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ABSTRACT. In this paper, the completely rank nonincreasing bounded linear
maps on nest algebras acting on separable Hilbert spaces are characterized,
and an affirmative answer to a problem posed by Hadwin and Larson is given
for the case of such nest algebras.

1. INTRODUCTION

Let X and Y be Banach spaces over F (F = R or C, the real or complex field). Let
B(X,Y) (B(X),if X =Y) denote the Banach space (Banach algebra) of all bounded
linear operators from X into Y and F(X,Y) (F(X) if X =Y") the subspace (ideal)
of all finite rank operators in B(X,Y) (B(X)). For a linear subspace A C B(X),
a linear map ® : A — B(Y) is called rank nonincreasing (resp., rank preserving)
if rank(®(A)) < rank(A) (resp., rank(®(A)) = rank(A)) for every A in A, where
the rank of an operator is the dimension of its range; ® is called completely rank
nonincreasing (resp., completely rank preserving) if for every positive integer n,
D, : A® M, (F) — B® M, (F) is rank nonincreasing (resp., rank preserving), where
A@ M, (F) = {(Tij)nxn | Ty € A} with a suitable norm and ®,, is defined by

Rank preserving linear maps and rank nonincreasing linear maps play impor-
tant roles in the study of both homomorphisms and linear preservers on operator
algebras. This is because in many cases the study of these maps can be reduced to
the discussion of rank preserving or rank nonincreasing linear maps (e.g., see [1],
2], [, B, 7, [8], [9], [L0] and the references therein). A characterization of rank
preserving or rank nonincreasing linear maps on F(X) or B(X) was given in [7].
For nest algebra cases, some work has been devoted to rank preserving linear maps
on upper triangular matrix algebras (see [1], [9]); for the infinite-dimensional situa-
tions, some results on nest algebras with some special kinds of nests may be found
n [2], [10]. We gave in [8] a thorough discussion of rank preserving linear maps on
general nest algebras of Banach space operators. However, it seems difficult to give
an applicable characterization for rank nonincreasing linear maps on nest algebras.
As far as we know, there have been no such results even for the upper triangular
matrix algebra case. However, in this paper, we are able to get a characterization
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1420 JINCHUAN HOU AND JIANLIAN CUI

of linear maps on nest algebras acting on a separable Hilbert space when the maps
are bounded and completely rank nonincreasing.

Our discussion is also motivated by the following problem posed in [4], and in
[5] for the Hilbert space case. This problem is still open even for the case that
X and Y are finite dimensional, and is closely related to another open problem of
characterizing the asymptotic joint-similarity of operator tuples (see [5]).

Problem H. Let G C B(X) be a linear subspace and ® : G — B(Y') be a linear
map, where X and Y are Banach spaces over F. Assuming that ® is bounded and
completely rank nonincreasing, must there exist nets {Ay | A € A} € B(X,Y) and
{Bx | A € A} C B(Y,X) such that for every T € G, ®(T) = limy AT B, (in
WOT or SOT)? Here, WOT and SOT stand for the weak operator topology and
the strong operator topology, respectively.

Note that if ® has the form stated in the problem, then it is surely completely
rank nonincreasing. It was shown in [4] that the answer to the above problem is
affirmative in the cases that G = F(X) or B(X), or G is a semi-simple subalgebra
of M, (F). For the case that G is an upper triangular operator matrix algebra,
Problem H was answered positively in [2]. Our main result in this paper gives an
affirmative answer to Problem H for the case that G is a nest algebra acting on a
separable Hilbert space.

We mention here that the problem of characterizing the elementary operators on
operator algebras is also concerned with the discussion of completely rank nonin-
creasing linear maps. Recall that a linear map ® from an operator space A C B(X)
into B(Y) is called an elementary operator if there are operators Ai,..., A, €
B(X,Y) and By,...,B, € B(Y, X) such that ®(T) = AyTB; +---+ A, T B, for all
T € A. The integer [(®) = min{r | ®(-) = >./_, A;(-)B;} is called the length of
®. Note that each elementary operator ® of length & is k-rank nonincreasing, i.e.,
rank(®(7T)) < k(rank(T")) for all T € A. In [5], the completely rank nonincreasing
linear maps and completely k-rank nonincreasing linear maps on B(H), where H
is a Hilbert space, were introduced and discussed, and furthermore, a characteri-
zation of elementary operators on B(H) was given, which states that a linear map
on B(H) is an elementary operator of length at most & if and only if it is o-weakly
continuous, completely bounded and completely k-rank nonincreasing. For the case
of general Banach spaces, a stronger result was obtained in [4], which states that
a linear map from B(X) into itself is an elementary operator of length at most &
if and only if it is o-weakly continuous and completely k-rank nonincreasing, while
Problem H asks whether every bounded and completely rank nonincreasing linear
map acting on a subspace of B(X) is a strong limit of a net of elementary operators
of length 1.

From now on, H and K will denote two separable Hilbert spaces over F with inner
product denoted by (-,-). A nest on H is a chain A/ of closed (under norm topology)
linear subspaces of H containing {0} and H, which is closed under the formation of
arbitrary closed linear span (written by \/) and intersection (written by A). Alg\
stands for the associated nest algebra, which is the set of all operators T in B(H)
such that TN C N for every element N € N. Denote AlgzN = AlgN (" F(H). For
NeN,set N.=\/{MeN|McN}and Ny = A{M e N | N C M}, where
the notation “C” stands for the proper contained relation between sets. Define
0_ =0and H = H. As usual, N* is the orthogonal complement of N and N
is the set of all natural numbers. For z, f € H, the rank-1 operator defined by

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



COMPLETELY RANK NONINCREASING MAPS 1421

y — (y, f)z will be denoted by z ® f and = ® f € AlgzN if and only if there
exists N € N such that x € N and f € N* (ref. [3]).

2. MAIN RESULT AND ITS PROOF
In this section we state the main result and give its proof.

Main Theorem. Let ® : AlgN — B(K) be a bounded linear map. Then the
following are equivalent:

(1) @ is completely rank nonincreasing.

(2) There exist bounded operator nets {Ax} C B(H,K) and {Bx} C B(K,H)
such that ®(T') = s—li}\nA)\TB)\ for every T € AlgN, where s-lim denotes the limit

under SOT. Moreover, if ® is unital, then { By} can been chosen so that By = A;\l,

Proof. Only (1) = (2) needs to be checked, and the proof will be divided into
several steps. Assume (1) holds. Then ®, is rank-1 nonincreasing.

Forze H let LN ={z @ fecAlgzN | feH}and L, ={z® f | f € H}.

Step 1. We first show that, for any = € H, there is y(z) € K such that
d(LY) C Ly and hence ®(z ® f) = y(z) ® g.(f) for every z ® f € AlgrN.

If @(Lfc\/) =0, we always put y(z) = 0; if @(Lﬁf) # 0, then there exists fo € H
such that ®(z® fo) = yo®go # 0. For any f € H such that z® f € AlgzN, let (x®
f)=y®g.Then(x%f0 x%)f is of rank one and hence yo(é@go y%)g)
is of rank one. This implies that y € span{yo}. So ®(z®f) € L,,. Taking y(x) = yo,
we have ®(LY) C Ly ).

Since H is separable, there exists a closed subset I' of the interval [0,1] with
0,1 € T such that T has the same order type as N. In the sequel, we index N by
T, ie., write N ={N, |y eT}.

Step 2. Let 819 = 0, A1y = {y > Bio | ®(LY) = 0 whenever € N,} and
a1 =sup{y | v € A11}. Then a1 € Aqs.

If 11 ¢ Aqq, then there exists zop € Ny, and fo € H such that xo® fo € L{C\g and
D(zo® fo) # 0. Take an increasing sequence {7, } C A1; such that lim ~, = ;1 and

denote L, = N,, © N, _,(Ny, = 0). Then No,, = @, L, and 29 = P &n.
where &, € L, C N,, . Since 29 ® fo € AlgrN, we have fy € (N,,,)t. Thus for
every n, &, ®@ fo € AlgzN and ®(¢, ® fo) = 0. The boundedness of ® leads to
D(x0 R fo) = nlln;ofb(zzzl &, ® fo) = 0, a contradiction.

Step 3. Let Ay = {y > an | ®(z ® f) = 0 whenever z € Ny © N,,, and
fe NWL} and (11 = inf{vy | v € A11}. Then B1; € Ay;.

On the contrary, if 811 ¢ Aq1, then there exist z9 € Ng,;, © Ng,, and fj € NL11
such that ®(zp ® fo) # 0. Thus we may take a decreasing sequence {y,} C A1
such that lim 7, = (11. Then, a similar argument just as in step 2 will lead to a
COHtI‘adiCtinO?l(.DO

Step 4. There exist operator sequences {A(ﬁ)}%‘;l, {Cﬂb)};'f:l C B(Ng,, ©
Np,q, K) such that ®(w® f) = lim A" 2™ f holds for all z® f €Algr N with

z, f € Ng,;, © Ng,,, and ®(z ® f) = 0 for every x € Ng,, © Ng,, and f € (Ng,,)*.
To prove this assertion, we have to consider, respectively, the following four cases:
Case 1°. (Nﬁu)— = Ng,, and (N&u)-i- = Nayy;

Case 2°. (Nﬁu)— C Nay, and (N&u)-i- = Nayy;
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Case 3°. (Ng,,)— = Ng,, and (Nay, )+ D Nayy;

Case 4°. (Ng,,)- C Ng,, and (Nay, )+ D Nay, -

We only check the assertion in step 4 for case 1° here. The other cases can be
treated similarly. Assume that case 1° occurs. We first claim that there exists
an increasing sequence {d,} C I' converging to 11, a decreasing sequence {7,} C
I' converging to oy, and vectors x, € N,, © Ny, fn € Ng,, © N5, such that
D(xn, ® fn) = Yn @ gn(frn) # 0 for every n € N (we may require that v, < 6,
for any n, m € N). If the claim is not true, then there exist g, do in I' satisfying
a1 < Y < 6p < P11 such that ®(x ® f) = 0 whenever z € N,;, © N,,, and
f € Ng,, ONs,. Let A}y = {y > | ®(z® f) = 0 whenever = € N,,, © Ng,, and
f € Ni} and let By, = inf{y | v € Al;}. Tt is clear that vy < £, < 6 < B
Now let us show that 3;; € Aj;. Assume, on the contrary, that G, ¢ A;;. Then
there exist 2o € Ny © Na,, and fo € Ng,, © Ny such that D(xo ® fo) # 0.
We will, respectively, deduce a contradiction in both cases (Nﬁh)’ = Nﬁil and
(Nﬁil)_ # Ng . If (Nﬁil)_ = Ny, we may require o € Ny © Nq,, for some

v with a1 < v < 6/11. In fact, there exists an increasing sequence {6,} C T
converging to 3,,. Let L, = Ny, © Ny, _, (Np, = 0). Then Ng = @,., L, and

o = 6920:1 & = llirgo @2:1 &n, where &, € L, C Ny, . Since ® is bounded and

®(zo ® fo) # 0, there must be a k € N such that (I)(ZZ=1 & ® fo) # 0. It is
clear that zp = 22:1 & € Ny, C Nﬁh' So we may take v = 0 < ﬁ;l. By the

definition of £, for v < B, there exist z; € Ny, © Ny, and f; € Nj‘ such that
®(x1 ® f1) # 0. Note that o ® f1, 1 ® fo € AlgzN. So

_ [ w0®fo wo®fi
_($1®f0 $1®f1)€A1ng®M2(F)

is of rank one. However, ®(z1 ® fo) = 0 implies that rank(®(F)) = 2, a con-
tradiction. If (Nﬁh)_ # Ng , then we can take either zo € (Nﬁil)_ ©N,,, or
zo € Ny © (Nﬁh)_' For the former, taking NV, = (Nﬁil)_, a similar argument
as above leads to a contradiction. For the latter, the definition of [3/11 implies that
there exist z1 € Ny, © Na,, and f1 € Ny © (Nﬁil), such that ®(z; ® f1) # 0.
Since f1 € (Nﬁil)f and vy < ﬁ;l, we still have xop ® f1, 71 ® fo € AlgzN . From the
facts that ®(z1 ® fo) = 0 and P, is rank-1 nonincreasing, we get a contradiction
. . . o ® fo To® f1 '
again by considering the operator matri . So € Aq;.
gain by g p X(x1®fo x1®f1> B 1
However, this implies (17 < ﬁ;l < [11, which is impossible. Hence the claim is
true.

Now assume that {0, }, {7}, {zn} and {f,} just as in the preceding paragraph
have been taken. For every z,, ® f € Lfc\i, by step 1, ®(z, ® f) = yn ® gn(f). It
is clear that gy is linear on D(zy,) = {f | 2, ® f € Lév} and (N,,)t C D(z,).
Also note that, by the boundedness of ® and the closed graph theorem, gn|( Ny L
(N,,)t — K is a bounded linear map.

Next we claim that, for any k € N, dim\/{gn|(N%)£};L’°=k = 1. Otherwise, there
exist n;, nj > k such that gn,|( Ny )t and g, |( N, )L are linearly independent. Say
nj > n;, thus é,, < d,, and vn, > yn;, which imply that x,, ® fn,, Tn, ® fu, €
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AlgzN. Since
Tn; @ fn, Tn; ® fn,
( Tn; @ fni Tn; @ fu, )
is of rank one,
< Yni @ Gni (fni)  Yns ®9m(fnj) >
Yny @ Gn; (fni)  Yn; @ gn,(fn;)

is of rank one, too. So there must be g, (fn,) = gn, (fn,) and gn,(fn,) = gn, (fn;)-
For any f € (N,,)%, we have z,, @ f, #,,, ® f € AlgrN. Again, the rank-oneness

of
xnj ® f xnj ® fnj
implies that
( Yn: @Gn; () Yn, @ gm(fnj) )
is of rank one, too. It follows that gn,(f) = gn,(f) for all f € (N, )~ and therefore
Inil(v, )t = In, | (N, )L @ contradiction. Hence for any natural number n > k,

9n

(Ny ) = gk|(N7k)£, that is, the claim holds.

Similarly, for every n € N, one gets a linear transformation y,, : D(f,) = {z |
r® fn € AlggN} — K such that ®(z ® fn) = yn(2) ® gn(fn), Yn|ns, is bounded
and Ym|N;, = Ynln,, if m>n.

Now, define w : |J;~ 1{Ns,} — K by w|n,; = Yn|n;, and g : Une {(N,,) ) —
K by gl(n, )+ = 9nln,, )+~ Then w and g are linear. For any z, f € Ng,, © Nay,
so that = ® f €AlgrN, there exists v € I' such that x € N, © N,,, and f €
Ng,, © (Ny)—. We may require that v = min{é | « € N5 © No,,}. Since the
sequence {d,} increasingly converges to (11 and {v,} decreasingly converges to
aq1, there exists n € N satisfying v, < v < d,. Obviously z,, ® f, z® f, € AlgzN.

Hence
T® fn T® f

is of rank one and, consequently,

( Yn @ gn(fn)  Un @ gn(f) )
yn(l‘) ® gn(fn) y(x) ® gx(f)

is of rank one. So y(z) and y,(z) are linearly dependent. Assume that both y(x)
and yn(z) are nonzero. Then we may suppose that y(z) = yn(z) = w(x) and
9:(f) = gn(f) = g(f). If y(z) = 0, we must have y,,(z) = 0 since g,(fn) # 0, and
we may still take g,(f) = gn(f); if yn(z) = 0 but y(z) # 0, then there must be
g-(f) = 0 for all f € (N,)L, which implies that ®(L%") = 0, and hence y(z) = 0
by step 1, which contradicts the assumption y(z) # 0. Therefore, ®(z ® f) =
Yn(2) ® gn(f) = w(x) @ g(f) for any x, f € Np,, © Na,, with 2 ® f € AlgrN.
For each n, define respectively Agrf) and Cﬂl) from (Ng,, © Ng,,) into K by

Ay { w(z)  if x € N5, © Ng,,,

0 if z € Ngu © Ns,;
o g(f) if f €N, ©(Ny,)-,
11 0 if f€N,, ©Ng,.
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Clearly, Agrf), C'Yf) € B(Ng,, ©Ng,,, K) forany n € Nand ®(z® f) = lim qu)x(@
n—oo

Cﬂb)f for every 2 ® f € AlgzN with z, f € Ng,, © Ng,,, finishing the proof of step

4

Step 5. If 811 = 1, we stop. If not, let Ajo = {v > (11 | @(Lév) = 0 whenever
x € NyO Ng, }. If Ao =0, let agg = Bir; if Az # 0, let g = sup{y | v € A12}.
Similar to step 2, we have a2 € Ajo. Hence for any « € N,,, © Ng,,, ®(LY) = 0. If
ai2 = 1, we stop. If not, let Ao = {vy > a12 | 2(z® f) = 0 whenever x € N, ONq,,
and f € NWL} and f12 = inf{y | v € A12}; then 812 € Aja. Similar to step 4, one can
show that there exist bounded operator sequences {Agg)}, {Cg)} C B(Ng,, ©Ngy,s
K) such that ®(z ® f) = lim A(lg):c ® Cg)f for every z ® f € AlgrzN with z,
f € Ng,, © Ng,,, and ®(z @ f) =0 for any x € Ng,, © Ng,, and f € (Ng,,)"*.

Continuing in this way whenever it is possible, we get sequences

0=p0 <ann <P <ae<pfr2<-<ayg <Pk <o <o
and {AEZ)};Z'O:I, {sz)};’f:l C B(Ng,, © Ng,,_,,, K) such that for each (1,k),
Dz f) = lim AVze My
n—oo

for every x ® f € Algz N with z, f € Np,, © Np,,_,,, and &(z ® f) = 0 for any
U Nﬁw © Nﬁl(k—l) and f € (Nﬁuc)l'

Step 6. If 51, = 1 for some m, we stop; if B < 1 but ay(,41) = 1, we stop,
and let Agn) = CYZ) = 0 on N,

(m+1) (m+1) X1 (m+1)
sequences {onx 52, and {B1x 52, in I'. Let 820 = sup{aux}. If Bag = 1, we stop; if
k

© Ng,,,. If not, we get two infinite

B20 < 1, in the same way just as for steps 1-5, we get again sequences
P20 < g1 < Po1 < g < fPoo <o Sagg < Pog < Qgpyr) <o
and {Ag,?};'f:l, {Céz)};’le C B(Ng,, © Ngy,,_,,, K) such that for each (2, k),
Oz @ f) = lim ALz @ CL)f

for every x ® f € AlgzN with z, f € Np,, © Np,,_,,, and ®(z ® f) = 0 for any
M Nﬁzk © Nﬁz(k—l) and f € (N52k)l'

Continue the above process. Since H is separable, at last we get sequences
{air}pi, and {Bix}p, in I’ (n; € NU{oo} and i =1, ..., 0, where o is a countable
ordinal number) such that

(1) Bio < a1 < B < qip <o S i < Bik < Qyrg1y <0
(2) Bit1)o = S‘;p{aik}v 1=1,2,...,0;

(3) sup; x{air} = 1; and operator sequences {AEZ)}ZO:D {Ci(:)}ff:l C B(Ng,,, &
Ng, K) such that for each index (i, k),

(k=1)7
Pz ® f) = lim Agz)m ® C’i(,?)f
n—oo

for every z ® f € AlgrN with z, f € Ng,, © Ng,
r € Ng,, GNBi(k—l) and f € (Nﬁuc)L'

Let Q = {(4,k) | i=1,2,...,0; k= 0,1,...,n;}. For (i,k) and (4,1) € Q, we
say (i,k) < (j,))ift <jorifi=jbut k <l. Let A= {X\]| Xis a finite subset of
0}. Define the order “>” by A; > A if and only if Ay D A. Then A is a direct set.

and ®(z ® f) = 0 for any

(k—=1)?
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For (i,k) € Q, let Hix = Ng,, © Ng,,_,,- Then H = @ (i x)enHir. For any
r® f € AlggN, let v, = inf{y | x € N,}. Then z € N,, and f € (N,,)*. Since
vz € T, there exists (io, ko) € € such that B (r,—1) < V2 S Bioke- Hence

S @ H;y, and f S @ Hyp.
(4,k)<(40,ko) (i0,k0)<(4,k)

Step 7. As the last step, we claim that there exist bounded operator nets
{Ax | A€ A} CB(H,K) and {B) | A € A} C B(K, H) such that

O(F) = li)r\nA)\FB)\ for all F € Alg,N.

For A € A, let ny = #X\ (the number of members in \), £, = max {||A(m)||

(i,k)€
||Cz(,?*)||} Define Ay and C), respectively, as follows:
Ay = exp(azknAtA)A( ") g if v € Hy, (i,k) € A,
0, if € (D en Hin) s
Onf — { ep(=oanat O fL i f € Hig, (irk) €
O, if f 6 (®(1,k2)€)\ sz)L.

Then Ay, C\ € B(H, K). We will show that
P(z® f) zliinAAx@C’,\f forall z ® f € AlgzN

by considering four cases. To do this, fix z ® f € AlgN.
Case 1°. There exists (ig, ko) € Q such that z, f € H;,x,. In this case we have

Oz ® f) = lim AE:;O:E ® Cgf,zof. For any € > 0, take ng € N such that
45

i0ko

m®C’0k0f Pz f)|<e

whenever n > ng. Pick A\g € A such that (i, ko) € Ao and ny, = ng. Then for any
A > Ao, we have ny > ny, = no and

[Axz @ Crf — ®(x ® f)||
| exp(ctigrynatr )AL @ exp(—aigrynata )L f — @z @ f)|
= Az ciyf—o@e f) <

7,()k0 10k0
Case 2°. © € Hy, and f € Hj with (i, k) # (j, ). In this case, z ® f € AlgzN
implies (i, k) < (4, 1). So, by step 6, we have ®(z ® f) = 0. Hence we have to prove
liinA,\m ® Cxf = 0. For any A € A such that (¢, k), (4, 1) € A\, we have
A)\:c (24 C)\f = exp(aiknAt)\)AEk*)x (29 exp( a]mAt)\)
= eXp( (Ozjl — Ozzk)n)\t)\)A(nA) C](n’\)f.

("A)f

Thus ||A)\(E @ O\ fIl < [J2|| - [| ] - 3 exp(—(cji — cvirg)naty). Note that aj; — ag, > 0.
So limy t)\ exp(—(ay; — asi)nata) = 0, which implies li)r\nA)\:c RC\f=0.
Case 3°. z = @ zgand f = @ fj, for some A\, A\ € A. Since z ®

(i,k)eM (4,1 EA2
f €eAlgeN, (i, k) < (4,1) holds for all (i,k) € Ay and (5,1) € Aa. So Ay N A2 =0 or
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)\1 N )\2 = {(’io, ko)}, where (io,ko) = max{(i,k) | (’L,k) S )\1} If /\1 N /\2 = {(io,

ko)}, then
T® f = Tigho @ figho + Z Tik ® fii.
(,k)€AX1, (4,1)EX2
(1,k)#(5,0)
Hence

limy Az ® Cxf = limy AxTior, ® Cx fioko
+ Xk er, Giexs, imy Axzi @ Cx fji.
(4,k)#(3,0)

By cases 1° and 2°, it is easily seen that
lim Axe @ Oy f = lim Axziyy ® O fioky = D (Zigky ® figko) = P(z @ f).

Similarly, if A; N A2 = 0, one can check that limy Az @ Crf = ®(z® f) = 0.
Case 4°. In general, z @ f € AlgzN implies that there exists (ig, ko) € Q such
that = € €D i k) <(io ko) Hik a0 f € D(ig ko)< (i) Hik- Write 2 = D 1)< (i, ko) Tik
and f = Ga(io,ko)g(j,_l) f]l Given any positive number e < ||®||, there exist A,
A2 € A (we may require (ig, ko) € A1 NA2) such that ||z —zx, || < ST 2nd

”f - fAz” < 3”<1>||(||;i||+“f||)v where x), = Ga(i,k)EM 2 and f)\z = @(j,z)@2 fjl~ So
e e

By case 3°, there exists A D AU A2 such that

g
||A)\{E)\1 ®C)\f)\2 - q)(x)\l ®f)\2)|| < g

whenever A D ). For any A € A satisfying A D A1 U Ay, we have

|[Ax(zx, — ) @ Cx ||
= | X > Az @ Cafill
(3,k) EMNAL(F,1)EX2
I exp(—(aj — am)nata) AG zi @ O fall
(3,k) EMNAL(F,1)EX2

= > exp(—(aj — ai)naty) - t3 il - || fl]
GHENGHE
£
< spaqerm Il exp(=omtn) - - 32 50 1
5 - (2,k)EXNAL (4,1)EN2
< granernm I/ [EXnX exp(=dnats),

where 0 < 0 = g, — Qg (ko—1) < min{ (i — aqr) | (i,k) € AN\ A1 and (j,1) € A2}
Since limy t3n3 exp(—dnaty) = 0, there exists AN D AU X such that
t3n2 exp(—dnaty) < & whenever A > \". Therefore

112
@l ([l + 171

[Ax(zn —2) @ Cafr, || <
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whenever A > \". For A D AU A2, we have

[Axz @ Cx(fx, = f)

= > Yo Az @ O fill
(4,k)EX(F,1) EA\ A2

1= 3 % exp(—(an — am)nata) AN wi © CF™ £
(i,k)EX(F,1) EA\ A2

< Bk, SR e = canaty) - Rl s
(L EAGDEN N
2,2
< spqrerrm 12 1EXn exp(=0inaty),

where 0 < 61 = Qig(ko+1) — Qigk, = min{(aj; — agx) | (4,k) € X and (j,1) €
A\ A2}. Since lim)y tini exp(—dinaty) = 0, there exists A" 5 A\ U Xy such that
t3n3 exp(—1naty) < € whenever A > X", Therefore |[Axz @ Cx(fr, — )| <

2 "

henever A > \"'. Tt follows that, for any A with A > N U , wWe

llz]le W
RIEEIRRIFAD)
have

[Axzr, @ Cxfr, — Axz @ CA f||

[Ax(zr, —2) @ Ox o || + [[Axz @ Cx(fr, — )l
13 £

BT+ 1zl + srarerrmm 1 flle

g.

Let Ao = AU X UX". Then for any A with A > \o, one has

[P(z® f) — Axz @ Cx f||
<[[@(z @ f) = @(zx, @ fr,)ll + [[Arza, @ Cxfr, — @(zr, @ f,)]|
+ [[Axzr, ® Crfr, — Arxz @ Cx f||
<e.

Thus ®(z ® f) = limy Axz ® C)\f holds for every 2 ® f € AlgzN. Let B\ = C5.
Then ®(z® f) = limy Ay (x® f)B) holds for every z® f € AlgzN. Since every finite
rank operator in AlgzAN can be represented as a linear combination of rank one
operators in AlgzA and @ is linear, ®(F) = limy A, F'B), holds for all F' €AlgzN.

Now it is clear that the first half of (2) is true by [7} Theorem 10], which states
that a linear map ¢ from a subspace R of B(H) into B(K) is a strong limit of a net
of elementary operators of length 1 if and only if ¢|gn7(x) has the same property.
The second half of (2) is easily checked. O

ASVANIVAN

We remark that, from the proof of the main theorem, ® is completely rank
nonincreasing if and only if @5 is rank-1 nonincreasing. It is easy to see that these
conditions are also equivalent to one that ®y41 is rank-k nonincreasing for some
positive integer k. It is also easy to get some characterizations of the bounded and
completely rank preserving linear maps from AlgA\ into B(K) by applying the main
theorem.

Recall that a linear map ® : A C B(H) — B(K) is said to be completely k-rank
nonincreasing if, for each positive integer n, ®,, is k-rank nonincreasing. Motivated
by the main theorem and the results concerning the characterization of elementary
operators in [4] and [5], the following conjecture seems reasonable.

Conjecture. Let ® : Alg N — B(K) be a bounded linear map. Then ® is com-
pletely k-rank nonincreasing if and only if it is a strong limit of a net of elementary
operators of length not greater than k.
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