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UNITARY OPERATORS PRESERVING WAVELETS

ZIEMOWIT RZESZOTNIK AND XIAOFEI ZHANG

(Communicated by David R. Larson)

ABSTRACT. We characterize a special class of unitary operators that preserve
orthonormal wavelets. In the process we also prove that symmetric wavelet
sets cover the real line.

1. INTRODUCTION

Following Larson and Weiss we are interested in general properties of the set )7\/\,

that is, the set of Fourier transforms of wavelets. W is a subset of the sphere with

radius v27 in L%(R, d¢) and the sphere with radius v/2log?2 in L?(R, %) The set

W is characterized by two equations on one sphere (see [HKLS], [HW]) and by an
equivalent couple of equations on the other sphere (see [B], [R]). The set of all

linear combinations of functions from W is dense in L2 (R, d¢) and L3(R, %), and

W itself is closed under the norm |- Ne2roag) + 1+ I p2(r, ey (see [GS]). Whether

Tel
W is a connected set is still an open question.
In this paper, we investigate operators T that are unitary in both norms

|- 22 m,deys || - ||L2(R7%) and preserve the set W by satisfying the inclusion re-

lation T(W) C W. This is related to [WUTAM] where operators preserving W
given by Tf = vf, v complex-valued, were characterized. In this characterization
v is a unimodular function such that v(2€)v(€) is 2n—periodic and is called a wavelet
multiplier. The only other known continuous linear transformation that preserves
W is the reflection f(&) — f(=£). As pointed out by Larson there are probably
no other operators that are unitary in L?(R,d¢) and preserve W (see [L]). The
question concerning whether these are the only continuous linear transformations
preserving W was later brought up by Weiss [W].

The additional condition we have on the continuous linear operator T in this
paper, i.e., T is unitary in the || - ||L2(R7%) norm as well, implies that such an

operator T" must be of an explicit form that we can work with. Using symmetric
wavelet sets we prove that T is given as a multiplication by v and a reflection
restricted to a subset A of R. Then an additional use of asymmetric wavelet sets
allows us to conclude that A must be either () or R. That v has to be a wavelet
multiplier follows from [WIITAM].
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1464 ZIEMOWIT RZESZOTNIK AND XIAOFEI ZHANG

In the final part of our paper we discuss possibilities of avoiding both of these
unitarity restrictions imposed on T

2. PRELIMINARIES
A function v in L3(R, d¢) is called a wavelet if the system
{Gin = 2302 - —k)}j ez
forms an orthonormal basis of L?(R,d¢). A wavelet set is a subset W of R, such
that its characteristic function xw is a Fourier transform of a wavelet (we define

the Fourier transform by f(£) = [ € f(z) dz). Wavelet sets are characterized by
two simple equations:

(2.1) S xw (€ + 2km) = 1,
keZ
(2.2) S (276) = 1.
JEZ

Moreover, if 1) satisfies |1/A1| = xw, where W is a wavelet set, then ¢ is a wavelet.
The following two lemmas are needed for us to construct wavelet sets later. See
IS] for the proof of the first one and [Z] for the proof of the second one.

Lemma 2.1. Let E be a measurable subset of R such that

(i) 2°EN2'E = () whenever k # 1, for k,l € Z,

(ii) (E + 27k) N (E + 2wl) = () whenever k # 1, for k,l € Z,

(iii) the multiplicative measure of E (i.e. %) is less than 2log2,

(iv) there is a neighborhood U of 0 such that (U + 2km) N E =0 for all k € Z.
Then, there is a wavelet set W such that E C W.

Lemma 2.2. Let A, B C R be measurable sets with finite positive measure. If there
erist ni,no, k1, ko € Z such that

(i) 2B C A+ 2nym,

(ii) A+ 2nom C 2%2 B,

(i1i) (A + 2nam) N2 B = (),
then there exists a measurable set F C (A 4 2ngm) U 2k1 B such that F is both
27 -translation congruent to A and 2-dilation congruent to B.

To apply the above lemma we shall assume that A is bounded and B is contained
in [0, 20) for some positive §. Observe that if A 4+ 2ny7 contains (0, €) for some
€ > 0, then the first containment relation can be achieved by taking k; such that
2B c (§,€). Moreover, if B has nonempty interior, then the second containment
relation can be achieved by taking an appropriately large ko and ms such that
A+ 2ngm C [€,00), which also assures condition (iii).

We use Lemma 2.2 to obtain our first result.

Proposition 2.3. Symmetric wavelet sets cover R\ {0}.

Proof. Observe that if E is one of the sets [0,7), [3,%) U [r,37) U [Ix,27) or
[Z,7) U [27,27), then —E U E is 2n-translation congruent to [0,27). Therefore,
if a measurable set G C R* is both 27-translation congruent to £ and 2-dilation
congruent to a 2-dilation generator of a measurable partition of R*, then —G C R~

is both 27-translation congruent to —F and 2-dilation congruent to a 2-dilation
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UNITARY OPERATORS PRESERVING WAVELETS 1465

generator of a measurable partition of R™. Thus, —G U G would be a symmetric
wavelet set, and we can concentrate on constructing such sets G that will cover

Rt.
We consider three cases.
1. Cover (0,7) = UkeNu{O}[z 77 )

Fix k € NU{0}. Let Gi,0 = [2k+1 , 2,CJFQ)UFk 0, where Fy, ¢ is both 27-translation
congruent to [0, 7) \ [55+, 374=) and 2-dilation congruent to [5375, 7). Let Gi1 =
(5255, 2% ) U Fy,1, where Fy, 1 is both 27-translation congruent to [0,7) \ [52%z, 2% )
and 2-dilation congruent to [Qk%, 2%%) The sets Fj o and Fj, 1 exist by Lemma
2.2 and the comments following it. Since each of the sets G and Gy 1 is 27-
translation congruent to [0, 7) and 2-dilation congruent to [5%r, 3 ), they give us
desired symmetric wavelet sets.

2. Cover [2km,2km 4+ m), k € N.

Fix k& € N. There exists an integer ng, such that 2"+ [2k7,2k7 + m) C [F, 7).
Let G2 = [2km, 2kT + §) U F 2, where Fy o is 27-translation congruent to 7, )
and 2-dilation congruent to [§, ) \ 2"* [2k7, 2km 4 T ). Similarly, let Gy 3 = [2k7 +
%,2km + ) U Fy 3, where F 3 is 2m-translation congruent to [0, %) and 2-dilation
congruent to [§,m) \ 2™ [2km + 5,2k + 7). The existence of Fj» and Fy 3 is due
to Lemma 2.2. Since each of the sets Gj 2 and Gy, 3 is 2w-translation congruent to
[0, 7) and 2-dilation congruent to [F, ), they give rise to symmetric wavelet sets.

3. Cover [2km — m,2km), k € N.

If & = 1, the positive part of the Shannon wavelet set will cover [r,27). Fix
an integer k& > 1. There exists an integer my, such that 2"™*[2kmr — 7, 2km) C
[5:5). Let Gpa = [2km — 7, 2km — §) U Fy, 4, where F, 4 is 2n-translation congruent
to [Z,%) U [m,27) and 2- dllatlon congruent to [, %)\ 2™*[2km — 7, 2kn). The
existence of F}, 4 is due to Lemma 2.2. The sets G} 4 are 2n-translation congruent
to [§,5) U [m, 377) U [Zm,27) and 2-dilation congruent to [%,Z); so they give us
symmetric wavelet sets.

Let Gy 5 = [2km— T, 2km) U Fy, 5, where F}, 5 is 2m-translation congruent to [F, )
and 2-dilation congruent to [5, ) \ 2™+t [2kr — 7, 2km). The existence of Fj 5 is
due to Lemma 2.2. The sets G5 are 27-translation congruent to [Z,7) U [37, 2r)

and 2-dilation congruent to [, 7); so they give us symmetric wavelet sets. O

That wavelet sets (not necessarily symmetric) cover the real line was first proven
by Speegle (see Lemma 2.1). This result (or equivalently Proposition 2.3) implies
that the set of all linear combinations of functions in W is dense in L*(R, d¢) and

L?(R, |d€—§|) Indeed, if W is a wavelet set, then the family of functions e, (&) =

e xw, n € Z forms an orthogonal basis of L2(W,dz). Since every e,, is a Fourier
transform of a wavelet and wavelet sets cover the real line, our claim follows.

The last fact we need for proving our main result is a characterization of oper-
ators unitary in L?(R,d¢) and L?(R, |£|) It is not hard to establish that if T" is a

transformation unitary in L2(R*,d¢) and L?(R T, |d§—‘5|) then T is a unimodular mul-
tiplier, that is, T f = uf, where |u| = 1 a.e. The matter is slightly more complicated
in the case of R because of the symmetry of the real line. In order to deal with this
case we introduce the notation f+ = fxg+, f~ = fxz- and f(£) = f(=£), where

f is a complex-valued function defined on R.
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1466 ZIEMOWIT RZESZOTNIK AND XIAOFEI ZHANG

Proposition 2.4. If T is unitary in L*(R,d¢) and LQ(R,%), then for f €
L*(R, d¢),
Tf=(T+fut(f~+Ffw
where w,w are complex-valued functions defined on R such that the matrix
)

uT o w
is unitary almost everywhere on RY.
Proof. We will denote the inner products in L?(R, d¢) and L?(R, %) by (-, -)de and
(- >% respectively. Let E = [—d, —c]U]a, b], where 0 <a <b < 00,0 < ¢ <d < o0
and h, (&) = |[€]"xe(€) for n € N U {0}. Of course we have h,, € L?(R,d¢) N
L?(R, |d§—§|) So for every function g € L*(R, d¢) N L?(R, %) we can write

(T(hn+1),Tg) ae = (hn+1,9) g = {hn, g)ag = (T'(hn), Tg)as,

or simply

_ % B _
[ 70 T e - [ 70 T de

Unitarity of T' assures that Tg is an arbitrary function from L?(R, d¢) N L3(R, %)
Since the set L?(R, d¢) N L?(R, %) is dense in L%(R, d€), we have
T(hnt1)(€) = [§]T(hn)(E)  ace.
Hence for every polynomial p,
(2.3) T(p'xe) =1'T(xE)

where p'(§) = p([¢])-
This implies that for every even function f € L?(R, d¢),

(2.4) T(fxe) = fT(xk).
Indeed, let F,, = [-n, —%] U [%, n], for n € N and fix an n such that £ C E,,. Then,
by (2.3) we have

xe, TW'xe. xe) = p'xe,T(XE).
Now let us consider an even function f € L?(R,d€§) with supp f C E,, (m < n).
We know that such a function can be approximated by functions of the form p’'x g, .
Therefore, for every such function f we obtain

xe, T(fxe) = fT(xg).

Finally, since | J;—, E,, covers R, we conclude that

T(fxe) = fT(xE),

for any even function f with supp f C E,,. The fact that m is arbitrary implies
that the above equation holds for all even f € L?(R, d¢).

We will now try to determine T'f for an arbitrary f € L?(R,d¢). Let E," =
[L.n] and E,” = [-n,—1]. By (2.4),

(2.5) T(fxm,) =T(f* + [F)xp, )+ T((f~+ [ )xe,-)
= (f* + [T (xg,+) + (F~ + )T (xg,-)-
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UNITARY OPERATORS PRESERVING WAVELETS 1467

We claim that
T(XEW,+) = UXEn,
for some complex-valued function u defined on R that does not depend on n € N.
To prove the claim let us define the function u as follows:
ulp, =T(Xg,+)|B,-

To see that the definition is correct it is enough to check that for n < m,

(u

which holds since by (2.4) we have

E,)|E, = ulE,,

(T(xg)le ) E, =T(Xg) B, = (XET (X )|E, =T (X5t )| B, -

Moreover, by (2.4), u satisfies
T(xgr) =T(xXEXE+) = X T (Xp+) = uXE,,

proving our claim.
A similar argument leads to

T(XE,L—) = WXE,

for another complex-valued function w defined on R. Therefore, formula (2.5)
becomes

T(fxe,) = (f*+ fHuxe, + (f~+ f)wxe,.
Since the left-hand side of the above equality converges to T'f in L?(R,d¢) and the
right-hand side converges pointwise to (f* + F)u +(f+ F)w, we obtain the
desired formula for T'f.
The last step of our proof is to show that the matrix

v

u w

is unitary almost everywhere on R™. To do so let us notice that for every function
f € L3(R,d¢) such that f~ = 0 we have

Tf = (" + /).
Thus, using the unitarity of T on L?(R, d¢) we obtain
[rtpae= [ APt Pas s [ 5P Pae= [RGB
R+ R+ R- R+
which implies that on R,
luT)? 4 [u=|? = 1.
Similarly, by assuming f* = 0, we obtain
w2+ | =1

almost everywhere on R*. To prove the third relationship that we need, let us note
that again by the unitarity of T,

/R|f|2da: = /]R+ |fTut +Fw+|2dx+/Ri |f w™ +Fu_|2da:
:/|f|2da:+/ 4Re(f* - (utwF + u—w-))de,
R R+
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1468 ZIEMOWIT RZESZOTNIK AND XIAOFEI ZHANG

which implies
/fmﬁFm%F+$me=o
R+

Now by considering two special cases F = f* and F = ifT we obtain

/‘m%mﬁF+fﬁﬂm:a
R+
Therefore, utwT +u-w— = 0 almost everywhere on R . O

3. MAIN RESULT

The only known continuous linear operators that preserve wavelets are given by
multiplication by wavelet multipliers and the reflection in the argument. These
transformations are unitary in L?(R,d¢) and L*(R, |d£—§|) Our main result is the
following characterization.

Theorem 3.1. FEvery operator T that satisfies T(W) c W and is unitary in
L?(R,d¢) and L?(R, %) is of the form
Tf(€) =v(©)f (), feL*R,deE),

where v is a wavelet multiplier and I = +id.
Proof. By Proposition 2.4 the operator T is given by
Tf=("+Nut "+ )w,

where the matrix

M_[EC Iﬂf]
u w

is unitary almost everywhere on R*.
Using symmetric wavelet sets we will show that the functions w,w are charac-
teristic functions of some sets, which will imply that

Tf(§) = v(§)f(1a(E))

where v is a unimodular function, A is a symmetric subset of R and

=€ for £ € A,
IA(Q_{ £ for ¢ A.

After that, using non-symmetric wavelet sets we will show that 4 can preserve
wavelet sets if and only if it is invariant under translations and dilations, that is,
A+271 = A, and 24 = A, which implies that A is either R or (.

Let us fix a symmetric wavelet set W. If f is a function such that |f| = xw,
then T'f is a Fourier transform of some wavelet 7 (see the comment after (2.2)).
Note that the special form of T" implies that supp T f C W, which forces || = xw,
that is, |[T'f| = xw. Let us define W+ as WNR* and W~ as WNR™. On W we
have

L= [T] = |f*ut + FutP = [t 4+ P+ 2Re(f* T ).
Since |uT]? 4 |wt|? = 1, therefore

Re(erf:—u wt) =0
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UNITARY OPERATORS PRESERVING WAVELETS 1469

a.e. on WT. By considering two special kinds of functions f with F = f* and
f~ =ift we obtain utwt = 0 a.e. on WT. This means that there is a subset of
W, call it Ay+, such that [u™| =0,|w"| =1 on A+ and |[ut| = 1,|w"| =0 on
W\ Aw+. Moreover, using |ut|? + [u=|? = 1 and |w*|> + |w~|? = 1, we conclude
that [u=| =1,|w | =0o0on —Aw+ and [u~|=0,|lw | =1on W=\ —Ap+.

Since symmetric wavelet sets cover the real line, we obtain a global symmetric
set A C R such that [ut| =0,|wt|=10on AT = ANR", [ut| =1,|w’| =0 on
RT\A"T and [u~|=1,Jw|=0on A~ =ANR ", [u"|=0,]Jw |=1on R~ \ A~.

To finish the proof of the first step, let us define a function v as follows:

)4+ = wH|a+,
Vlge\a+ = ul R\ at,
v[a- =u" |-,
vlg-\a- = w [r-\a--

It is easy to check that with this definition the operator T' can be described as

(3.1) Tf(§) =v(&)f(La(§))
where
=€ for £ € A,
La(®) = { € forf¢ A

From (3.1) it follows that if W is a wavelet set, then |T'(xw )| = xw, where W’
is also a wavelet set. We are going to prove that in order to preserve equation (2.1),
A has to satisfy A + 2r = A and, similarly, to preserve equation (2.2), we must
have 24 = A.

To show that A+ 27w C A a.e., it suffices to show that almost every point §, € A
has an open neighborhood U such that £ + 27 € A for almost all £ € UN A. In
fact, let & € A be a point such that £ # kn for any integer k. Then by Lemma
2.1 there is a wavelet set W and an € > 0 such that the sets U = [{y —€,&p +¢] and
U’ = —U — 27 are contained in W. By (2.1) we obtain that for almost all £ € U,

(3:2) > Ixw (& + 2km)| =1,
kEZ
(3.3) > Ixw (=€ +2km)| =1,
keZ
(3-4) DT Cow) (€ + 2km)| = 1.
kEZ

Let us fix a £ € U N A for which the above equations are true. By (3.4) there is a
unique kg such that

T (xw)(€ + 2kom)| = 1.
We claim that £ + 2kom € A. Indeed, if not, then by (3.1),
L= T (xw)(& + 2kom)| = |xw (& + 2ko)|.

So by (3.2) we obtain kg = 0 (since £ € W), but because we assumed & + 2kom ¢ A,
this is a contradiction with £ € A. Hence £ + 2kom € A, and it remains to prove
that kg = 1. By (3.1) again,

L= |T(xw)(€ + 2kom)| = [xw (=& — 2kom)],
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1470 ZIEMOWIT RZESZOTNIK AND XIAOFEI ZHANG

which together with (3.3) implies that kg = 1 (since —¢ — 2w € U’ C W); thus
&+ 2m e A

To prove the other inclusion, A+ 27 D A, we apply Lemma 2.1 to find a wavelet
set that contains & and —&p + 27 (instead of &y and —&p — 27) and proceed as in
the previous case.

Similarly, using (2.2) we prove that 24 C A. By Lemma 2.1 for each & # ¢,
q € Q we can find a wavelet set W containing £, and —2,. After fixing a & € UNA,
where £y € U C W and U open, we get again that for some jo,

IT(xw)(2°€)] = 1.

For the same reasons as in the previous case we must have 2/0¢ € A and jo = 1.
Considering a wavelet set containing &y and —%fo, we obtain the other inclusion,
%A C A, which proves that 24 = A.

To end our proof we observe that x4 is 27 "m-periodic for every n € N. Thus,
using the Haar orthonormal basis of L2([0,27]), we establish that y is constant
on [0, 2], hence also on R. Therefore, either A =0 or A = R. O

REMARKS

As we mentioned before it is natural to ask whether all continuous linear trans-
formations T' of L?(R, d¢) preserving W must be unitary. The main reason for this
is that such operators preserve the norm of elements of W. The same question can
be stated for the L?(R, %%norm as well.

It is not hard to see that if F and F' are disjoint subsets of a wavelet set W, then
T preserves the orthogonality (in both norms) of the characteristic functions of E
and F, provided that T preserves w (it is enough to consider || T(a1xE + a2xF +
azxw\(gur))|| with appropriate choices of ay,a2,as3 € {1, —1,i, —i}). Therefore we
can define a measure du on subsets of wavelet sets by setting [ xpdu = ||Tx s[>
Since for every point on R (except the origin) there is a neighborhood of it that is
contained in a wavelet set, the measure can be extended to R. Proving that this
measure is equal to d¢ in the L?(R,d¢) case would show that 7' is an isometry of
L?(R,d¢). Similarly, the equality dy = % in the L(R, %) case would imply that

T is an isometry of L?(R, %)
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