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H1-BOUNDS FOR SPECTRAL MULTIPLIERS ON GRAPHS

IOANNA KYREZI AND MICHEL MARIAS

(Communicated by Andreas Seeger)

Abstract. We prove that certain spectral multipliers associated with the dis-
crete Laplacian on graphs satisfying the doubling volume property and the
Poincaré inequality are bounded on the Hardy space H1.

1. Introduction and statement of the results

Let Γ be a countable infinite set, and let σxy = σyx be a nonnegative and
symmetric weight on Γ× Γ satisfying σxx > 0, x ∈ Γ. This weight induces a graph
structure on Γ. We call the vertices x and y neighbors and we write x ∼ y when
σxy 6= 0. We assume that Γ is connected, i.e., any two vertices are joined by a path
and that Γ is endowed with its natural distance d.

We consider the discrete measure

µ ({x}) =
∑
y∼x

σxy, x ∈ Γ.

For simplicity, we set µx = µ ({x}) and Lp = Lp (Γ, µ). We define the volume V (A)
of a subset A of Γ by V (A) =

∑
x∈A µx and write V (x, r) or V (B) for V (B (x, r)),

where B (x, r) = {y : d (x, y) ≤ r}.
We consider the kernel

p (x, y) =
σxy
µx

, x, y ∈ Γ.

Clearly, p (x, y) ≥ 0 and
∑

y p (x, y) = 1, for every x ∈ Γ, i.e., p (x, y) is a Markov
kernel. This kernel is not symmetric, but it is reversible with respect to the measure
µ, i.e., p (x, y)µx = p (y, x)µy.

We shall finally assume that there is an α > 0 such that

(1.1) p (x, y) > α, whenever x ∼ y.
Let us now present the geometry of the graph. We shall assume that Γ satisfies

the so-called “doubling volume property”, i.e., there is a constant C > 0 such that

(DV) V (x, 2r) ≤ CV (x, r) , x ∈ Γ, r > 0.

This implies that there is a D > 0 depending only on C such that

(1.2) V (x, r) ≤ C
(r
s

)D
V (x, s) , for r > s > 0.
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A graph satisfying (DV) is a space of homogeneous type in the sense of Coifman
and Weiss. Thus we can define the atomic Hardy space H1 (Γ) and the space of
functions of bounded mean oscillation, BMO (Γ), in the standard way. See below
for precise definitions. Furthermore, by Theorem B of [4], BMO (Γ) is the dual of
H1 (Γ).

We shall also assume that Γ satisfies an L2-Poincaré inequality, i.e., there is a
constant C > 0 such that

(PI)
∑

x∈B(x0,r)

|f(x)− fB|2 µx ≤ Cr2
∑

x,y∈B(x0,2r)

|f(y)− f(x)|2 σxy,

for all functions f on Γ, x0 ∈ Γ and r > 0, where

fB =
1

V (x0, r)

∑
x∈B(x0,r)

f(x)µx.

We consider the Markov operator

Pf(x) =
∑
y

p (x, y) f (y) .

The operator L = I − P is the discrete analogue of the Laplace-Beltrami operator
on a Riemannian manifold.

The reversibility of p (x, y) with respect to µ implies that P is selfadjoint on L2.
Also, it is easy to check that L satisfies

〈Lf, f〉L2 =
1
2

∑
x,y

(f (x)− f (y))2
σxy.

Therefore the operator L is positive. Since it is also selfadjoint on L2, it admits a
spectral resolution

L =
∫ ∞

0

λdEλ.

Given a bounded measurable function m (λ) we can define, by using the spectral
theorem, the operator

m (L) =
∫ ∞

0

m (λ) dEλ.

This operator is bounded on L2. The function m (λ) is called a multiplier.
We say that m (λ) is of Laplace transform type if

(1.3) m (λ) = λ

∫ ∞
0

M (t) e−λtdt,

where M (t) is a bounded measurable function.
These multipliers have been studied by Stein [12]. He proved that if L is the in-

finitesimal generator of a strongly continuous semigroup of operators on L2 (E, dξ),
with E a locally compact space and ξ a positive measure on E, the operator m (L)
is bounded on Lp (E, dξ) for p ∈ (1,∞).

In this article we shall prove the following.

Theorem 1. Let Γ and L be as above. If m (λ) is a multiplier satisfying (1.3),
then the operator m (L) is bounded on H1 (Γ) and there is c > 0, independent of
M , such that

(1.4) ‖m (L)‖H1→H1 ≤ c ‖M‖∞ .
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Note that by duality, (1.4) implies that m (L) is bounded on BMO and by
interpolation on Lp for p ∈ (1,∞).

For γ ∈ R∗, we have

λiγ = λ

∫ ∞
0

tiγ

Γ (iγ + 1)
e−tλdt.

Thus Theorem 1 has the following

Corollary 1. Let Γ and L be as above. Then, for any γ ∈ R∗, Liγ is bounded on
H1 (Γ) and there is c > 0 such that∥∥Liγ∥∥

H1→H1 ≤ c |Γ (iγ + 1)|−1 .

It follows from (1.3) that λkm(k) (λ) is bounded for all k ∈ N. This implies
that Laplace transform type multipliers can be considered as Marcinkiewitz or
Hörmander-Mikhlin multipliers. This class of multipliers has been extensively
studied in several contexts. See, for example, [1], [2] and the references therein.
Alexopoulos, [2], proved, by a different method, that Hörmander-Mikhlin spectral
multipliers are L1 − L1

weak bounded and Lp-bounded for p ∈ (1,∞).
Imaginary powers of the Laplacian and more generally of second-order differential

operators, have been studied for example in [3], [11], [7]. Especially, Corollary 1 is
proved in [7] in the setting of Riemannian manifolds satisfying the doubling volume
property and a Poincaré inequality.

Throughout this article the different constants will always be denoted by the
same letter c. When their dependence or independence is significant, it will be
clearly stated.

2. Preliminaries

2.1. The spaces H1 and BMO. An atom is a function a on Γ that is supported
in a ball B = B (y0, r), has mean value 0, i.e.

∑
x a (x)µx = 0, and satisfies

(2.1) ‖a‖∞ ≤ V (y0, r)
−1
.

Note that (2.1) implies that

(2.2) ‖a‖1 ≤ 1 and ‖a‖2 ≤ V (y0, r)
−1/2

.

A function f ∈ L1 is said to be in the atomic Hardy space H1 if there is a
sequence (λn) ∈ `1 and a sequence of atoms (an) such that f =

∑
n λnan, where

the convergence is taken in the sense of L1. We set

‖f‖H1 = inf
∑
n

|λn| ,

where the infimum is taken over all such decompositions of f .
Given f ∈ Lploc, 1 ≤ p < ∞, we say that f ∈ BMOp if there is a Cp > 0 such

that

(2.3)

(
1

V (B)

∑
x∈B
|f (x)− fB|p µx

)p
< Cp,

for all the balls B of Γ, where fB is the mean value of f on B. The norm ‖f‖∗,p is
defined as the smallest of the constants Cp satisfying (2.3).
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As is shown in [4], Theorem B, the spaces BMOp1 and BMOp2 , 1 ≤ p1, p2 <∞,
coincide as vector spaces and the norms ‖.‖∗,p1

and ‖.‖∗,p2
are equivalent. Hence-

forth, we shall denote by BMO the space BMOp and by ‖.‖∗ one of the equivalent
norms ‖.‖∗,p.

Let C0 (Γ) be the space of functions on M with finite support, and define VMO
as its closure in BMO.

The dual of H1 is BMO ([4], Theorem B, p. 593) and as a consequence, H1

itself is the dual of VMO ([4], Theorem 4.1).
Finally, one can easily deduce from (2.3) with p = 2, that there is c > 0 such

that for all f ∈ BMO, all k ∈ N and all balls B ⊂ Γ,

(2.4)
1

V (2kB)

∑
x∈2kB

|f (x)− fB|2 µx < ck2 ‖f‖2∗ ,

where 2kB = B(x0, 2kr) if B = B(x0, r).

2.2. Markov kernels estimates. Let pn (x, y) denote the nth iterate of the kernel
p (x, y) defined by

(2.5) pn (x, y) =
∑
z

p (x, z) pn−1 (z, y) , n ≥ 1.

As usual, we set p0 (x, y) = δx (y), where δx is the Dirac mass at x.
We have that

(2.6) Pnf(x) =
∑
y

pn(x, y)f (y) .

Note that since p (x, y) 6= 0 if and only if x ∼ y, (2.5) implies that

pn (x, y) = 0, if d (x, y) > n.

These kernels are reversible with respect to the measure µ, i.e., pn (x, y)µx =
pn (y, x)µy. This fact and the Markov property of p (x, y) implies that for all n ∈ N
and y ∈ Γ,

(2.7)
∑
x

pn (x, y)µx = µy.

It has been proved by Delmotte (cf. [6], [5]) that the geometric assumptions
(DV), (PI) on Γ and the condition (1.1) on the kernel p (x, y) are in fact equivalent
with the following Gaussian estimates of pn (x, y): there are constants c1, c′1, c2, c

′
2 >

0 such that

(G) c1
µy

V (x,
√
n)
e−c

′
1
d(x,y)2

n ≤ pn (x, y) ≤ c2
µy

V (x,
√
n)
e−c

′
2
d(x,y)2

n ,

for all x, y ∈ Γ.
We set

rn (x, y) = pn (x, y)− pn+1 (x, y) , n ∈ N.
The kernel rn (x, y) is the “discrete time derivative” of pn (x, y).

We recall the following lemma from [9].

Lemma 1. There are constants c, c′ > 0 such that

(2.8) |rn (x, y)| ≤ c′ µy
nV (x,

√
n)
e−c

d(x,y)2

n ,

for all x, y ∈ Γ and n ∈ N.
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Let us fix y and y0 ∈ Γ and set

qn (x) =
rn (y, x)− rn (y0, x)

µx
, x ∈ Γ.

It is easy to check that both rn (x, y) and qn (x) satisfy the discrete parabolic
equation

(2.9) un+1 (x)− un (x) = −Lun (x) .

Let us now recall that the solutions of (2.9) satisfy the following Hölder regularity
property (see Proposition 4.1 in [6]).

Lemma 2. There are h ∈ (0, 1) and c > 0 such that for all x0 ∈ Γ, n0 ∈ Z,
R ∈ N, every function u satisfying (2.9) in Q =

(
Z ∩

[
n0 − 2R2, n0

])
×B (x0, 2R),

x1, x2 ∈ B (x0, R) and n ∈ Z ∩
[
n0 −R2, n0

]
,

(2.10) |u (n, x1)− u (n, x2)| ≤ c
[
d (x1, x2)

R

]h
sup
Q
|u| .

As a consequence of (2.8) and (2.10), one can prove as in [8, Lemma 27] that
qn (x) satisfies the following estimate.

Lemma 3. There are h ∈ (0, 1) and c3, c
′
3 > 0 such that, for every n ∈ N and

x, y, y0 ∈ Γ such that d (y, y0) ≤
√
n,

(2.11) |qn (x)| ≤ c′3
nV (x,

√
n)

[
d (y, y0)√

n

]h
e−c3

d(x,y0)2

n .

We can deduce from (2.11), by arguing as in the proof of Lemma 11 of [8], the
following.

Lemma 4. Let c3 be as in (2.11). Then, for every β < 2c3, there is cβ > 0 such
that, for d (y, y0) ≤ √n,

(2.12)
∑
x

|qn (x)|2 eβ
d(x,y)2

n µx ≤
cβ

n2V (x,
√
n)

[
d (y, y0)√

n

]h
.

3. Proof of Theorem 1

Since VMO is the dual of H1, in order to prove that m (L) is bounded on H1

it suffices to show that there is a c > 0 such that for every atom a and φ ∈ BMO
with finite support, ∣∣∣∣∣∑

x∈Γ

m (L)a (x)φ (x)µx

∣∣∣∣∣ ≤ c ‖φ‖∗ .
For every ε ∈ (0, 1) we set

mε (z) = z

∫ 1/ε

ε

M (t) e−ztdt, Re z > 0.

Since mε (z) −→ m (z), as ε → 0, uniformly on compacta, one has that for all
f ∈ L2 (Γ),

‖mε (L) f −m (L) f‖2 → 0 as ε→ 0.
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Furthermore,

mε (L) = L

∫ 1/ε

ε

M (t) e−Ltdt =
∫ 1/ε

ε

M (t) (I − P ) e−tetPdt

=
∫ 1/ε

ε

M (t) e−t
∞∑
n=0

tn

n!
(
Pn − Pn+1

)
dt.

Let Tε (x, y) be the kernel of mε (L). By using (2.6) we have that

Tε (x, y) =
∫ 1/ε

ε

M (t) e−t
∞∑
n=0

tn

n!
(pn (x, y)− pn+1 (x, y)) dt

=
∫ 1/ε

ε

M (t) e−t
∞∑
n=0

tn

n!
rn (x, y) dt.(3.1)

Proposition 1. The operators mε (L), ε ∈ (0, 1), are bounded from H1 to L1.

Proof. Let a be an atom supported in a ball B = B (y0, r). Thus, by (3.1) and
(2.7),

∑
x

|mε (L)a (x)|µx ≤
∑
x

µx

∣∣∣∣∣
∫ 1

ε

ε

M (t) e−tdt
∑
n∈N

tn

n!

∑
y

rn (x, y) a (y)

∣∣∣∣∣
≤ ‖M‖∞

∑
y

|a (y)|
∫ 1

ε

ε

e−tdt
∑
n∈N

tn

n!

∑
x

[pn (x, y) + pn+1 (x, y)]µx

≤ 2 ‖M‖∞
∑
y

|a (y)|
∫ 1

ε

ε

e−tdt
∑
n∈N

tn

n!
µy

= 2 ‖M‖∞ ‖a‖1
∫ 1

ε

ε

dt = c (ε) ‖M‖∞ ,

since ‖a‖1 ≤ 1. �

The following cancellation property is crucial for the proof of Theorem 1.

Proposition 2. For every atom a,

(3.2)
∑
x

mε (L) a (x)µx = 0.

Proof. In the proof of Proposition 1 above, we have seen that the integral

∑
x

mε (L) a (x)µx =
∑
x

(∫ 1
ε

ε

M (t) e−t
(∑
n∈N

tn

n!

∑
y

rn (x, y) a (y)

)
dt

)
µx
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is absolutely convergent. Therefore, we can interchange the order of summation
and by using (2.7) we get∑

x

mε (L)a (x)µx =
∫ 1

ε

ε

M (t) e−t
∑
n∈N

tn

n!
dt
∑
y

a (y)
∑
x

rn (x, y)µx

=
∫ 1

ε

ε

M (t) e−t
∑
n∈N

tn

n!
dt
∑
y

a (y)
∑
x

(pn (x, y)− pn+1 (x, y))µx

=
∫ 1

ε

ε

M (t) e−t
∑
n∈N

tn

n!
dt
∑
y

a (y) [µy − µy] = 0.

�
Let φ ∈ BMO and, given a ball B (y0, r), let us set 2B = B (y0, 2r) and denote

by φ2B the mean value of φ on 2B. By the cancellation property (3.2) we can write∑
x

mε (L)a (x)φ (x)µx =
∑
x

mε (L) a (x) {φ (x) − φ2B}µx.

Decompose φ− φ2B as follows:

φ− φ2B = (φ− φ2B)χ2B + (φ− φ2B)χ(2B)c = φ1 + φ2,

and write∑
x

mε (L)a (x)φ (x)µx =
∑
x

mε (L) a (x)φ1 (x)µx +
∑
x

mε (L) a (x)φ2 (x)µx

= E1 + E2.

Estimation of E1. By (2.2), the L2-boundedness of mε (L) and (2.4) we have
that

|E1| ≤ ‖mε (L) a‖2 ‖φ1‖2 ≤ ‖mε (L)a‖2 ‖(φ− φ2B)χ2B‖2
≤ ‖mε (L)‖2→2 ‖a‖2 ‖(φ− φ2B)χ2B‖2
≤ c ‖mε‖∞ V (B)−1/2 V (2B)1/2 ‖φ‖∗ ≤ c ‖mε‖∞ ‖φ‖∗(3.3)

where in the last inequality we have used the doubling property (DV).
Estimation of E2. Let us consider the shells Sk = 2k+1B − 2kB. We have that

E2 =
∑
x∈Γ

mε (L)a (x)φ2 (x)µx

=
∞∑
k=1

∑
x∈Sk

∫ 1
ε

ε

M (t) e−t

∑
n≥0

tn

n!

∑
y

rn (x, y) a (y)

 dt

φ2 (x)µx

=
∞∑
k=1

∑
x∈Sk

∫ 1
ε

ε

M (t) e−t

 r2∑
n=0

tn

n!

∑
y

rn (x, y) a (y)

 dt

φ2 (x)µx

+
∞∑
k=1

∑
x∈Sk

∫ 1
ε

ε

M (t) e−t

 ∞∑
n=r2+1

tn

n!

∑
y

rn (x, y) a (y)

 dt

φ2 (x)µx

:=
∞∑
k=1

E0
2,k + E∞2,k.
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Estimation of E∞2,k. Since the atom a has mean value 0, we have that∑
y

rn (x, y) a (y) =
∑
y

{
rn (x, y)
µy

− rn (x, y0)
µy0

}
a (y)µy =

∑
y

qn (x) a (y)µy.

Therefore,

(3.4) E∞2,k =
∑
x∈Sk

∫ 1
ε

ε

M (t) e−t

 ∞∑
n=r2+1

tn

n!

∑
y

qn (x) a (y)µy

 dt

φ2 (x)µx.

Making use of the estimate (2.12) for qn (x) and (2.4) we have∑
x∈Sk

|qn (x)φ2 (x)|µx

≤
(∑

x

|qn (x)|2 eβ
d(y,x)2

n µx

) 1
2
(∑
x∈Sk

e−β
d(y,x)2

n |φ2 (x)|2 µx

) 1
2

≤ c

n
√
V (y,

√
n)

(
d (y, y0)√

n

)h
e−β

(2kr)2

2n

 ∑
x∈2k+1B

|φ (x) − φ2B|2 µx


1
2

≤ c

n
√
V (y,

√
n)

(
r√
n

)h
e−β

(2kr)2

2n kV
(
y0, 2k+1r

) 1
2 ‖φ‖∗ .(3.5)

Now, if x ∈ Sk and y ∈ B (y0, r), then d (x, y) ≤ 2k+2r and hence 2k+1B ⊂
B
(
y, 2k+3r

)
. So, if n ≤ 22k+6r2, then by (1.2) and (3.5) we get∑

x∈Sk

|qn (x)φ2 (x)|µx ≤
ck ‖φ‖∗
n

(
r√
n

)h
e−β

(2kr)2

2n

(
2k+3r√

n

)D

≤ ck ‖φ‖∗
n

(
r√
n

)h
e−β

(2kr)2

4n .(3.6)

If n ≥ 22k+6r2, we have V (y,
√
n) ≥ V

(
2k+3r

)
. Hence by (3.5),∑

x∈Sk

|qn (x)φ2 (x)|µx ≤
c

n
√
V (y,

√
n)

(
r√
n

)h
e−β

(2kr)2

2n kV
(
y0, 2k+1r

) 1
2 ‖φ‖∗

≤ ck ‖φ‖∗
n

(
r√
n

)h
e−β

(2kr)2

4n .(3.7)

It follows from (3.4), (3.6) and (3.7) that∣∣E∞2,k∣∣ ≤ ‖M‖∞∑
y

|a (y)|µy
∞∑

n=r2+1

1
n!

∫ ∞
0

tne−tdt
∑
x∈Sk

|qn (x)φ2 (x)|µx

≤ c ‖M‖∞ k ‖φ‖∗
∑
y

|a (y)|µy
∞∑

n=r2+1

1
n

(
r√
n

)h
e−β

(2kr)2

4n

≤ c ‖M‖∞ k ‖φ‖∗ ‖a‖1
∫ ∞
r2

e−β
(2kr)2

4s

(
r√
s

)h
ds

s

≤ c ‖M‖∞ k ‖φ‖∗ 2−kh.
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This implies that

(3.8) |E∞2 | ≤
∑
k

∣∣E∞2,k∣∣ ≤ c ‖M‖∞ ‖φ‖∗∑
k

k

2kh
≤ c ‖M‖∞ ‖φ‖∗ .

Estimation of E0
2,k. In order to estimate E0

2,k, the Gaussian estimate (2.8) for
rn (x, y) is sufficient. In fact, it follows from (2.8) and (1.2) that

(3.9) |rn (x, y)| ≤ c µy
nV (y,

√
n)
e−c

′
2
d(x,y)2

2n .

Proceeding as in the case of E∞2,k and using (3.9) instead of the estimate (2.12)
of qn (x), we get that

∣∣E0
2,k

∣∣ ≤ c ‖M‖∞ k ‖φ‖∗
∑
y

|a (y)|µy
r2∑
n=1

1
n
e−c

′
2
(2kr)2

n

(
2k+3r√

n

)D

≤ c ‖M‖∞ k ‖φ‖∗ ‖a‖1
∫ r2

0

e−c
′
2
(2kr)2

s

(
2k+3r√

s

)D
ds

s

≤ c ‖M‖∞ k ‖φ‖∗ 2−kD.

Therefore,

(3.10)
∣∣E0

2

∣∣ ≤∑
k

∣∣E0
2,k

∣∣ ≤ c ‖M‖∞ ‖φ‖∗∑
k

k2−kD = c ‖M‖∞ ‖φ‖∗ .

End of proof of Theorem 1. It follows from (3.3), (3.8) and (3.10) that there is
c > 0 such that for every ε ∈ (0, 1) and every atom a and φ in VMO,

(3.11)

∣∣∣∣∣∑
x∈Γ

mε (L)a (x)φ (x)µx

∣∣∣∣∣ ≤ c {‖mε‖∞ + ‖M‖∞} ‖φ‖∗ .

Since mε (L) a → m (L)a in L2 and mε (λ) → m (λ) as ε → 0, it follows from
(3.11) that ∣∣∣∣∣∑

x∈Γ

m (L)a (x)φ (x)µx

∣∣∣∣∣ ≤ c ‖M‖∞ ‖φ‖∗
and the proof of Theorem 1 is complete.

Final remarks

It is worth mentioning that our approach applies also in the context of Lie
groups and discrete groups of polynomial volume growth and Riemannian manifolds
satisfying the doubling volume property and a Poincaré inequality. For instance, in
the Riemannian case the estimates of the heat kernel pt and of its time derivative
as well as the Hölder continuity of the solutions of the heat equation are given in
[10]. Having these, one can prove the analogue of Lemma 4 and then, by the same
approach as in Section 4, the H1-boundedness of the spectral multiplier m (L),
where L is the Laplace operator of the manifold. Finally, we note that the H1-
boundedness of the imaginary powers of the Laplacian in the above Riemannian
setting is establish in [7].
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