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ABSTRACT. In this paper we show that the first cohomology group
HL (@), (£1(S))(™) is zero for every odd n € N and for every G-set S. In the
case when G is a discrete group, this is a generalization of the following result
of Dales et al.: for any locally compact group G, L*(G) is (2n + 1)-weakly
amenable.

Next we show that the second cohomology group H2(£(G), (£1(S))™) is
a Banach space. Finally, for every locally compact group G we show that
H2(LY(G), (L*(G))(™) is a Banach space for every odd n € N.

1. INTRODUCTION

In this paper we shall be concerned with the structure of the second cohomology
group of a group algebra L'(G) with coefficients in the nth dual space (L'(G))™.
We begin by recalling some terminology.

Suppose that A is a Banach algebra and that X is a Banach A-bimodule, so that
X is an A-bimodule, X is a Banach space for a norm ||-||, and |la- x| < |a| ||z|
and ||z - a|| < |la||||z|| for @ € A and x € X. For example, A itself is a Banach
A-bimodule. Let A be a Banach algebra and let X’ be a Banach A-bimodule. Then
the X’ is also a Banach A-bimodule for the products a - A and X - a specified by

a-ANx)=Xz-a), X-a(z)=Na-x) (ae A,z e X, NeX).

Similarly, the higher duals X(™) are Banach .A-bimodules. The canonical embedding
of X in X = X" is denoted by ~. Since @ -z = a-Z, then X is a submodule of
X(+2) for every n € Z1t. We also set X(©) = X. If S is a topological space and G is
a (discrete) group, then we say that S is a G-set if the product gz is defined for all
¢ in G and z in S in such a way that g(hx) = (gh)z (g, h € G,z € S) and x — gz
is a homeomorphism of S onto S for every g in S. The cohomology complex is

0—x et Serax) S
where for n € Z*, C*(A, X) is the set of all bounded n-linear maps from A to X.
The map §° : X — C(A, &) is given by 6°(z)(a) = a2 — 2 -a and for n € Z+,

Received by the editors January 14, 2002 and, in revised form, December 31, 2002.

2000 Mathematics Subject Classification. Primary 43A20; Secondary 46M20.

This research was supported by a grant from Amir Kabir University. The author would like
thank the Institute for their kind support.

(©2003 American Mathematical Society

1403

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1404 A. POURABBAS

the map 0" : C"(A, X) — C"F1(A, X) is given by

n
(5”T(a1,...,an+1) = a1 -T(ag,...,an_,_l)+Z(—1)iT(a1,...,aiai+1,...an+1)

i=1

+(—1)"+1T(a1, ey Q) Apyl,

where T' € C"(A, X) and aq,...,an+1 € A. The space ker §” of bounded n-cocycle
is denoted by Z"(A, X) and the space Im 6"~ of bounded n-coboundary is denoted
by B"(A, X). We recall that B"(A, X) is a subspace of Z"(A, X') and that the nth
cohomology group H™(A, X) is defined by the quotient
n ZM(A,X)
A=y

which is called the nth continuous or Banach cohomology group of A with coef-
ficients in X. The space Z"(A, X) is a Banach space, but in general B"(A, X)
is not closed; we regard H™ (A, X) as a complete seminormed space with respect
to the quotient seminorm. This seminorm is a norm if and only if B"(A, X) is a
closed subspace of C"(A, X), which means that H" (A, X) is a Banach space. It is
unknown whether or not H" (A, X') is a Banach space for every n.

The Banach algebra A is amenable if H!(A,X’) = 0 for every Banach A-
bimodule X'. This definition of amenability was introduced by Johnson in (1972)
[9]. The Banach algebra A is weakly amenable if H!(A, A’) = 0. This definition
generalizes the one that was introduced by Bade, Curtis and Dales in [1], where it
was noted that a commutative Banach algebra A is weakly amenable if and only if
H(A, X) = 0 for every symmetric Banach A-bimodule X. The Banach algebra A
is permanently weakly amenable if A is n-weakly amenable for every n € N, that is,
H'(A, A™) = 0. This notion was introduced by Dales, Ghahramani and Grgnback
in [2].

It was shown in [9] that the group algebra L'(G) is amenable if and only if G
is an amenable group, and in [11] that L!(G) is weakly amenable for every locally
compact group Gj; see also [3] for a shorter proof. Also it was shown in [2] that
LY(G) is (2n + 1)-weakly amenable for every locally compact group G. Johnson [9]
proved that for the free group on two generators H?(¢1(IF2),C) # 0 which by [15]
Theorem 8.3.1] implies that H2(¢1(Fs), £1(Fs)) # 0 and H2(¢1 (Fa), £°°(F3)) # 0.

In [8] Ivanov and in [T2] Matsumoto and Morita showed that H?(¢1(G),C) is a
Banach space for every discrete group G with trivial action on C. A. Pourabbas
and M. C. White [I3] showed that the second cohomology group of L'(G) with
coefficients in L>°(G) is a Banach space for every locally compact group G. In this
paper first we show that H!(£*(G), (£*(S))?"+V) = 0 for every discrete group G
and every G-set S. Next we show that the second cohomology group of L!(G) with
coefficients in (L'(G))?**Y is a Banach space for every locally compact group G
and every n € N.

The following proposition is standard. We include the proof as a base for later
results.

Proposition 1.1. Let X and Y be Banach spaces and let ® : X — Y be a bounded
linear map. If there exists a constant M such that for every y € Im ® there exists
an element © € X such that ||z]| < M ||y|| and y = ®(x), then Im ® is closed.
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SECOND COHOMOLOGY GROUP OF GROUP ALGEBRAS 1405

Proof. Fix y € Im® and € > 0. There exists an element y; € Im ® such that

1
Iy = wall < 5e.

By considering y — y1, there exits an element y, € Im ® such that

1
ly —y1 — el < ﬁﬁ

By induction, this process defines a sequence {y,} C Im ® such that

1
(1) ly =1~ =yl < e
Note that
1
12) ynarll <y =1 = =yl + 55ge
. < 1 1 <
~ WE-’- 2—n€ ~ 2—n€.

By the hypothesis, for every y,, € Im ®, there exists an x,, € X such that
(1.3) O(zn) =yn  and  lzn|| < M lyn|l.
For every n € N by (I.3) and (I.2]) we have

M
(1.4) Znsll < M llynsa]l < F=ge.

If we set s, = @1+ - - - + Zp, then () shows that {s,} is a Cauchy sequence in X.
Since X is complete, there exists an x € X such that s, — > 2 | z, = x. Since ®
is continuous ®(s,) — ®(z). By (1),

P(sp) =y1 4+ +yn —v.
Hence ®(z) = y so that y € Im ®. Thus the range of ® is closed. O

2. SECOND COHOMOLOGY GROUP OF DISCRETE GROUP ALGEBRAS

In this section we will show that the first cohomology group of ¢!(G) with coef-
ficients in (¢1(S))2"*+1) for an arbitrary G-set S is trivial. Next we will show that
H2((H(@), (¢1(S))?7+D) is a Banach space for every n € N.

Remark 2.1. Set X = (£1(S))2™). We note that (£1(S)) = £>°(S) is a commutative
unital C*-algebra. Because the second dual of a commutative unital C*-algebra is
a commutative von Neumann algebra, then &' = (£1(5))2"+1) is the underlying
space of a commutative von Neumann algebra, and hence it is an L*-space. The
space X of real-valued functions in X’ forms a complete lattice in the sense that
every nonempty subset of X% that is bounded above has a supremum.

Theorem 2.2. Let G be a discrete group. Then H'(£Y(G), (¢1(S))? 1)) =0 for
every G-set S and for every n € N.

Proof. Let X = (£1(5))®™ and D € Z'({*(G), X"). We show that there exists a
function ¢ in X’ that satisfies

D(6g)(x) = ¢ - b4(x) — 0g - $(),
where 04 is the point mass at g. Let ReD denote the real part of D and let

S ={ReD(dy) - 0p-1 : h € G}. Then S is a subset of X and is bounded above by
[|D|| in Xf. Since Xj is a complete lattice, ¢, = sup(S) exists in Af.
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1406 A. POURABBAS

For every g € G and x € X we have
8y dr(z) = sup {6, - Re D(03) (6,1 - x)}
heG

= }SLIEJIC); {ReD(dg * 1) (0p-1 - ) —Re D(dy) - 0 (dp-1 - )}

= sup {Re D(05n) (d(gn)—+ - (39 - ¥)) — Re D(0,)(x) }

= ¢, (04 - x) — Re D(d4)(x).
Therefore, Re D(dy)(x) = ¢r - 0g(x) — g - ¢p(x). A similar result holds for the
imaginary part of D((5 ), and so we see that there exists ¢ € X’ such that

D(0g)(2) = ¢ - 04(x) = bg - $(2).
0

Theorem 2.3. Let G be a discrete group. Then H2(£(G), (£*(S))2"D) is q
Banach space for every G-set S and for every n € N.

Proof. Let X = (£1(S))®™ and ¢ € C*(¢*(G),X’). Then for every g,h € G and
x € X with ||z|| < 1 we have

(2.1)  10%(0g,0n)(@)] = [1(8g) - On(x) — 9 (S(gn) (@) + g - 1 (dn)(x)| < [|69]| -
Since {Re®(dy) - 0, : g € G} is bounded above by ||| in X, then
fr = sup {Re(d,) - 5;1}
geG

exists in A%. For every h € G by (1) we have
fr - on(@) = sup {Retp(dg) - 8414 (x) }
g€eG

(2.2) = :gg {Re ¢(0nk) - Op-1(x)}

< sup {Rey(0n)(z) + Redn - ¥(0r) - 61 (x) + [|00[|}
keG

=Re(dn)(z) + dn - fr(z) + |09,
where g='h = k~!. On the other hand,
fr- 6h(x) = sup {Reil)(%) ’ 5g—1h(x)}
geG

> Re)(dn)(2) + 6n - fr(z) — [|09]]-
From (2:2) and (2:3) we have
[0n - fr(2) = fr - 0n(x) + Re vo(dn) ()] < [[6¢]].
Similarly, by considering imaginary parts we have
[0n - fi(x) = fi - On(x) + Imep(0n) (2)] < [l69] -
By putting f = f. +if; we obtain
(0n + f2) = f - On(x) +¥(dn)(x)| < 209

(2.3)

Now let us define

B(6)(@) = (01)(6) (@) + $(0h) (@),
It is clear that ¢ € C'(¢*(G),X’), 0 = 6+ and |¢(6)(x)| < 2||09| ||@]| for every
h € G and z € X. Thus ||1/_)H < 2||d¢|| and this completes the proof. O
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3. SECOND COHOMOLOGY GROUP OF LOCALLY COMPACT GROUP ALGEBRAS

Now we state the final result of this paper. We show H?(L'(G), (L'(G))27+1)
is a Banach space for every locally compact group G. Note that L>°(G) = (L'(G))’
is also an M (G)-module, where for every f € L*°(G),a € L*(G) and p € M(G)
the module actions are defined by

(fu)(a) = f(pxa) and  (uf)(a) = f(a*p).
Thus as noted in the Introduction the higher duals (L'(G))™ are Banach M(G)-
bimodules.

Proposition 3.1. Let A be a Banach algebra with a bounded approzimate identity,
and let X be a Banach A-bimodule. Let ¢ € C*(A, X’) such that |[{(a)(b-x - c)| <
|6 for every x € X with ||z|| < 1 and a,b,c € A with |ja]] < 1, ||b]] < 1 and
el < 1. Then there exists ¥ € X' such that

P(a)(x) — 59 (a)(x)| <5 [|6v]].

Proof. For every x € X with ||z|| <1 and a,b € A with |ja]| < 1 and ||b]] < 1, we
have

(3.1) 04(a, b)(z)] = |a - ¢ (b)(z) — ¥(ab)(x) + ¢ (a) - b(z)| < [|6¢]].
Choose a bounded approximate identity {e,} in A such that the iterated weak*-
limit ¢ = limg limg(eq -19(eg) —1(eg) - eq) exists. Then for every z € X and a € A,
by G we have
¥(a)(z) = lim i [V (caacy) (o)
< limlim [(eq) - aep(x) + eq - Y(aes)(x)] + |09 ]|
< limlim [i)(eq) - acs(2) + eaa - P(ep) (@) +ea - ¥(a) -es()] + 2[00
< lip [b(es) -0+ wles)] (1) + 350
< 1im11[1_}na (ea - Y(eg) —P(eg) - €a)(T)

[e3

~limli (e - (es) — ¥les) -a) - ale) +5 501
= a-P(z) =¥ a(x) + 5|60,

where we have used several times the fact that |¢(a)(b-z-c)| < [|[6¢]. Then

¥(a)(z) — 6¢(a)(z) < 5]|6¢]. On the other hand,

U(@)(@) = limlim [ (eaaey)(z)
> limlim [0(cq) - aep(w) + cq - ¥(acs) (@)] - 80
> limlim [Y(ca) - aep(w) + caa - ¥les) (@)] +3 60
> a-P(w) =5 - alx) =5 6]
Then (a)(x) — 0(a) (x) > 5 |64 Thus
(a) (@) - 50(a) ()| < 5 5v] .
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1408 A. POURABBAS

For the rest of this section we set X = (L'(G))™. Observe that, as in Re-
mark [ZT] since the dual space X’ is an L>-space, then the space X} of real-valued
functions in X’ forms a complete lattice.

Proposition 3.2. Let ¢ € CH(L'(G), X’). Then ¢ € CY(M(G), X') with

(i) Ylri@) =¥ and 60| @yxri(q) = 0.
(ii) Let p and v be in M(G) with ||u||, ||v]] < 1, and let x be in X with ||z| < 1.
If {ia} is a net in M(QG) with ||pa|| <1 such that so-limp, = p, then there

exists v € X' such that
(o Reh(1a)(z) + i Tina Tm (j1a) () = () (@) — 65() ()| < 15|80

Proof. (i) We follow the proof of [9, Lemma 1.10] for this particular case. Let
pu € M(G) and let {e,} be a bounded approximate identity of norm one for L(G).
Defining

Ya(p) = P(p* eq),
we see that {1} is a bounded net in C'(M(G),X’) and so has a subnet {13}
convergent to a limit ¢ in the weak*-topology induced by identifying CHM(G), X"
with C;(M(G), X)'. Thus

lim (1 €) () = (1))

for all p € M(G), x € X. Since for all a € L}(G), ¥(a * eg) — t(a) in norm, then

Plrie) = ¥. Also, 9|1 ayx (@) = 0.
To prove (ii) let us consider p,v € M(G) with |||, [|[¥]] < 1 and x € X with
|z]] < 1. Then

(32) |0 )@)| = |u b)) = ) @) + B - v@)| < 0]
For a,b € LY(G) with [Jall, < 1,][b]l, <1 and = € X with [lz]| < 1 by @) we have
—Red (o) (a- - b) = —Red)(yia) - ala - b)
< Repta - (a)(@ - b) = Re th(jua +a) (@ - b) + || 5]
and so
T Re (110 @ - b) < lim { Re o - 1(a)( - b) = Retp(jua + a)(a - b) + || 69| |
= Rep- (a)(z - b) — Rew(u + a)(w - b) + |3
On the other hand,
—TimRe(pa)(a-z-b) > Rep - p(a)(z - b) — Rep(p * a)(z - b) — |09 .
Hence
i Re (@) @ - b) = Rew(p x a)(w - b) + Tm Re () (a - 2 - b)] < 0]
Similarly for imaginary parts we have

[ T (o) (- b) = Im (@) (@ - b) + T I () (a - @ -0)| < |60
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Therefore,
i pla)(@ -b) — (s a)(a-b)

+ (T Re(pa) — iTmIm P(aa) ) (a2 b)| < 269
But from () we also have
(3.4) i (o) - b) = v @) (@) + Blu)la- = b)| < [0
Hence (33) and (34) imply that

| (T Re (na) — i T Im (1) ) (a2 -b) = () (a2 b)] < 3|60

By Proposition B1] there exists ¢ € X’ such that

| (T Re §(11a) — i1 Im (1) ) (&) = D(1)(x) — 60 (1)(a)| < 15533

(3.3)

O

Theorem 3.3. Let G be a locally compact group. Then H*(L'(G),X') is a Banach
space, where X = (L*(G))®™).

Proof. Let ¢ € CY(L*(G), X’) and consider ¢ € C'(M(G), X') as in Proposition B2
Set

S = {Re 5y-10(0,) : g € G} .

Since S is bounded above by HQBH in A, then ¢, = sup g S exists in Ap. For
every h € G and x € X with ||z| <1 by (82) we have

- n(2) = sup {Re(@n + 81-0) - $(60) (@) } = sup {Redys - 00, +0n) (@) }

< sup {Re(8,-1 % 8,) - $(0n)(x) + Redy-1 - 4(d) - () + H&;H}

geG
= Re §(0n) (@) + 6, - (@) + 0
where hk~! = g~1. On the other hand,

B (@) 2 Re 6(6) @) + v - u(a) — 09

Therefore,

(3.5) |00 (@) = by - 0n(2) — Red(d)()| < |64
Similarly, by considering imaginary parts we obtain ; such that
(3.6) ‘5h i) — ¥i - n(z) — Imq;@h)(x)‘ < H5<Z~5H ~

Since every measure y in M (G) is the so-lim of a net {uq} with ||uq| < 1, where
every [i, is a linear combination of point masses [4 1.1.3], then by (B35, (38) and
Proposition [31] we have

i (@) = - (@) = [T Re @lua) () + i T I d(ua) ()| < 2 09
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1410 A. POURABBAS

where ) = 1, + i 1);. Now by Proposition B2 (ii) there exists ¢ € X’ such that
(@) = - ) = 300 (@) — Hu0) (@)
< |u- (@) =4 - () - [FmRe d(a) (@) + i T Im ¢ (o) (=) |
+ [T Re @(j1a) () + i T T (1) () — 66(2) (@) — d(1)(@)
<11

Define
D) (x) = =00 () (x) = 66(u)(x) + (1) ().
Then 6¢) = ¢ and | (u) ()| < 17H5q§H for every p € M(G) with ||| < 1 and

z € X with [lz]| < 1. So [[¢| <17 H(%H and by Proposition[32 (i), this completes
the proof. 0
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