus,
Kt m) < Cr? (1 + [ml/r)~ TV N/q.
By summing this bound over a € [1,¢] NZ and ¢ € [1, N/10] N Z we have
N/10

oo > [MESNM)| < CIf| + Kraln)

9=1 1<a<q, (a,q)=1
where
Ky o(m) = N*r~4(1 + |m|/r)~ D,
Thus,
My (f)(n) < CN2M(f)(n)
and the estimate (Z9) follows from (ZA]).
For the L? estimate we will prove that

(2.10) M2z < CaT=D2||f]| .
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By the formula of M2, it suffices to prove that
(2.11) IMEE2 ()2, < Cq 'NTE22) £,

Looa) —
where LQLOO( A) denotes the space of L? functions on Z? with values in the Banach
space L>°(A). We first argue as in [5]. Let ¥ be a smooth function supported in

Q@ with the property that \T/(g) =1 in Q/2. The operator M;fg’Q can be written as
the composition of two operators with multipliers

> Gla/q. 0)4(€ —/q)
2=y A

and

> V(€ = 1/q)dor (& = £/q)(1 = W)rgyn (€ = L/q),

Lezd
respectively. Let S*¢ and T}, denote the two operators. Since |G(a/q,?)| <
Cq~ %2, we have
(2.12) 18%9|| 2yp2 < Cq~ 2.
Let

mia(n) = Yq(m)dor(n)(1 = ¥)rg/n (1)-

The multiplier m{ , is supported in @ /q. By the transference principle of Magyar,
Stein and Wainger (Corollary 2.1 in [5]), we have

(2.13) 1Tl 2zey—r2 o, (z4) < C”fg,aHL?(]Rd)ﬂLz (RY)

Lo (A) L (A)

where iq o denotes the operator with multiplier m{ , acting on functions in L?(RY).
It remains to prove that

(2.14) ||fg,a||L2(]Rd)HL2 (Rd) < C(q/N)(d72)/2,

Loo(a)

The operator fﬂ . can be written as the composition of two operators with multi-
pliers n — U,(n) and n — m,(n), respectively, where

m(n) = do(n)(1 —¥)(gn/N)
and m,(n) = m(rn). The operator defined by the multiplier n — ¥, (n) is bounded
on L?(R%) uniformly in gq. Let U, denote the operator with multiplier 7, acting

on functions in L?(R?). We will use the following lemma of Bourgain (Proposition
2 in [):

Lemma (Bourgain [1]). Assume that m : R? — C is a smooth function and U, is
the operator defined by the multiplier n — m,.(n) = m(rn). Then

IISI;EIUrfI L2 < CT(m)|[ ]|
for any Schwartz function f where
1/2, 1/2 1/2
I(m) = aj*(a; + 5%
JEZ
with

aj= sup |m(n)| and Bj= sup  |[Vm(n)-n|.
[n|€[27,29+1] In|e[29,29+1]
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In our case, the multiplier m is supported in the set || > N/(8¢) since ¥(n) =1
is |n| < 1/8. In addition, c/ig(n)‘ < C(1 4+ |n|)~@=1/2 and ‘V%(n)‘ < C(1+
In])~(@=Y/2_ Thus in our case, a; < C279@=1/2 and g; < C279(@=3)/2 if 27 >
N/(16¢) and o = B; = 0 if 27 < N/(16g). Thus T'(m) < C(g/N)4=2/2. By

Bourgain’s lemma
)

PN < C(g/N)4=2/2,
This proves (2:14). The estimate (2:11) follows from 212)), (Z13)) and (214)), and

the estimate (ZI0) follows by summing over ¢ and a.
We can now finish the proof of Lemma B. Let AL(f) = ALY(f) + ML(f) and
AZ(f) = AZY(f) + A22(f) + M2(f). The estimate (1) follows from (Z8) and

(23), and the estimate (Z2) follows from (E7), (Z8) and (ZI0).
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