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ABSTRACT. We construct multilinear differential operators on modular forms
and prove that they are essentially unique. We also discuss certain homoge-
neous polynomials associated to such differential operators as well as some
related multilinear differential operators that do not produce modular forms.

1. INTRODUCTION

Although the derivative of a modular form is not a modular form in general, cer-
tain combinations of derivatives of modular forms produce modular forms. Indeed,
in [T0] Rankin described the polynomials in the derivatives of modular forms for a
discrete subgroup I' of SL(2,R) that are again modular forms. As a special case of
such polynomials, Cohen [3] studied certain bilinear operators on the graded ring of
modular forms, which may be considered as noncommutative products of modular
forms. These noncommutative products are known as Rankin-Cohen brackets, and
they can be extended to the cases of Siegel modular forms (cf. [2], [5]) and Hilbert
modular forms (see [6]). Various aspects of Rankin-Cohen brackets have been inves-
tigated recently. For example, they were studied in connection with transvectants,
Heisenberg algebras, Hirota operators and other topics in mathematical physics
by Olver and Sanders in [9] (see also [7], [8]). On the other hand, in [12] Unter-
berger discussed Rankin-Cohen brackets for nonholomorphic modular forms and
their relations with quantization theory.

One of the natural ways of describing Rankin-Cohen brackets for modular forms
is by way of pseudodifferential operators and formal power series called Jacobi-like
forms as was discussed by Zagier in [13] (see also [4]). Indeed, there is a natural
correspondence between the set of pseudodifferential operators invariant under the
action of a discrete group I' C SL(2,R) and the set of certain sequences of modular
forms for I'; and Rankin-Cohen brackets can be constructed by using the fact that
the product of two I'-invariant pseudodifferential operators are again I'-invariant.
It is also known that I'-invariant pseudodifferential operators also correspond to
Jacobi-like forms for I', and the construction of Rankin-Cohen brackets can in fact
be simplified if Jacobi-like forms are used. Naturally, Rankin-Cohen brackets can
be extended to multilinear differential operators by considering modular forms as-
sociated to the product of more than two I'-invariant pseudodifferential operators,
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and a recent paper of Choie [I] includes the construction of such multilinear opera-
tors. One of our main goals in this paper is to show that such multilinear operators
are essentially unique.

In Section ] we construct multilinear differential operators on modular forms
using Jacobi-like forms. Our construction is somewhat different from the one given
in [I]. In Section [3] we prove that multilinear differential operators constructed
in Section [2] are unique up to constant multiples by using theta functions with
spherical coefficients. We generalize the above multilinear differential operators in
Section [ by including the ones that do not produce modular forms and study some
of their properties. Finally, in Section [§] we discuss some homogeneous polynomials
associated to the multilinear differential operators on modular forms constructed
in Section 2

2. MULTILINEAR DIFFERENTIAL OPERATORS

Let T be a discrete subgroup of SL(2,R), and let H be the Poincaré upper half-
plane. In this section we review Jacobi-like forms on H for I' introduced by Zagier
in [13] and construct multilinear operators on the graded ring of modular forms for
T

The group SL(2,R) acts on H by linear fractional transformations as usual.
Thus, if v = (2Y) € SL(2,R) and z € H, we have

L az+b
T d
Given such v and z, an integer k, and a function f : H — C, we set
(2.1) (f Ik M(z) = fF(y2)(ez + )",

We now modify the usual definition of modular forms by suppressing the finiteness
condition at infinity.

Definition 2.1. Given a nonnegative integer k, a modular form for T' of weight k
is a holomorphic function f : H — C satisfying

flev=1f
for all v € T. We denote by M(T") the complex linear space of all modular forms
for T of weight k.

Let F be the ring of holomorphic functions on H, and let F[[X]] be the space of
formal power series in X with coefficients in F.

Definition 2.2. A Jacobi-like form for T of weight £ € Z is an element ®(z, X) of
F[[X]] satisfying

(2.2) B(yz, (cz +d)2X) = (cz + d) e/ (=D P (2, X)
for all z € H and y = (¢4) € I'. We denote by 7;(T') the space of such Jacobi-like
forms.
Lemma 2.3. If f € M(T'), the formal power series f(z,X) € F[[X]] defined by
oo
()

(2:3) flz,X)=>" T X7

r=0

r+k—1)

is an element of J(T), where f") denotes the derivative of f of order r.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Proof. See Section 1 in [13]. O
Let wq,...,w, be nonnegative integers, let o1, ..., 0, be real numbers, and set
w=(w1,...,wn) €LY, o=(01,...,00) ER",

where Z, denotes the set of nonnegative integers. Throughout this paper we shall
often use the multi-index notation. Thus, for example, if u = (u1,..., 1) € 27,
then we write

0’”_0[1“ ..0.’5477/7 |0.|:0-1+..._|_gm

w w1 wWn,

w =l g, ( ) = ( )( )

2 241 Hn
In addition, if ¢ € R, we shall write ¢ = (¢,...,¢) € R™. Given complex-valued
functions hq, ..., h, on H and a nonnegative integer ¢, we set

ot p (1)

2.4 A7 (hi, ... hy) = _
( ) A ( 1, ) ) Z ( Fw— 1)

[pul= s
where the summation is over p = (p1,...,pn) € Z% with |u| = £ and AW =
hg“ 2 “ n) . Although the proof of the following proposition is essentially con-
tained in [ ], we shall include it for later reference.
Proposition 2.4. Let f1,..., fn be modular forms for T with f; € M, (T) for
1 <i<n, and assume that |o| = 0. Then Ay (f1,..., fn) is a modular form for

T of weight 2¢ + |w|.

Proof. For each i € {1,...,n} we denote by ﬁ(z, X) the formal power series as-
sociated to f; defined as in (Z3). Then by Lemma [Z3] we see that f;(z, X) is an
element of J,,,(I"). We define the formal power series ®(z, X) € F[[X]] by

X)= ﬁ ﬁ(z, 0 X
i=1

Then by using (24]) we see that
(2.5)

Oz, X) =

i oft ot (@) G i,
— Pl (pr w1 = 1) (o 4+ wn — 1)!

Z qu(u) _ o)
= u+w—1)

7U(.fla' e 7fn)(Z)X€

M8 "FnﬂgﬁMz

~
I
o

On the other hand, since f;(z, X) € J,, (T) for each i, by (Z2) we obtain

(2.6) O(yz, (cz+d)” H fi(yz, (cz + d)"%0:X)
i=1
= (cz 4 d)rtteneein o)X/ (e d) g () X)

= (cz + d)¥Id(z, X)
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for all z € H and v = (2Y) € I. Using this and (Z5)), we have

DA N(frse fa)(v2) ez + d) X = (cz+ )Y AT (fro o fa)(2) X
=0 £=0
Hence, by comparing the coefficients of X*, we see that AV (f1,- .., fn) is amodular
form for I' of weight 2¢ + |w|, and therefore the theorem follows. O

It follows from Proposition [Z4] that A7 determines a multilinear map from
M, (T) x -+ x My, (I') to Magy)(T) for each w = (wi,...,w,) € Z7} and 0 € R"
with |o| = 0. Thus, if M, (T) = @, Mk(I') denotes the graded ring of modular
forms for T', the map Ay can be regarded as a multilinear operator on M, (T").

3. THETA FUNCTIONS

In this section we prove that the multilinear operator A,”” in (2.4 is essentially
the only multilinear differential operator of order ¢ by using theta functions with
harmonic coefficients. The same method was used by Zagier [I3] to obtain the
uniqueness result for the bilinear case.

Foreach j € {1,...,n}, let Q; : Z% — Z be a positive definite quadratic form of
o variables, and let P; : Z% — C be a spherical polynomial of even degree 6; with
respect to ();, which means that the polynomial P; is annihilated by the Laplacian
Aq, associated to Q. Then it is well known that the function J; on H given by

Z Pj (a,:)eQﬂ'iZQj (x)

€LY

9 (=)

is a modular form of weight w; = d; + «;/2 for some subgroup I'; C SL(2,Z) of
finite index. Given a positive integer ¢, we set

O(z)= > CID() = D Cpp ()00 (2)
lol=¢ p1t-tpn=¢L
= Z D(xy, ..., ap)e2 = 2= @),

(T1,..yp)ELYLHFan

for all z € H with C, € C for each p > 0, where x; = (zj1,...,%ja,;) € Z% for
1<j7<nand

D@1, x) = 2m) Pi(w1) - Palzn) Y. CoQu(@n)™ - Qulzn).
pr1t-+pn="

Then, as is well known, the function © on H is a modular form of weight 2¢ + |w]| if
and only if the homogeneous polynomial ®(z1, ..., x,) of degree 2¢+|J| is spherical
with respect to the operator Ag, + -+ + A, (cf. [I1]).

Theorem 3.1. The map (f1,. .., fn) — A7 (f1,. .., fn) with |o] = 0 given by (24)
is the only n-linear differential operator of order £ from M, (T') x --- x M, (T) to
Moy )|(T) up to a constant multiple.
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Proof. For 1 < j <, if Q;(x;) = a3, + -+ 13, , we have

Qg
j j j—1
N, (PiQY) = (Mg, P))QY +4p;QF Y 1 (0P, /0x;:)
i=1
+4pi(p; — DPQY ™ +2pjo PQY
1
=4p;j(pj — 146 + ; /2 PQY
1
=4p;(pj +wj — DPQY .
Hence we obtain

(AQl +e AQn)q)(xlv e axn)

= 42mi) Pi(w1) -+ Pa(za) > Y pilp; +w; —1)C,

lol=t 5=1

X Q1) - Q)P Qy(w;) Y,
and therefore ©(z) is a modular form if and only if
(1) DD pilestwy — DOQU@) - Qulwn) Q) = 0.
lpl=¢ =1

Given p € Z7 with |p| =€ and k € {1,...,n}, we see that the coefficient of

Ql(l‘l)pl ce Qn(xn)pﬂ'Qk(xk)_l

in the sum on the left-hand side of (B-1) is given by

D (0 +1=851)(pj +wj = 61)Cpie;—es
j=1

if pr # 0, and it is zero if pp = 0, where 0, is the Kronecker delta and e;, denotes
the element of Z™ with 1 in the k-th entry and 0 elsewhere. Let x4 : R — R be the
characteristic function of the set of positive real numbers, and set

Bk = X+(p)(pj +1 = 0k)(pj + wj — 0k )Cpie;—ey

for 1 < j < n. Then ©(z) is a modular form if and only if

(3.2) D Sk =0
j=1

for each k € {1,...,n}. For each p € R} with |p| = ¢ we set

oP

(3.3) C, = Ao tw_1)
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where o € Z" with |o| = 0. If j # k and p; > 0, we have

pj+1 1
O' J O']gk

P+ 1) (pj + wj)! (Pk — ) (pr +wi — 2)!

8 H Pe—f—we—l)

Erj = (pj +1)(p; +Wj)(

%k P
_ oj0%" '
(Pk_l)(pk‘f'wk_z'g Pz+w—1)
o 0P e

- (p—ex)lptw—ep—1)
On the other hand, if j = k and p; # 0, we see that

n

Ek,': k k+wk_1 v . 1
J P (p )[:1_[1/)['(/)[_’_&][_1)'

Pe
9

_ O-kgpfek
(p—ex)ptw—ep—1)
Hence the left-hand side of ([B:2) becomes

i: _ oot -t on)
T —en)ptw—ep— 1)

Since |o| = o1+ -+0, = 0, it follows that C, given by (B.3) satisfies (3.2)). In order
to prove uniqueness up to constant multiples we assume that C, satisfies (3.2). If
p1 # 0, by applying ([B2)) for k¥ = 1 we can express C, as a linear combination of
coefficients of the form C), with p = (u1, ..., ) and g1 = 0. Similarly, given such
a coefficient C,, with py = 0, if g # 0, by applying (3:2)) for £ = 2 we can express
C), as a linear combination of coefficients of the form C, with v = (v1,...,vy)
and v; = v = 0. By induction we see that each coefficient C, can be written
as a constant multiple of Cye,, where le, = (0,...,0,¢) € Z%, and therefore the
theorem follows. O

4. THE GENERAL CASE

Let T' be a discrete subgroup of SL(2,R), and let w = (w1,...,wn) € Z} and
o= (01,...,0n) € R be as in Section[2l In the previous section, we considered
the maps Ay given by (ZZ) under the assumption that |o| = 0. In this section we
discuss some properties of A,;”” when || is not necessarily zero.

Lemma 4.1. Let k be an integer, and let

Z% )X" € FIIX]]

Then the formal power series CI>(z,X) is an element of Ji(I') if and only if the
coefficients ¢, € F satisfy

n

b)) = 3 5 () et

foralln>0,z€H, andy=(2Y) €T.
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Proof. This follows from Equation (15) in [13]. O

Let f1,...,fn be modular forms for I' with f; € M, (T') for each i. If |o| =
St o;=0and if A}"? is as in (Z4), by Proposition 24 we see that for each ¢ the
function

AT = AT (frs oo fo)

satisfies the transformation formula

(4.1) AT (f) l26+w) ¥ = AT(f)

for all v € T, where we used the notation in (2.I). Although the functions A7"7(f)
are not modular forms in general for an arbitrary o € R", the next theorem shows
that they still satisfy a certain transformation formula with respect to the action
of T on ‘H which generalizes (4.1]).

Theorem 4.2. Let fi,..., fn, be modular forms for T' with f; € M, (T) for each
i, and let o € R™. Then the functions A, (f) = A (f1,.--, fa) : H — C satisfy
the relation

¢

(42) (A5 (1) atiol Nz Zi<'ﬂ 1) M50

forallze H, v= (‘Clg) el and £ > 0.
Proof. First, we consider the case where |o| # 0. As in (Z3), if we set

X)=]]fiz0:X) = ;A?’U(f)(Z)XZ7
i=1 =0

then as in ([2.6) we obtain
(I)('sz (CZ + d)*QX) _ (CZ 4 d)w1+---+wnec\a\X/(chrd)q)(Z,X)
= (CZ + d)“’*"ecl‘flx-/(cz""d)(I)(Z7 X)
for all v = (¢%) € T. Hence, if we set ®(z,X) = ®(z, X/|o]), we see that the

formal power series ®(z, X) € F[[X]] is an element of Jjw|(T'). However, we have

o0

B(z,X) = Y AP7(f)(=)lo| X"

=0
Thus by Lemma [l we see that ®(z, X) € Jjw)(T') if and only if

A ()l = <oz+d”+'w'§j 1(253) Ao

for each £ > 0, which is equivalent to (]m) However, we see that (£2) makes sense
even for ¢ € R" with |o| = 0 and that it reduces to (£1) in this case. Hence the
proof of the theorem is complete. O

Now we consider pseudodifferential operators of the form Y °2 /1, (2)0%~" with
k € Z whose coefficients 1,.(z) are holomorphic functions on H. Then the discrete
subgroup I' C SL(2,R) acts on the space of such pseudodifferential operators by

(Zw,« JOHT) = D e (92)((cz + d)?0)
r=0
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for v = (‘; Z) € I'. As was mentioned in the introduction, pseudodifferential
operators that are invariant under I" are closely linked to modular forms for T" (cf.
[4]). We note that

(4.3) (2 + d20) =3 ! <f) (£; 1) ez d)Pot

r=0
for each integer ¢ (see [, (1.7)]).

Theorem 4.3. Let f1,..., fn be as in Theorem[[.3, and assume that |w| = 2u for
some u € Zy. Then the pseudodifferential operator

oo

V(=)= (~1) kI(k = lo]“ AT, () ()0~

k=u
is I'-invariant.

Proof. By Theorem (.2 it suffices to prove that the condition for ¥(z) to be I'-
invariant is equivalent to the condition ([Z). For each v = (‘Cl g) e I', we have

[e e}

() = (=0 = Do TTARE () (7 ) (e 4 u)?0)

rT=u

—Z (e = Do AL (D))

x z::ﬂ (;r) <_r£_ 1) (=0)(=cz +a)~ Lot
oo k—u

=33 ()l = 01k — €= Do TETEA, L (H( )

k=u ¢=0

x ! (6 ; k) (6 a lz - 1> (=)' (—cz + d) "2 FtoF,

where we used ({3). Hence ¥(z) is T-invariant if and only if

k—u
o (k—Olk—0—1) (0—k\[l—k—1
4 ADE = T e (5 (T

x (=) (—cz +a) oA ()7 )

T
S

c(—cz+a) o)A, (v 2)

Il
~
Il
(=)
|~

for all v = ( ) € T and ¢ > u; here we used the relations

(—k\ (1)K —1)! (—k—-1\  (=1)%!
(z )_Z!(k—£+1)!’ ( 1 >_£!(k—£)!'
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Hence, using r = k — u, we see that ({4 is equivalent to

(A7 (f) largw) V)(2) = Z 61' e( C(Zjis) +a) o 2u+tl

x o “ATEL (F) () ez + d) 21!

T

¢
1 c .
=> 7 (m) o A5, (f)(2)
=0 "
for all » > 0, which in turn is equivalent to (E2). O

5. HOMOGENEOUS POLYNOMIALS

In this section we construct a sequence of homogeneous polynomials associated
to the multilinear operators A}’ in Section [ and discuss some of the properties of
such polynomials. Such polynomials for the bilinear case were considered by Zagier
in [13].

Let T' ¢ SL(2,R) and wy,...,w, € Z4 be as in Section | and consider real
numbers o1, ...,0, with ", 0; = 0. For each positive integer k we denote by
P??(X) the homogeneous polynomial of degree k given by

UHl - O-Hn
Pw,a(X) _ Z 1 n XM X Hn
k lovoqy | — 1. —int n
o ﬂ%_k pale e pnt(pa +wr = Dt (pn + wn — 1!

_Z M—f—w—l) ISR

[u|= K

Let fi,..., fn be modular forms for I' with f; € M,, for each i, and let H"™ be
the n-fold product of the Poincaré upper half-plane H. Then we define the map
f:H" — H" by

f('zla coeszn) = (f1(21)s -+ o5 ful2n))
for all (z1,...,2,) € H™. We also denote by ® : H — H" the diagonal map given
by
D(z)=(z,...,2) € H"
for z € H. Then for each k € Z we see that the multilinear map A}"7 in (Z4) is
given by

~

A:J(.flw--afn) = (P:7a(az) )09
where 9, = (0y,,...,0,,).

Theorem 5.1. For each positive integer k the homogeneous polynomial P (X)
satisfies the following conditions:

(Cry oeXed ) ()
Elw—1)!
) (32 e, ) B () = 87 (00

2
(iii) Z<w£8§( +Xgaa )Pw 7(X) = P2 (X).

(i) P27 (X) =

;
z=1
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Proof. Given a positive integer k, we have
n k
(Z Ungaz_el> (Zw_l)
=1

k! _ . 4 B
= Z Ml' e | (O—i”X{“ azlul) T (UZTLXgnaz,ﬁ”)(Z;M e Zﬁn 1)
lul=k " e

H1 n Y HL | . n
Klo}' - ohn Xy Xh —py wi1—1 — i jwn—1
(07125 ).+ (0 z ).
lpu|=Fk pals e pin! B -

However, for each i € {1,...,n} we have

G i@l — 7(% -1 gitpi=l
= (wi +p — I

Hence we obtain

n k
k!gul...gﬂ'rL w1 — 1 | Wn_]. '
<ZO’ZX€82[1> (zv 1) = Z ' 1 nr(r =D ( )
=1 | ‘:k/'l/l""

pn!(pn + w1 = Do (pn + wn — 1!

« ZW1+/L1 1 wn+un—1xfl e Xk

Z If' w— ]. 'O'N'Zw+u lXH'
7\m K ‘“L“’_l) |

and therefore (i) follows. On the other hand, we have

(Z Xp——r )P“ 7(X)
_ z”: peat
=1yl

. ghHn
O-nn

XH . Xk
kul!"'ﬂn!(ﬂl+w1_1)!"'(ﬂn+wn_1)! ! "

Z ( n ) oM X M
= pe ) —7————-
e\ pp+w—1)!

Thus, using this and the condition Y ., u; = |u| = k, we obtain (ii). As for (iii),

we have
. 0 0? pee(pe e-l—we—l)
wiro + Xemos )PW (X)) = XHe

p—eq
S D DRSS xre

=k (=1 p—e)l(p+w—e —1)

’

:Zw Z o X+

N — |
— W\:k—l‘u'(‘u +w-—1)!

= (o) o0 = ra 00,

=1
which verifies (iii). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MULTILINEAR DIFFERENTIAL OPERATORS 1277

REFERENCES

[1] Y. Choie, Multilinear operators on Siegel modular forms of genus 1 and 2, J. Math. Anal.
Appl. 232 (1999), 34—44. MR [2000a:11074
[2] Y. Choie and W. Eholzer, Rankin-Cohen operators for Jacobi and Siegel forms, J. Number
Theory 68 (1998), 160-177. MR 99b:11050
[3] H. Cohen, Sums involving the values at negative integers of L-functions of quadratic char-
acters, Math. Ann. 217 (1975), 271-285. MR [52:3080
[4] P. Cohen, Y. Manin, and D. Zagier, Automorphic pseudodifferential operators, Algebraic
aspects of nonlinear systems, Birkhauser, Boston, 1997, pp. 17-47. MR [98e:11054
[5] W. Eholzer and T. Ibukiyama, Rankin-Cohen type differential operators for Siegel modular
forms, Internat. J. Math. 9 (1998), 443-463. MR [2000c:11079
[6] M. H. Lee, Hilbert modular pseudodifferential operators, Proc. Amer. Math. Soc. 129 (2001),
3151-3160. MR [2002k:11068
[7] P. Olver, Equivalence, invariants, and symmetry, Cambridge Univ. Press, Cambridge, 1995.
MR 196i:58005
[8] P. Olver, Classical invariant theory, London Mathematical Society Student Texts, No. 44,
Cambridge Univ. Press, Cambridge, 1999. MR 2001g:13009
[9] P. Olver and J. Sanders, Transvectants, modular forms, and the Heisenberg algebra, Adv. in
Appl. Math. 25 (2000), 252-283. MR |[2001j:11016
[10] R. Rankin, The construction of automorphic forms from the derivatives of a given form, J.
Indian Math. Soc. (N.S.) 20 (1956), 103-116. MR [18:571c
[11] B. Schoeneberg, Elliptic modular functions: an introduction, Die Grundlehren der mathema-
tischen Wissenschaften, Band 203, Springer-Verlag, Heidelberg, 1974. MR 54:236
[12] A. Unterberger, Quantization and non-holomorphic modular forms, Lecture Notes in Math.,
vol. 1742, Springer-Verlag, Berlin, 2000. MR [2001k:11079
[13] D. Zagier, Modular forms and differential operators, Proc. Indian Acad. Sci. Math. Sci. 104
(1994), 57-75. MR 195d:11048

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTHERN IowA, CEDAR FALLS, Iowa 50614
E-mail address: lee@math.uni.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2000a:11074
http://www.ams.org/mathscinet-getitem?mr=99b:11050
http://www.ams.org/mathscinet-getitem?mr=52:3080
http://www.ams.org/mathscinet-getitem?mr=98e:11054
http://www.ams.org/mathscinet-getitem?mr=2000c:11079
http://www.ams.org/mathscinet-getitem?mr=2002k:11068
http://www.ams.org/mathscinet-getitem?mr=96i:58005
http://www.ams.org/mathscinet-getitem?mr=2001g:13009
http://www.ams.org/mathscinet-getitem?mr=2001j:11016
http://www.ams.org/mathscinet-getitem?mr=18:571c
http://www.ams.org/mathscinet-getitem?mr=54:236
http://www.ams.org/mathscinet-getitem?mr=2001k:11079
http://www.ams.org/mathscinet-getitem?mr=95d:11048

	1. Introduction
	2. Multilinear differential operators
	3. Theta functions
	4. The general case
	5. Homogeneous polynomials
	References

