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H!'-BOUNDS FOR SPECTRAL MULTIPLIERS ON GRAPHS
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(Communicated by Andreas Seeger)

ABSTRACT. We prove that certain spectral multipliers associated with the dis-
crete Laplacian on graphs satisfying the doubling volume property and the
Poincaré inequality are bounded on the Hardy space H'.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let I' be a countable infinite set, and let o, = o,, be a nonnegative and
symmetric weight on I' x T" satisfying o,, > 0, € I'. This weight induces a graph
structure on I'. We call the vertices x and y neighbors and we write  ~ y when
ozy 7 0. We assume that I' is connected, i.e., any two vertices are joined by a path
and that I' is endowed with its natural distance d.

We consider the discrete measure

w({a}) =Y 04y w el
Yy~
For simplicity, we set u, = p ({z}) and LP = LP (T', u). We define the volume V (A)
of asubset Aof I'by V (A) =3 4 pta and write V' (z,7) or V (B) for V (B (z,7)),
where B (z,7) = {y : d (z,y) < r}.
We consider the kernel
plry)="2 zyel.
M
Clearly, p (z,y) > 0 and Zyp(x,y) =1, for every z € T, i.e., p (z,y) is a Markov
kernel. This kernel is not symmetric, but it is reversible with respect to the measure
M, i'e'a p (QC, y) MHe =P (ya (E) Hy-
We shall finally assume that there is an a > 0 such that

(1.1) p(z,y) > «, whenever x ~ y.

Let us now present the geometry of the graph. We shall assume that I' satisfies
the so-called “doubling volume property”, i.e., there is a constant C' > 0 such that

(DV) V(z,2r) <CV (z,r), z €T, r>0.
This implies that there is a D > 0 depending only on C' such that

r\D
(1.2) V(x,r)fC(;) V(x,s), forr>s>0.
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1312 IOANNA KYREZI AND MICHEL MARIAS

A graph satisfying (DV)) is a space of homogeneous type in the sense of Coifman
and Weiss. Thus we can define the atomic Hardy space H! (I') and the space of
functions of bounded mean oscillation, BMO (T'), in the standard way. See below
for precise definitions. Furthermore, by Theorem B of [4], BMO (T') is the dual of
HY ().

We shall also assume that I' satisfies an L?-Poincaré inequality, i.e., there is a
constant C' > 0 such that

(PT) S lf@ = felua <ot S W)~ F@) 0uy,
x€B(zo,r) z,y€B(xo,27)
for all functions f on I'; xg € " and r > 0, where

frmo— S S

4 ((Eo, T) z€B(zo,r)
We consider the Markov operator

Pf) =S p(a.) f ().

The operator L = I — P is the discrete analogue of the Laplace-Beltrami operator
on a Riemannian manifold.
The reversibility of p (z,y) with respect to p implies that P is selfadjoint on L2.
Also, it is easy to check that L satisfies
1 2
(LS. D)e =52 (F (@) = f () 0ay.

2
T,y

Therefore the operator L is positive. Since it is also selfadjoint on L2, it admits a

spectral resolution
L= / AdE).
0

Given a bounded measurable function m (A) we can define, by using the spectral
theorem, the operator

m(L):/OOOm()\)dEA.

This operator is bounded on L2. The function m ()) is called a multiplier.
We say that m ()) is of Laplace transform type if

(1.3) m(\) = A/OOO M (t) e Mdt,

where M (t) is a bounded measurable function.

These multipliers have been studied by Stein [12]. He proved that if L is the in-
finitesimal generator of a strongly continuous semigroup of operators on L? (E, d€),
with E a locally compact space and £ a positive measure on F, the operator m (L)
is bounded on LP (E, d¢) for p € (1,00).

In this article we shall prove the following.

Theorem 1. Let T' and L be as above. If m (\) is a multiplier satisfying (L3),
then the operator m (L) is bounded on H' (T') and there is ¢ > 0, independent of
M, such that

(1.4) lm (D)l g < e[IM ] -
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SPECTRAL MULTIPLIERS ON GRAPHS 1313

Note that by duality, (I4) implies that m (L) is bounded on BMO and by
interpolation on L? for p € (1,00).
For v € R, we have

. o e
A = A/ —— e\t
o L(iv+1)
Thus Theorem [Tl has the following

Corollary 1. Let I' and L be as above. Then, for any v € R,, L is bounded on
HY (') and there is ¢ > 0 such that

1L g S eIT Gy + DI

It follows from (L3) that A*m(*) (\) is bounded for all £ € N. This implies
that Laplace transform type multipliers can be considered as Marcinkiewitz or
Hormander-Mikhlin multipliers. This class of multipliers has been extensively
studied in several contexts. See, for example, [1], [2] and the references therein.
Alexopoulos, [2], proved, by a different method, that Hormander-Mikhlin spectral
multipliers are L' — L! _ . bounded and LP-bounded for p € (1, 00).

Imaginary powers of the Laplacian and more generally of second-order differential
operators, have been studied for example in [3], [11], [7]. Especially, Corollary[T] is
proved in [7] in the setting of Riemannian manifolds satisfying the doubling volume
property and a Poincaré inequality.

Throughout this article the different constants will always be denoted by the
same letter ¢. When their dependence or independence is significant, it will be
clearly stated.

2. PRELIMINARIES

2.1. The spaces H' and BMO. An atom is a function @ on I' that is supported
in a ball B = B (yo,7), has mean value 0, i.e. > a(x)pu, =0, and satisfies

(2.1) lall. <V (yo,m) "
Note that (1) implies that
(2.2) lall, <1 and all, <V (yo.7)"/*.

A function f € L' is said to be in the atomic Hardy space H' if there is a
sequence (\,) € ¢! and a sequence of atoms (a,) such that f =Y A,a,, where
the convergence is taken in the sense of L. We set

1F = nf ) Al

where the infimum is taken over all such decompositions of f.
Given f € L} 1 < p < oo, we say that f € BMO, if there is a C}, > 0 such
that

(2.3) <ﬁ Do If @) —fal u;c) < Cp,

zEB

for all the balls B of I', where fp is the mean value of f on B. The norm | ], , is
defined as the smallest of the constants C), satisfying (2.3)).
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1314 IOANNA KYREZI AND MICHEL MARIAS

As is shown in [4], Theorem B, the spaces BMO,, and BMO,,, 1 < p1,p2 < 00,
coincide as vector spaces and the norms ||.||, , and |.[[, ,, are equivalent. Hence-
forth, we shall denote by BM O the space BMO,, and by ||.||, one of the equivalent
norms ||.||*’p.

Let Cp (I") be the space of functions on M with finite support, and define VMO
as its closure in BMO.

The dual of H! is BMO ([], Theorem B, p. 593) and as a consequence, H*
itself is the dual of VMO ([4], Theorem 4.1).

Finally, one can easily deduce from (23) with p = 2, that there is ¢ > 0 such
that for all f € BMO, all k € N and all balls B C T,

1

(2.4) vEm o 1) ol <k

where 2B = B(zg, 2%r) if B = B(zo,7).

2.2. Markov kernels estimates. Let p, (z,y) denote the nth iterate of the kernel
p (z,y) defined by

(25) P (@,y) = p(@,2)pp-1(2,y), n>1.

As usual, we set pg (z,y) = 65 (y), where &, is the Dirac mass at x.
We have that

(2.6) P f(x) = pale,9)f (y).

Note that since p (x,y) # 0 if and only if z ~ y, (Z.5) implies that
pn (z,y) =0, ifd(z,y) > n.
These kernels are reversible with respect to the measure p, i.e., p, (2, y) g =

Pn (Y, ) pby. This fact and the Markov property of p (z,y) implies that for alln € N
and y €T,

(2.7) D v (@,y) e = 1y

It has been proved by Delmotte (cf. [6], [5]) that the geometric assumptions
(DY), ([PI) on I and the condition (II)) on the kernel p (z,y) are in fact equivalent
with the following Gaussian estimates of p,, (z,y): there are constants ¢, ¢}, ¢z, ¢ >
0 such that

(@.)? (@.9)?
(G) e < (2,y) < o e BT

for all z,y € T.
We set

Tn (QC, y) = Dn (QC, y) — Pn+1 (xvy) y NE N.
The kernel r, (z,y) is the “discrete time derivative” of p,, (z,y).
We recall the following lemma from [9].

Lemma 1. There are constants c,c’ > 0 such that

My 7c—d(ap”y>2
2.8 <d—~4—
(2.8) o 9)| < ¢ gt ,

forall z,y € T andn € N.
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SPECTRAL MULTIPLIERS ON GRAPHS 1315

Let us fix y and yo € I" and set

_Tn (y,x) —Tn (yOa J))

qn () = , vel.
n (2) o
It is easy to check that both 7, (z,y) and ¢, (x) satisfy the discrete parabolic
equation
(2.9) Un+1 () — up () = —Luy, (x) .

Let us now recall that the solutions of (2.9) satisfy the following Holder regularity
property (see Proposition 4.1 in [6]).

Lemma 2. There are h € (0,1) and ¢ > 0 such that for all zy € T, ng € Z,
R €N, every function u satisfying 2.9) in Q = (ZN [no — 2R%, ng|) x B (x0,2R),
21,22 € B(xo,R) andn € ZN [no - RQ,’I’L()],

d (331, 1‘2) h

(2.10) lu(n,z1) —u(n,z2)| <c { 7 ] sgp ] .

As a consequence of ([2.8) and (2.10), one can prove as in [8, Lemma 27] that
qn, (x) satisfies the following estimate.

Lemma 3. There are h € (0,1) and c3,c5 > 0 such that, for every n € N and
x,y,y0 € L' such that d(y,yo) < +/n,

Cg d(yayO) he_%%
nV (z,/n) NG ‘

We can deduce from (2.1I1]), by arguing as in the proof of Lemma 11 of [§], the
following.

(2.11) lgn (2)] <

Lemma 4. Let cg be as in (2I0)). Then, for every 8 < 2cs, there is cg > 0 such
that; fOT d (y7 yO) < \/ﬁ7

2 h
(2.12) 3 lgn (@) P 55 < s [d(y,yo)} .

n2V (z,+/n)

3. PROOF OF THEOREM 1

Since VMO is the dual of H!, in order to prove that m (L) is bounded on H*
it suffices to show that there is a ¢ > 0 such that for every atom a and ¢ € BMO
with finite support,

<clloll, -

S m(L)a(@)é (@)

zel

For every ¢ € (0,1) we set

1/e
me (2) =z M (t)e *'dt, Rez > 0.

Since m. (z) — m(z), as € — 0, uniformly on compacta, one has that for all
feL*(),
lme (L) f —m (L) f|l, = 0 as e — 0.
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1316 IOANNA KYREZI AND MICHEL MARIAS

Furthermore,
1/e 1/e
me (L) =L M (t)e Hidt = M (t) (I — P)e tetPat
1/6 8] tn 1
—t n n
= M(t)e ™ty — (P — Pt dt
€ n=0

Let T: (z,y) be the kernel of m. (L). By using (Z8]) we have that
1/6 0 tn
T (x,y) = M(t) eitz E (pn (xvy) — Pn+1 (xay)) dt
€ n=0

1/e

(3.1) = M(t)e "y grn (z,y)dt
n=0

€
Proposition 1. The operators m. (L), ¢ € (0,1), are bounded from H*' to L*.

Proof. Let a be an atom supported in a ball B = B (yo,r). Thus, by (31I) and
2.0,

Z|m€(L)a(x)|uI§Zum/ M(t)e*tdtz Zrn (z,y)a
x nEN Y
< Il Slo o) / ety
ne
<2l 3 le(o I s b,
neN

=2[|M| Halll/ dt = ¢ (&) [|M]| »
€

| Z [p’ﬂ (xvy) +pn+1 (iﬁ,y)] Mz
N Tz

since ||all; < 1. O

The following cancellation property is crucial for the proof of Theorem 1.

Proposition 2. For every atom a,

(3.2) > me(L)a(z) e =0.

Proof. In the proof of Proposition [[labove, we have seen that the integral

S me (D)a ) e = (/M (Z S r@y)al )dt)

neN Yy
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SPECTRAL MULTIPLIERS ON GRAPHS 1317

is absolutely convergent. Therefore, we can interchange the order of summation
and by using (27) we get

ZmE( ﬂz*/ M (t 7t _dtz Zrn(xvy)ﬂ
T neN x
/ Mt _tZ—dtZ 92 (0 (2:9) = s (@) s
neN
/ M (t _tZ—dtZ — 1] = 0.

neN
U

Let ¢ € BMO and, given a ball B (yo, ), let us set 2B = B (yo, 2r) and denote
by ¢2p the mean value of qb on 2B. By the cancellation property (B:2)) we can write

Zme N;C—Zme {(b( ) ¢23}Mm-

Decompose gf) — ¢op as follows:

¢ — ¢ap = (¢ — ¢2B) X2B + (¢ — P2B) X(2B)c = ¢1 + P2,

and write
Zme ﬂm—zme ,u'z"'sz ¢2( )
= E1 + Es.
Estimation of E;. By (Z.2), the L2-boundedness of m. (L) and (2.4) we have
that

|Eq| < |me (L) ally 161l < llme (L) ally [[(6 — ¢28) X281,
< [lme (D)o llall, 16 — d28) X258l
(3.3) <cllme)l oV (B) V2V (2B) 7 6], < clmell . I8,

where in the last inequality we have used the doubling property (DV]).
Estimation of E,. Let us consider the shells S;, = 28*1B — 25 B. We have that

st ¢2( )

zel
Y /M (x5 mey t | 62 (@) o
k=1x€ES} € n>0

= M () et Z’gzmm,ym(w dt | 6o (2) o
. n=0 " y

o) 1
+3 3 M@we Z Zrn zy)aly) | dt | é2 (@) pa
k=1x€S) € n=r2+41 n!
o0
= B9, + E5%.
k=1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1318 IOANNA KYREZI AND MICHEL MARIAS

Estimation of B35 Since the atom a has mean value 0, we have that

Zm<x7y>a<y>=2{r" @y) (x’y(’)}a@)uy:an (x) a (y) 1y

” Hy Hyo

Therefore,

(3.4) Ez= Y / me [ 3 _an dt | 6 ()

€Sk n=r2+1
Making use of the estimate (2.12)) for g, () and ([24) we have

Z |an (z )| o

€Sy
1 1
2 d(y,z)? : d(y,z)? 2 :
< Z |Qn (J?)l eﬁ T g Z 6_5 " |¢2 (J?)l Mz
x TESk
%
2
c d(y yo)>h ) 2
: ( : e |9 (x) — d2B|" pa
Vv \ vn P
T h 1
3.5 < - 2kt 2 .
39) = ( T=) e 2 ) o,
Now, if x € S and y € B (yo,r), then d(z,y) < 2827 and hence 2¥*1B C

B (y,2k+3 ). So, if n < 227672 then by (L2) and (B33) we get

Z |q |ILL Ck||¢H* (L)heﬁ 2:T}2 (2k+3T)D
€Sy - " \/ﬁ \/ﬁ

(36) < KL (1Y ol

If n > 22672 we have V (y,/n) > V (28+3r). Hence by (3.5),

A

h (2k7,2 1
3 lnen @l = s () A o)
€Sy, )

ck gl (r \" )

. < In
(37) =70 \\m) ¢
It follows from (B.4), 38) and (B7) that

53] < 1001 Sl 0l S o[ e Y @ @i

n= 7"2+1 €Sy
<1\t
<cl||M| .k a —(—) e
Il k19 3 '“yn;Hn(ﬁ)

* () 7 \"ds
<Ml klol. lal, [ e <7> s
K

<c| M| Ello], 27"
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SPECTRAL MULTIPLIERS ON GRAPHS 1319

This implies that

o0 o0 k
(38) BRI S |ER] < Ml 19l Y 5 < clMl 9l
k

k

Estimation of EY 9, In order to estimate ES > the Gaussian estimate &R) for
rn (z,y) is sufficient. In fact, it follows from (IB) and ([2) that

oy _ ¢ d@w)?
3.9 R < c— 2" 2n
(3.9) Irn (@, 9)| < v (y, \/ﬁ)e

Proceeding as in the case of E59 and using (3.9) instead of the estimate (2.12)
of ¢, (), we get that

o 2'r 2k+3 D
\ES,k|§CHM||OOkH¢||*;|a MZ_G Ak (ﬁ)

5 ) D
" 76’@ 2k+3r ds
§c|\M||OOkH¢||*||aH1/O e - ( \/§> s

<c| M kllg]. 27"

Therefore,
(3.10) [ES| <Y B | < clIMIllgll, Y k27 = c| M |14l
k k

End of proof of Theorem [I. It follows from B3), (B8) and BI0) that there is
¢ > 0 such that for every € € (0,1) and every atom a and ¢ in VMO,

S me (L)a (@) b () i

zel

(3.11) < c{lmell + M|l 3 121,

Since m. (L)a — m(L)a in L? and m. (\) — m()\) as ¢ — 0, it follows from

(BI) that
Y m(L)a(@)é(w)pe

xzel

<c|[M] NIl

and the proof of Theorem 1 is complete.

FINAL REMARKS

It is worth mentioning that our approach applies also in the context of Lie
groups and discrete groups of polynomial volume growth and Riemannian manifolds
satisfying the doubling volume property and a Poincaré inequality. For instance, in
the Riemannian case the estimates of the heat kernel p; and of its time derivative
as well as the Holder continuity of the solutions of the heat equation are given in
[10]. Having these, one can prove the analogue of Lemma H and then, by the same
approach as in Section 4, the H'-boundedness of the spectral multiplier m (L),
where L is the Laplace operator of the manifold. Finally, we note that the H'-
boundedness of the imaginary powers of the Laplacian in the above Riemannian
setting is establish in [7].
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