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ABsTRACT. ClLH-regularity up to the boundary is proved for solutions of
boundary value problems for elliptic equations with discontinuous coefficients
in the plane.

In particular, we deal with the Dirichlet boundary condition

u=g(z) ond

where g(z) € WQ_%’T(BQ), r > 2, or with the following normal derivative
boundary conditions:

Ou =h(z) or ou +ou=h(z) ondQ
on on

where h(z) € Wl_%’T(QQ), r > 2, 0 > 0 and n is the unit outward normal to
the boundary 9.

1. INTRODUCTION AND MAIN RESULTS

In this paper we are concerned with the study of Cl#-regularity up to the
boundary for solutions of boundary value problems for elliptic equations with dis-
continuous coefficients in the plane.

In the literature there are several results of a priori bounds for solutions of
elliptic equations with continuous coefficients (for example, Shauder-Caccioppoli
estimates or a priori bounds in the space WP for solutions of equations with
Holder continuous coefficients).

Since it concerns elliptic equations with only measurable and bounded coeffi-
cients, the first results are due to C. B. Morrey [10], L. Nirenberg [IT], L. Bers and
L. Nirenberg [2]. Later, R. Finn and J. Serrin [4], P. Hartman [7] improved some
results of L. Nirenberg [T1]. In the papers of Nirenberg, Finn-Serrin, and Hartman,
various regularity properties have been shown, which in particular imply Holder
continuity of the first derivatives of the solution under the assumption of essential
boundedness of the right-hand side of the equation. In these papers, the Holder
exponent of the first derivatives is expressed in terms of the constant that appears
in the Bernstein inequality (see (ICH)).
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1334 SOFIA GIUFFRE

Indeed, by S. Campanato [3] and E. Giusti [6], further regularity results hold.

In order to present these results carefully, let Q C R? be a bounded and open
set with C%-smooth boundary 9€2. We assume that 9Q is a closed curve and let
x1 = z1(p),x2 = z2(p) be the normal parameterization of 02, with ¢ being a
curvilinear parameter, ¢ € [0, L].

We consider the following equation:

2 2

0%u ou .
(1.1) Lu = Mzz:l aij (J:)m + ; bi(z) oz, +e(x)u = f(z) aeinQ
where
(1.2) a’ij(x)vbi(x)vc(x) € L™(9), aij = aji, 1,5 = 1,2,

flx) e LT(Q), r > 2,

and we assume the following uniform ellipticity condition:

2
(1.3) 0<Mf¢l® < Y aiy(@)GG < XC)?, zeQ, (R

ij=1
Let us note that ellipticity condition (T3] implies
(14) a11a29 — 032 >0
and, under (4], the Bernstein inequality holds:
0%u 0%u 0%u 0*u 0%u 0%u
(52)%+ )+ (53)" +24 )?
Oxy 0x10x2 O0xs

_|_

922 92~ Ow10ms

(1.5)

d%u 0%u 9?u\ >

< B — +2a10——— =

B (anaxf T o, 8553)
with

A> 1af) +2ai, + a3y
2 a11a9292 — a%z
AZ -1
B Z P} 2 2 2
2A(a11a22 — aiy) — afy — 2a7, — a3y

(see [8], [15]).

S. Campanato’s result is the following (see [3]):

Proposition 1.1. Suppose conditions ([[L2), (L3) are fulfilled. Then there emist
two real numbers py and p1, 1 < po < 2 < p1, such that for each r € (po,p1) and
for each f € L"(Q2), the Dirichlet problem

(1.6)

admits a unique solution u(x) satisfying

ess supg, a(z) [|AT1(r)

e = T =2a 0]

I
(PAIPZ)
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GLOBAL HOLDER REGULARITY FOR ELLIPTIC EQUATIONS 1335

2A1 A S| i
— 172 5, a(r) = 721 1 9ii(7) and A~1
>\1 + >\2 Z ,] 1 az] (‘T")
of the Laplacian A, A= (r) : L™ () — Wy ().

E. Giusti’s result is the following (see [6]). Let LP*(2), p > 1, be the usual
Morrey space, i.e., the set of functions u € LP(2) such that

where 0 < € < (r) is the inverse operator

filpney = s p / () Pdz < .
2o €N, 0<p<diam) QNB(zo,p)

Then we have

Proposition 1.2. Under the same hypotheses of Proposition 1.1, let q be the posi-

tive number
log(14++v1—¢)z++vV1—¢)
q= sup .

JTE logz
0<z< 1+\/1+7:

Then, for each f € L**(Q), A < 2q, the solution to the Dirichlet problem (LB
satisfies the estimate

< Ol fllL2x@)-

QHa%
L2 (Q)

&Eiaxj

4,j=1

It follows from Proposition 1.1 that Du € C%1~% (Q) for each r € (2,p;) and

ess supq a(x) HA—l(T)H HfHLT(Q)'

1—v1—el|A=1(r)]]
However, what is known about p; is only that it is greater than 2. That is, Du
is Hoélder continuous with some positive exponent, but that exponent cannot be
estimated from above.

On the other hand, Proposition 1.2 provides finer information. In fact, L"(Q2) C

i Q) for 2 < r < ﬁ, and it follows that D?u € L2 (Q), whence
Du e £2 242022 (Q) = C%1=7(Q) (see [§], page 24). Thus we have an estimate for

[Du] < Ollullyy2r(gy < C

C‘““(Q)

A more precise result is due to G. Talentl [15], who derived interior Holder conti-
nuity of the first derivatives of the solution of elliptic equations in the plane with
only bounded and measurable coefficients and expressed the Holder exponent in
terms of the eigenvalues A1, A2 of the linear operator and in terms of the summa-
bility r of the right-hand side of the equation. Moreover, this exponent is better
than the one obtained from Proposition 1.2.

Then G. Talenti’s result is the following (see [15]):

Theorem 1.1. Let Q C R? be an open set. Let conditions (L2) and (L3) be
satisfied, and let u € W22(Q) be a solution of equation (TI). Then, if f € L™(Q),
r>2,ue CY(Q) for each p, 0 < p < min{ {* ’\1 ,1— } Moreover, for each compact
set K C Q and for each open set Q' with the cone pmperty such that K C Q' C Q,
there exists a constant C = C(QV, K, A\, \a, 7, 1) such that

(L7)  |Du(z1) — Duz)| < COMullwrrn + | fllr@) 21 — 221",

dist (K, 09)

Vzl,22€K, |21—22|§ 5
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1336 SOFIA GIUFFRE

Our goal is to extend Talenti’s result, considering the Dirichlet boundary con-
dition or the boundary normal derivative condition, obtaining regularity up to the
boundary with Holder exponent depending on A1, Ao, 7.

Precisely, denoting by n = (X1(p), X2(¢)) the unit outward normal to 952, we
obtain the following results:

Theorem 1.2. Let conditions (L2), (L3) be satisfied, and let us suppose that ¢ < 0.
Let u € W22(Q) be the solution of the problem

Lu= f(z) aeinQ,

u=g(z) on 9.
Then, if f € L"(Q?) and g € W2’%’T(8Q), r>2, u€ CH(Q) for each p, 0 < p <
rnin{ﬁ—;7 1— 2}, and the following estimate holds:

(1.9) [Du] oy < C(IIf]

where C' is a constant depending on Q, 0, A1, Aa, T, p.

Theorem 1.3. Let conditions (L2), (L3) be satisfied, and let us suppose that ¢ < 0.
Let u € W22(Q) be the solution of the problem

(1.8)

Lr) t ||9||W27%,r(89))7

Lu = f(x) a.e.in Q,
(1.10) du B
o +ou=h(z) ondf)

where o > 0. Then, if f € L™(Q) and h € W==7(09), r > 2, u € CY*(Q), for
each p, 0 < p < min{%, 1- %}, and the following estimate holds:

2

(1.11) [Du] o ey < C(IIf]

@) 1l a1 )

where C' is a constant depending on 2, 0Q, A\1, Ao, T, i, 0.
These results also hold for nonlinear operators of the type A(z,u, Du, D?u),

where D?u denotes the Hessian matrix of u, with Dirichlet or normal derivative
boundary conditions (see section 3).

2. PROOF OF THE THEOREMS

Proof of Theorem [[Z2 First we consider problem (L8] with homogeneous boun-
dary condition:

Lu= f(z) ae inQ,
(2.1) { u=0 on 09Q.

Interior regularity for the solution to problem (ZI) follows from Theorem [Tl Let
us prove boundary regularity.

Let ¢ be a point of 02, and let us flatten 0N in a neighborhood U of xg.

We introduce locally a transformation of coordinates & = Tz with components

i‘l = T1($1,.132),
Zo = To(x1, 22)

such that T'(zg) = 0 and
T(UNQ) = Br ={i = (#1,%2) € R?: |Z| < R, 3 > 0},
TUNIN) =T ={icR?: |F <R, &y = 0}.
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GLOBAL HOLDER REGULARITY FOR ELLIPTIC EQUATIONS 1337

It is possible to normalize T" in such a way that on 02,

oy oy
(2.2) gx; . and %lel .
s 7 .

In fact, by virtue of the assumptions on 0f2, in the neighborhood U, 02 can be
represented by the graph of the function zy = v (x1), where 9 is of class C! with
its inverse and 3 > (1) in U N Q. Then we may assume

= /L N / ¥ (W L(t)) .
0 \/1+w'2(> 0 \/1+uﬂ2<w*1<t))

t
— —dt + dt
/0 \/1+w'2 / Y1FeP @)
and (2.2) holds.

Let us remark that Zo = 0 if 22 = (1) and relationships imply that the
Jacobian J of the transformation 7" is J = 1 on 0.
If u(z) is the solution to problem (2.]), let us set

() = (uo T™)(7) = u(w),
f@) = (foT @) = f(x).

It follows that

(2.3)
. 2 e N
£i@ = 3. @@ gz gz + 2 @) g +8@i=J@)  acinBn
ij=1 v i=1 v
ﬂ(i’l,O) =0 on FR
where
2
- oT; 0T}
ai] (.13) - kgz:l a/kl( )afEk afEl
(2.4) . 2 02T, oT;
RS (o017 gy + 0060 552 ).

Let us note that £ is such that in B,

~ ~ ~2 _ 2 ~
G11G22 — A7y = Q11622 — afo +€1(F),
a1 + G2 = a1 + agz + &2(Z),

2 2
> = 3 )
4,7=1 3,j=1
with €1(Z), €2(Z), €3(Z) such that ~lir% (%) = 0,47 =1,2,3, and that £ still satisfies
T—
conditions (I.2), ([3) with constants 0 < A\; < As.
If & € W22(Bg) is the solution to problem (Z3), we denote by

e a(E, ) if & >0,
(26) W, T2) = { —(F1, —&2) if &2 <0.

(2.5)
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1338 SOFIA GIUFFRE

Let us prove that (%1, Z2) belongs to W2?2(Bg), where Bg = {7 € R? : || < R}.
At first we observe that w is continuous in o = 0; in fact, from the boundary
condition we have

lim @(Z1,%2) = 4(%1,0) =0,

x2~>0+
lim (%1, %2) = —u(%1,0) = 0.
To—0~
Moreover, from (Im) it is easily seen that @ ou 0 belong to LQ(B ). If
. ou  ou .
) Y ’ 8@1" 85318573' & "
we put
Q11 (&1, 32) = a1 (Z1,%9)  if I3 >0,
11(Z1, T2 a1 (z1,—72) if T2 <0,
du(jhj-z) if o >0,
012($1ax2) { _a12 xl; —xQ) if To <0,
T
To2(Z1, Z2) 622 $1,£C2 e 0,
a2(71, —T2) if T2 <0,
(27) x x . bl $1,$2 1f 1’52 Z 07
1, 2 bl (E1,—x2 if To < 0,
b2 1‘1 1‘2) if 2o >0
bo (31, , o
2(T1,2) = { —b2 1517_552) if T5 <0,
xl,xg if 532 > 07
(El;x2 { 3317 —1‘2 if i‘g < 07

F(@1, ) = { F@d) i 820,

—f(.f?l, —i‘g) if To < 07

we obtain that @(Z1, Z2) satisfies the equation

Zﬂ(f) = Z 2%} (53) E{) U'N_ + Zgz(i‘) 8H + E(f)ﬂ = 7(.%) a.e.in Br

with f € L"(Bg).

It is easily seen that the coefficients of the operator £ satisfy condition (T.2).
Moreover, £ has the same eigenvalues as £, and then condition @C3) is still verified
with constants 5\1, 5\2.

Then from Theorem [Tl it follows that @ € C'*(Bg-) with R* < R and p <
min{ ?\—;, 1— %}

We may prove that u € C*#(B,) with p < R* and p < rnin{)‘1 1- %}

In fact, from (Z5) it follows that A\; > Ay + w1 (Z), Ao < Ag 4 wo(E), with wi(Z),
we(Z) - 0asz — 0. fu< mln{)\;,l - r}, then there exists p, 0 < p < R*, such
that in B, u < min{f\\—;, 1 — 2} and then, for what we have proved, u € C'*(B,,).

Moreover, the following estimate holds:

D] - (D

CO(By) con(B, ) = (||f| Lr(Bgr) + MUl (Bg))-

Taking into account that
[

[@llwrry = 2 @lwrr (a4,

LT
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GLOBAL HOLDER REGULARITY FOR ELLIPTIC EQUATIONS 1339

we may conclude
(28) Doy < CUTN 3y + Ml )

Since 02 is compact, only a finite number of such neighborhoods are needed to
cover it, and then we obtain boundary Holder regularity of Du with exponent
w< min{i—;, 1-— %}
Finally, from interior and boundary regularity, global regularity follows.
Moreover, since, by virtue of the assumptions, for the unique solution to problem

1) we have

ullw22(0) < CllfllLr @)
by (L7), 2:) and the above estimate, we get
(2.9) [Du]con@ < Cllullwrr@ + 1fllr@) < Clfller@)-

Now we may study the nonhomogeneous case.
Let u be the solution to problem (LX) with g € W2~ +7(99), and let w be the
solution to the problem
Aw =0 a.e. in €,
{ w=g(z) ondf.
By classic results it follows that w € W27 (Q) and

[wllw2r@) < C||9||W2-%,r(89)-

By means of the Sobolev Theorem we get w € C'* (), for each A\, 0 < A < 1 — %,
and

(2.10) lwlicrr@y < cllwllwzr@) < cllgllye-1.r 50

The function v = u — w is the solution of the problem

Lv=f(z)— Lw a.einQ,
(2.11) { v=20 on 0f).

Since the right-hand side of the equation in ([2.I1I) belongs to L"(Q2), for what we
have proved in the homogeneous case, it follows that v € CY#(Q), for each pu,
0 < p< min{i—;,l — 2} and then u = v + w belongs to C*#(12), for each ,

0<pu< min{i—;, 1 — 2}, Moreover by ([2.9), [210),
[Dul oy < [Dv]coum) + [Dwlconm < CUIf — LwllLro) + [Dwlconm)
< O([[fllr @) + llwllwzr (o))
< Ol ler@) + gl o- 1.0 o0 )-

O

Proof of Theorem [[3 As in the Dirichlet case, we prove the assertion for problem
(C10) with homogeneous boundary condition, and then we obtain the result for the
nonhomogeneous case.

First we study problem (LI0) with o = 0:

Lu=f(z) aeinQ,
2.12
(2.12) Ou =0 on 0fL.
on
If w € W22(Q) is the solution to problem (ZI2)), interior regularity follows from
Theorem [[11.
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In order to obtain boundary regularity, we repeat the same arguments as above

introducing the transformation £ = T'x with the same properties
The function

a(Z) = (uoT™1)(2)

satisfies the boundary condition

8—532(1)1,0) =0 on fR.
In fact, on I'g,

ou ou ou
% = 8—1X1 + 8—1‘2X2
o

~ 8T1 8T1 8’11, - 8T2 8T2

= 0) (=—X — X 0) (=—X —Xo).

A (#1,0) (&51 L Oy )+ 0o a5, 0 0) (&m Y By 2)

From properties ([2:2) of transformation T, it follows that

T: T:
QXl—i—a 2

Xo=-1
(99c 8152 2
and

Then @ satisfies

where @;;, bi, & are prescribed in (24) and f(7) = (f o T~1)(%)
Now if we denote by

T, o) = w(Z1,Z2) if 29 >0,
LRI (@, —20)  if &5 <0,
we obtain that %(Z1,72) belongs to W22(Bg)

If we put @;;, b;, € as in (Z7) and

(@1, 32) = { ;&22) Pz

if Z5 <0,
Z9) satisfies the equation

we obtain that u(z,

2 9%u 2 s )

1 bi(Z)7— +c(Z)u = f(Z) aeinB

;]::1 i 33%3% + ; (x)axi +e(@)u=f(z) aeinBg

with f € L"(Bg).

Repeating the same arguments as above, we obtain that u € C*#(Q) for each pu,
0 < p < min{ )\1 ,1— 2} and the following estimate holds:

(2.13) [Du]con g

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



GLOBAL HOLDER REGULARITY FOR ELLIPTIC EQUATIONS 1341

Now we may consider problem (II0) with o > 0 and the homogeneous boundary

condition:
Lu = f(x) a.e.in €,
(2.14) { %—l—auzo on 0f).
Let u € W22(Q) be the solution of (214, and let w be the solution to the problem
Aw—w=20 a.e. in {2,
{ g—: =ou € W%’Q(Z?Q) on 0fL.

From classic results it follows that w € C%1(Q) and

(2.15) lwliwzr@) < cllully, 5.2 4, < clullwz2@) < el flor@)-

200
If we set v = u + w, it follows that

{ Ly=f+Lw ae inQ,

(2.16) v

— =0 on 0fL.

on

Since the right-hand side of the equation in (ZI6) belongs to L™(Q), for what we
proved in the case 0 = 0, v € C#(Q), for each pu, 0 < p < min{i—;, 1- %} and
then u = v — w belongs to C1#(12) for each y, 0 < p < min{3t,1 — 2}. Moreover,

A
A2
by (2.13) and (215) we get the following estimate:
[Du]covu(ﬁ) < [DU]COYM(ﬁ) + [Dw]coyu(ﬁ)
(2.17) < CO(If + Lwl @) + [Dw] o)
< CIfller ) + llwllwzr @) < Cllf]
Finally it remains to study problem ([LI0) with nonhomogeneous boundary condi-
tion, with h € W=7 (9Q).
Repeating the same arguments as in the Dirichlet problem, we obtain that the
solution u to problem (LI0) belongs to C*#(Q), for each u, 0 < p < min{i—;, 1-2},
and estimate (1) holds. O

L™(Q)-

3. GLOBAL REGULARITY FOR THE NONLINEAR PROBLEM

Let A(z,2,p,€) : @ x R x R?2 x R?*2 R, f(z,2,p) : 2 x R xR? — R be
real-valued functions satisfying Carathéodory’s condition, i.e., they are measurable
in 2 for all (z,p, &) € RxR?xR2*2 and continuous in the other variables for almost
all z € Q.

We will prove global Holder regularity for solutions to Dirichlet or normal de-
rivative problems associated to the nonlinear operator A (Jc, u, Du, D2u) under the
following ellipticity condition:

there exist o, v, 6 > 0, v+ 9§ < 1, such that, for almost all x € Q, for all
2€R, peR? & 7R, one has
(A) <7yl€ll+6

2
> i

i=1

2
Zgii - a[A(va7p7£+T) - A(xvzvp77—)]
=1

where € = {&;}ij=1, 1€ = (X521 €3) 7 and
Az, z,p,0) = 0.
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1342 SOFIA GIUFFRE

Let us observe that condition (A) does not imply continuity of the operator with
respect to the independent variable x, but, in view of Carathéodory’s character,
only measurability with respect to x is required (see [§] for more details).

Since it concerns the function f(z,z,p), we assume that

(B) (@ 2,p)| < fall2]) [f2(@) + 1pP]

for almost all z € €, for all (z,p) € R x R?, where f; € C°(RT) is a positive,
monotone nondecreasing function and fo € L"(Q2), r > 2, is positive; and

. G(z) det |ay|
(©) (signz)f(x,z,p) <2 W

for a.a. z € Q, |2] > N = const > 0, p € R?, where a;j(z, 2,p, / 8{ (z,z,p,
ij

s€)ds € L™®(Q x R x R2 x R?%2), G(a:) € L*(Q) and H € L} _(R?) are positive
functions such that [, G(z)dx < [, H(p)dp.

Under conditions (A), (B) (C) the results by [0], [14] ensure the existence of a
solution u € W27 (Q), r € ]2,70[, to the following Dirichlet and normal derivative

problems:
(3.1) { A (z,u, Du,D*u) = f(z,u,Du) a.e.in,
u=g(z) on 9Q
and
A (z,u, Du, D*u) = f(z,u,Du) a.e.inQ,
o { % + ou = h(z) on 99

with o > 0. Moreover, the following estimates hold (see [5], [14], [LI7]):

(33) el ey < max{N, 9] 2t oy} + Reliam,

. 1
(3.4) [ull oo () < maX{N It 1_%“89)} +R {dlamQ + ;}

/BR(O)H(p)dp—/QG(x)dx

and Br(0) is a ball with center at the origin and radius R and
with r € ]2,79[ and C = C(a, 7, §,r, 8, f1, f2, N, R,diam ) for problem @Il and

C' also depends on o for problem (E.2).
We may prove the following C1#(2)-regularity results.

where R is such that

Theorem 3.1. Let conditions (A), (B), (C) be fulfilled. Let g € sz%’r(ag),
r € 12,70, and let u € W27 (Q) be a solution of problem [B.]). Then u € CH#(R),

for each p, 0 < pu < min{ﬁm, — 2}, and the following estimate holds:
(36) Doy < O+ 19l )

where C1 = C1(a, v, 9,7,09, f1, f2, N, R,diam , u).
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Theorem 3.2. Let conditions (A), (B), (C) be satisfied. Let h € Wl_%”"((‘)g),
r € ]2,7r0[, and let u € W2 (Q) be a solution of problem ([B.2)). Then u € CH+(Q),

for each p, 0 < p < min{ﬁ%, 1- 2} and the following estimate holds:

(3.7) Dulconay < Coll+ hllya_t o)

where Co = Ca(av, v, 0,7,08, f1, fo, N, R,diam Q, o, u).

Proof of Theorems [3.1] and [3.3. We start by recalling the following result, which
shows that condition (A) implies uniform ellipticity of our nonlinear operator (see

8], [13])-
Lemma 3.3. Assume A(z,u, Du, D?u) satisfies condition (A). Then the function
€ — A(x,z,p,€) is a.e. differentiable in R**? for a.a. © € Q, ¥(z,p) € R x R2.

W, it follows that A;j(x, 2z,p,&) €
ij
L>®(Q2 x R x R? x RQXQ) and the followmg ellipticity condition holds:

5
ig=1 >4

for a.a. x € Q, Vz R, pcR?, Ve e R?>2, V(¢ € R

Moreover, if we set A;j(z,2,p,&) =

7+\/5(1+5)22:C2

i=1

Using Lemma [3:3] we may rewrite the equation in problem (3]) as an equation
with linear structure with L principal coefficients in the following way:
2

(3.9) Y A% () Ou_ _ F(x,u, Du)
=1 axiaxj T
where . )
A”(Jﬁ) :/ OA(x, u(x), Du(z), tDu) dt € L™(Q)
0 9Eij

and {A%(z)}; j=1,2 is a positive definite matrix with eigenvalues less than or equal

M and greater than or equal to 12(8)?  ep problem (BI) is

to o

equivalent to
2

i 0?%u
A — D e inQ
(310) ijz‘z:l (l‘) 5‘%13:5] f(xv u, u) a.e. mdl,
u=g(z) on 9.

If u € W27(Q) is a solution of problem (&), f(z,u, Du) € L"(Q). In fact,
(311) £z, Du)| < fi(ful) [oe) + [Dul?] < il o) [ o) + [Duf®

Taking into account the equivalence between problems (B:I)) and (BI0), applying

Lu(Q) : 1-(y+8)? _2
Theorem [[2] we get that u € C#(Q), for each pu, 0 < pu < Imn{4(%_\/5(1_~_6))7 }
and the following estimate holds:
(3.12) [Dulcon@) = Cllf(,u, Du)llr@) + 119l 220 50

Taking into account (33), (BH) and (BIIl) we obtain (30).

Repeating the same arguments for problem (B2), applying Theorem [[3] we get
the assertion of Theorem 3.2 O
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