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ABSTRACT. We show that the Cheeger isoperimetric constant of a solvable
simply connected Lie group G with Lie algebra & is

h(G) = HEéI,IHaI)-(IHzltr (ad (H)).

1. INTRODUCTION

The Cheeger isoperimetric constant h(M) of a complete noncompact Riemannian
manifold M is defined by

WM) = inf area(0K)

KcM vol(K) '’

where K ranges over all connected, open submanifolds of M with compact closure
and smooth boundary. For the bottom of the spectrum A(£2), there is Cheeger’s
inequality ([Chel, [BPPI, [Chal)
h()®

T
There is a converse of Cheeger’s inequality due to Peter Buser, [Bul, [BPP]: There

exist constants ¢; and cg, depending on a lower bound on the Ricci curvature of M
such that

A€) =

A < crh + e2h®.
Further relations between isometric and spectral properties (in particular, esti-
mates of the heat kernel) can be found in the work of, e.g., Varopoulos, Coulhon,
Saloff-Coste, Grigor’yan [Gr] and Pittet [Pi]. For connections between the Cheeger
constant and Kazhdan’s property T, see, e.g., [Br] or [Leul.

If h(M) > 0, one can easily see that M has exponential volume growth. The
converse is not true. Hoke [Ho| has shown that 2(G) = 0 for a simply connected Lie
group with left-invariant metric if and only if G is unimodular and amenable. These
Lie groups, however, have exponential volume growth if they are not of type R, see
[Pal. Examples of this class are horospheres in symmetric spaces of noncompact
type and higher rank orthogonal to the barycenter of a Weyl chamber, see [Pe].

In this note we calculate the Cheeger constant for simply connected solvable Lie
groups.
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2. THE CHEEGER CONSTANT

We consider the following situation: Let G = Gg x R be a semidirect product
with Lie algebra ® = &y & R endowed with a left-invariant metric such that &g is
orthogonal to R. We denote the unit vector in R by Hy and obtain a diffeomorphism
¢:Go xR — G, ¢(go,t) = go exp(tHo).

Lemma 1. The left-invariant Haar measure p on G is given by
(2) du(go, t) = det (e T dy(go)dt = et @d(Ho)) gy (g4)dt,

where dv is the left-invariant Haar measure on Gy = Go x {0} C G.

Proof. Note that dvdt is left Gg-invariant and right R-invariant. Consequently,
the left-invariant Haar measure on G with respect to the above diffeomorphisms is
given by du(go,t) = d(t)dv(go)dt. We will calculate §(t). Let a = exp(sHp) and
f € C§°(G). Then
[ fegdute) = [ [ flagoexp(tt)s(tiiv oot
G R JGo

= [ [ swlanaexp(eHo)s(e v,
R JGo

where ¢ : Go — Go,%(go) = agoa™!. From the transformation formula this be-

comes
[ 50) [ fanexpl(s+ O Ha)| det D o)l dv(ao)r
R Go
Let X4,---, X, be an orthonormal basis of &, with respect to the left-invariant
metric. Then the Y; = % |t:0 goexp(tX;), j =1,...,n, form an orthonomal basis

of Ty,Go, and

d
Dy )Y =
t=0

= dLy 14y (e (T3 HO X)),

a tgoexp(tX;)a
t=0

d
¥ (go exp(tX;)) = pr

So we conclude that |det(Dy ™ (go))| = det(e*d (=sHo)). By left invariance of p we
get

/f(ag)du(g) = /5(t)det(€ad(78H°)) f(goexp((s + t)Ho))dv(go)dt
el R Go

— [ fo)dute) = / S(a1) [ Havexp((s+ o)) (o)

hence §(s) = det(e*d (=sHo)), O
The following theorem contains the main result of this section.

Theorem 3. For the Cheeger constant of a Lie group G as above we have
(4) B(G) = |tr (ad (Ho))l.
Moreover, if h(Go) =0, then formula @) holds with equality.
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Proof. We identify G with G x R via the diffeomorphism ¢ and denote by 7 : G —
G the projection. Without loss of generality, we may assume that tr (ad (Hp)) > 0.
For a connected, compact subset K C G with smooth boundary 0K and nonempty
interior, let U = w(K) \ {critical values of 7|sx }.

On U we define functions §* by d*(u) = max{t | (u,t) € K} and § (u) =
min{t | (u,t) € K}, u € U. The functions 6% are smooth, and by Sard’s theorem
the set U has full measure in 7(K). We denote by 0K+ = {(u,d*(u)) | u € U} the
graphs of 6*. We estimate the volumes of K and 0K . From (2] we get

5 (u)

vol(K) < // et (ad (Ho)) qr. s (u)

U Js—(w)
1

s 8T (w)tr (ad (Ho)) | ,—6 (u)tr (ad(Ho»)
e +e dv(u).
tr (ad (Hp)) /U< (u)

Clearly area(0K) > area(0K ™) + area(0K ~). We have

area(OK ™) = /U \/det(@sﬁ(u)ei,D@(u)eﬁ(u,ﬁ(u)))i,j=1...n—1 dv(u),

where p(u) = (u,6"(u)) and eq,...,e,—1 is an orthonormal basis of T,,Gy. We
estimate the integrand

\/det(<Dga(u)ei, Do(u)ej) .o+ w)) = \/det(<ei, €5) (u,5+ (w)) T 0V )
>y fdet (e €5) o )
(5) = 9T (tr(ad (Ho))
where v = (e1(67),...,e,_1(67)) and the e;’s on the right-hand side are consid-

ered as elements in T\, s+(4))G. The equality (B)) follows from (2). This together
with the analogous estimate for 0K~ yields

(6) area(0K) > tr (ad (Hp)) vol(K).

This proves inequality ().

Finally, we prove equality in (@) in the case h(Gy) = 0. As before, we use the
diffeomorphism G = Gy x R. Let Ky C Gy be arbitrary and consider the set
K = Ky X [a,b] C G with boundary 0K = (Ko x {a,b}) U (0K x [a,b]). Direct
calculations yield

—atrad Hy __ e—btr ad Hy

trad Hy ’

(7) vol(K) = vol(Ko) <

as well as
area(Ko x {a,b}) = vol(Kj) (e~ *radHo 4 g~biradHo)
Given € > 0, we can arrange for

area(Ko x {a,b})

<
(8) vol(K) <trad Hy+e¢

by choosing b sufficiently large. Note that (@) and the estimate (8) also make sense
if trad Hy = 0.
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Let n = dim &y. Choosing an orthonormal basis ey,...,e,_1 of T,0Ky C &g
and abbreviating e t(@dHo) = A, we finally compute

b
area(9Ko x [a,b]) = / vol, 1 (9K, x {t}) dt,
a
where the (n — 1)-dimensional volume is given by

vol,—1(0Ko X t) = / \/det ({(Arep, Areq)eo)p g1, n—1 dVOloro (u)-
0Ky

The integrand can be estimated from above by

M = max { Vdet (PuAS Aily)

a<t<b UC &y, dimU—n—l},

where Py : &3 — U denotes orthogonal projection. Note that M is independent of
the specific choice of K. Therefore, choosing Ky such that vol,,_1 9(Ky)/ vol(Kp)
is sufficiently small, we may assume that

area(0K( x [a,b]) < M(trad Hyp)(b—a) vol,_1(0Kp) <

(9) vol(K) = e—atradHo _e—bradHo  vol(Kg)  —
Putting (B) and (@) together yields h(G) = trad Hy, since € > 0 was chosen arbi-
trarily small. O

Now we consider the particular case of a simply connected solvable Lie group G
with Lie algebra & and 9 = [&, &]. In this case we obtain

Corollary 10. The Cheeger constant of a simply connected solvable Lie group G
with Lie algebra & is

11 h(G)= max tr(ad(H)) .

(1) (©) =, max _ tr(ad (D)

Proof. Let &g denote the kernel of the 1-form a: & — R, X — trad X. Clearly
& contains 9 = [&,B], since N is nilpotent. Hence B is an ideal, and the
corresponding unimodular Lie group satisfies h(Gy) = 0 by Theorem B, which
proves the corollary in the case &y = &. Otherwise &( has codimension 1. Let Hy
be the maximum of « on the unit sphere of &, i.e.,

Heé{l\?})}uﬂ tr(ad (H)) = tr (ad (Ho)) -

Then Hy L &y and, again, Theorem [3implies the statement of the corollary. [

Remarks. Note that simply connected, solvable Lie groups with left-invariant metric
may have curvature of both signs (e.g., horospheres in symmetric spaces). Corollary
[in the particular case of simply connected strictly negatively curved homogeneous
spaces (NCHS) was proved by Connell [Cd]. He also showed for NCHS that the
Cheeger constant coincides with the exponential volume growth rate.

Formula ([ also gives a lower bound for the topological entropy of compact
Riemannian manifolds whose universal covering is a solvable Lie group with left-
invariant metric. This follows from the lower estimate of the topological entropy
by the exponential volume growth rate proved in [Mal. In the case of a locally
symmetric space M the topological entropy was calculated in [Sp] and agrees with
both the exponential volume growth rate and the Cheeger constant of the universal
covering M. Tt is given by ||p||, where p is the sum of the positive roots with
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multiplicities. More refined volume growth calculations in symmetric spaces were
carried out in [Knl.
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